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9A B S T R A C T 10

11

Surrogate-assisted evolutionary algorithms are one effective approach to handling expensive 12

problems and have attracted increasing attention over the past decades. However, existing 13

surrogate-assisted evolutionary algorithms pay little attention to expensive many-objective prob- 14

lems with irregular Pareto fronts, also called irregular problems. In this study, we propose a 15

surrogate-assisted evolutionary algorithm for dealing with expensive irregular problems, where 16

only a small number of expensive fitness evaluations is allowed. In the proposed algorithm, the 17

reference vectors are adapted based on both the individuals in the current population and the 18

non-dominated solutions that have been evaluated using the real objective functions. A surro- 19

gate management strategy is then designed to balance convergence and diversity according to 20

the adaptive reference vectors as well as the non-dominated solutions that have been evaluated 21

using the expensive objective functions so that the irregularity of the Pareto front can be taken 22

into account. To reduce the computational cost for updating the Gaussian process based surro- 23

gates, a subset of training data near the adaptive reference vectors are prioritized. Experimental 24

results on the DTLZ, WFG, DPF and MaF test suites demonstrate that the proposed algorithm 25

is able to solve expensive many-objective optimization problems with both irregular and regu- 26

lar Pareto fronts. The proposed algorithm is also tested on a real-world application example to 27

further confirm its effectiveness and competitiveness. 28

29

1. Introduction 30

Multi-objective evolutionary algorithms (MOEAs) have achieved great success over the past decades for solv- 31

ing multi-objective problems (MOPs) and many-objective problems (MaOPs). For instance, handling the time-cost- 32

quality tradeoff in non-unit repetitive construction projects is an MOP and several algorithms based on Pareto dom- 33

inance have been shown very promising [1–3]. For solving MaOPs, i.e., problems with more than three objectives, 34

representative MOEAs can be categorized into three groups, namely modified dominance based [4, 5], decomposition 35

based [6–8], and performance indicator based [9, 10]. Among them, decomposition based algorithms convert an MOP 36

or MaOP into a number of single- or multi-objective subproblems using a set of evenly distributed reference vectors. 37

Traditional MOEAs usually require a large number of fitness evaluations, preventing them from being applied to com- 38

putationally expensive real-world applications, such as shelter location problems under uncertainty of road networks 39

[11] or transonic airfoil design optimization problems [12], where one true fitness evaluation will take from minutes 40

to several days. 41

Surrogate-assisted evolutionary algorithms (SAEAs) are one of the popular methods for handling expensive prob- 42

lems. In SAEAs, a surrogate model, such as a neural network [13] or Gaussian process model (also known as kriging) 43

[14–16] or many other machine learning models [17] can be used to replace in part the expensive objectives. It is, 44

however, essential for SAEAs to query new promising solutions, i.e., to evaluate solutions using the expensive real ob- 45

jective functions during the optimization, for updating the surrogates and balancing the exploitation and exploration. 46

The procedure for querying new solutions are called surrogate management (or evolution control) and the criteria 47

for selecting solutions to be queried are known as surrogate management strategies or infill sampling criteria [18]. 48

Among many infill sampling criteria [19], those developed in Bayesian optimization or efficient global optimization, 49
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including the expected improvement (EI) [20], possibility of improvement (PoI) [21], and lower confidence bound50

(LCB) [15], are commonly used for balancing exploitation and exploration for single-objective optimization. Over51

the past decade, increased attention has been paid to solving high-dimensional single-objective problems [22–27]. For52

instance, in [23], considering that the optima of the infill criterion in high-dimensional decision space locates in a very53

sharp area, Rana et al. propose to use a sequence of gross-to-finer Gaussian process priors and learn a suitable length-54

scale in the kernel. To handle problems with very large number of decision variables, in [26, 27], the optimization55

of the infill sampling criterion at each generation is conducted on a number of randomly selected decision variables56

or random features. Some work has been reported to adopt more than one surrogate model to deal with expensive57

high-dimensional problems. For instance, in [28], the optima of a global model and a number of local models are58

used to guide the adjustment of the velocity of the particles in particle swarm optimization. In [29], a global model59

and a local model are regarded as two related tasks, and the algorithm has shown great competitiveness in handling60

expensive optimization problems with up to 200 decision variables.61

Since they were developed for single-objective optimization, infill criteria developed in Bayesian optimization62

are not directly applicable to handling expensive MOPs and MaOPs, in which both convergence and diversity of the63

solutions must be taken into account directly. To address this issue, one can either convert an MOP into a number64

of single-objective subproblems [16, 30], or a scalar performance indicator that can account for both convergence65

and diversity is adopted as the fitness function, such as expected hypervolume improvement (EHVI) [31], Euclidean66

distance improvement [32], or Euclidean distance-based expected improvement matrix criterion [33]. In expected im-67

provement matrix based EGO (EIM-EGO) [33]), EI is extended to an expected improvement matrix to handle MOPs68

and the quality of each predicted solution is estimated by a scalar function constructed by the expected improvement69

matrix. In addition, new infill criteria for handling MOPs or MaOPs have been designed to more effectively balance70

convergence and diversity. For example in the surrogate-assisted reference vector guided evolutionary algorithm (K-71

RVEA) [34], which is a surrogate-assisted version of the reference vector guided evolutionary algorithm (RVEA)[8],72

an infill criterion based on both the angle penalized distance scalarizing function and the estimated uncertainty is pro-73

posed for solving MaOPs. In [35], an infill sampling criterion that adapts the weights of normalized predicted mean74

values and uncertainty of Gaussian process models is suggested to enhance the convergence performance. Recently,75

a kriging-assisted Two_Arch2 (KTA2) [36] designs an adaptive infill criterion by comparing the solutions in the con-76

vergence based archive and diversity based archive to determine the state whether to enhance convergence, diversity77

or uncertainty.78

Another line of research in the field of SAEAs is to design algorithms for solving MOPs or MaOPs with a medium79

number (approximately from 30 to 50) of decision variables. In [37], the principal component analysis is applied to80

reduce the dimension so that Gaussian process based surrogates can be built in a low-dimensional space. Instead of81

predicting the objective values by constructing one surrogate for each objective, classification-based SAEA (CSEA)82

[38] trains a feedforward neural network to predict the dominance relationship, making it suitable for solving MOPs83

with a medium number of decision variables. Some methods also propose to replace GP by using an ensemble or84

a dropout neural network. For instance, nine surrogates based on support vector machine and radial basis function85

networks are constructed as an ensemble in [39], or a neural network with random dropout of weights is trained in86

[40] to make predictions and approximate the uncertainty information to replace GP models, making them effective87

and time-efficient in handling problems with medium number of decision variables. The work discussed above are88

designed without considering that the constraints may also be expensive or different objectives may have different89

evaluation times. To fill the gap, efforts have been made to develop surrogate-assisted MOEAs for solving expensive90

constrained MOPs [41] or MOPs whose objective functions have different computational complexities [42].91

Most existing MOEAs do not consider a class of MOPs or MaOPs whose Pareto fronts (PFs) are irregular [43].92

Over the past decade, increased efforts have been dedicated to designing MOEAs that solve non-expensive problems93

with irregular PFs, also called irregular problems for simplicity hereafter. Specifically, irregular problems are the94

problems with discontinuous, degenerate or inverted PFs, covering only part of the objective space. A common95

approach for decomposition based methods to solving irregular problems is to adapt the distribution of the reference96

vectors to that of the solutions in the population [44–46] or adopting two sets of reference vectors [47–49]. Note97

that the key reason for the success of the adaptation of reference vectors in handling irregular problems relies on the98

fact that sufficient knowledge of the PFs can be learned during the search process, where the maximum number of99

true fitness evaluations is usually very large. For instance, in [50], the reference vectors are adjusted after every 100100

generations to make sure that sufficient information of the distribution of solutions can be learned.101

Although a large body of research has been done on solving irregular MaOPs, little attention has been paid to solv-102
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ing expensive irregular MaOPs [43]. On the one hand, existing multi-objective infill sampling methods for handling 103

expensive MaOPs do not take the irregularity of PFs into consideration; on the other hand, the maximum number 104

of real fitness evaluations is usually very limited for expensive problems, making it more challenging to adapt the 105

reference vectors. Habib et al. [51] made the first attempt to solve expensive inverted MaOPs by adopting two sets of 106

fixed reference vectors rather than adapting the reference vectors. One set of vectors originates from the ideal point 107

and the other from the nadir point. The idea of adopting two set of reference vectors in [51] is based on the work 108

[47], in which s-energy [52] is adopted to determine which set of solutions selected by two sets of reference vectors 109

is better. However, having two sets of reference vectors work mainly for inverted problems. Since no strategy in 110

hybrid surrogate-assisted many objective evolutionary algorithm (HSMEA) considers other irregularities of PFs, such 111

as discontinuous or degenerate PFs, making the algorithm proposed in [51] less efficient in dealing with various kinds 112

of expensive irregular MaOPs. 113

As mentioned above, it is of great importance to design SAEAs to handle expensive MaOPs with both regular and 114

irregular PFs, as the shapes of PFs are usually unknown in advance. To fill the gap, this work proposes a new surrogate 115

assisted evolutionary algorithm, termed GP-iGNG, in which a Gaussian process (GP) model is constructed for each 116

objective to assist RVEA-iGNG proposed in [53]. In addition to the adaptation of the reference vectors, GP-iGNG 117

also designs a new infill criterion for selecting solutions to be evaluated using the expensive objective functions and 118

manages the training data by emphasizing the solutions near the regions in which the adaptive reference vectors are 119

located. The contributions of the proposed algorithm GP-iGNG can be summarized as follows. 120

• A surrogate-assisted evolutionary algorithm for dealing with MaOPs with irregular Pareto fronts is proposed. 121

The reference vectors in GP-iGNG are adapted based on based on the individuals in the current population and 122

the non-dominated solutions that have been evaluated using the real objective functions. We demonstrate that it 123

is effective to adapt the reference vectors with the help of the current population for handling expensive irregular 124

MaOPs, which is particularly helpful when the allowed number of real fitness evaluations is very small. 125

• We propose a new model management strategy to strike a good balance between convergence and diversity in 126

case the PF is irregular. At first, the union of the non-dominated solutions based on the estimated objective 127

values and the non-dominated solutions that have been evaluated using the real objective functions are clustered 128

using k-means. Then, the estimated solutions in each cluster are ranked according to their performance on 129

convergence and diversity, respectively. Finally, the best solution in terms of the sum of the two ranks is 130

selected from each cluster for evaluations using the expensive real objective function. 131

• We propose to manage the training data based on the adaptive reference vectors in that the distribution of 132

reference vectors reflects the irregularity of problems. This can not only reduce the computational complexity, 133

but also enhance effectiveness of the surrogates in guiding the search. 134

The remainder of the paper is organized as follows. Section II presents the background of GP models, and the base- 135

line optimizer adopted in this work. Section III presents the proposed GP-iGNG in detail, followed by a description 136

of the experimental results and discussions in Section IV. In the end, Section V concludes the paper. 137

2. Motivation and Background 138

2.1. Motivation 139

To face the challenge that the true PFs are usually unknown a priori in real-world applications, a considerable 140

body of research has been done to handle irregular MaOPs, ensuring that the performance of algorithms designed 141

for irregular MaOPs does not seriously deteriorate on regular MaOPs. A number of state-of-the-art algorithms for 142

irregular problems are [44, 46, 50, 54–56]. Note that a large number of real function evaluations, for instance, in 143

[46, 50, 56] about 10000 may be needed for one adaptation of the reference vectors as the reference vectors are 144

adapted after a specific number of generations, e.g., 50, however, for expensive problems, the maximum number 145

of real function evaluations is limited to several hundreds. Since a recently proposed algorithm [53], which uses 146

an improved growing neural gas network (iGNG) to quickly adapt the reference vectors in every generation, does 147

not require a large of number of solutions for reference adaptation, this work proposes to utilize both the predicted 148

solutions estimated by GP models and the solutions that have been evaluated by the real objective functions to train the 149

iGNG for adapting the reference vectors within a small number of real function evaluations. The predicted solutions in 150
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the current population are the solutions whose objective values are estimated by the GP models. Since the GP models151

are built to replace in part the real objective functions, it is expected that the estimated solutions can reflect the shape152

of the approximated PFs to some extent.153

Model management in SAEAs seldom considers the irregularity of problems and the solutions that have been154

evaluated. However, we believe that it is of great importance that conducting infill sampling to update the surrogate155

models should avoid sampling in the regions that are far away from the irregular PFs or have been exploited. Therefore,156

in this work, the infill sampling is based on the predicted solution set obtained by the adaptive reference vectors and157

the solutions that have been evaluated using the real objective functions. Moreover, the training data is maintained158

by the adaptive reference vectors. This way, the GP models can be effectively trained and updated in dealing with159

expensive irregular MaOPs. Note that the proposed algorithm in this study can achieve competitive performance on160

both expensive regular and irregular MaOPs.161

2.2. Gaussian Process162

A GP model can be represented by a mean function � and an error term �(xi) (i ∈ (1, 2, .., N)), where N is the163

number of training data of the GP. Assume one solution in the training data is denoted by (xi, yi), in which the decision164

variables xi = (xi1, x
i
2, ..., x

i
D) is of D−dimension and the objective value yi is of one dimension. It is assumed that165

all solutions in the training data satisfy the multi-variant Gaussian distribution. The correlation C between the errors166

of two solutions, e.g., solution i and solution j is measured by the Euclidean distance between these two solutions,167

which is defined as follows.168

C(xi, xj) = e−d(x
i,xj )

d(xi, xj) =
D
∑

d=1
�k

|

|

|

xid − x
j
d
|

|

|

pd ,
(1)

The hyperparameters �k and pd can be obtained by maximizing the likelihood function. After obtaining the169

hyperparameters, the estimated mean value � and the variance value �2 on an unknown position xnew are given as170

follows.171

f̂ (xnew) = �̂ + rTC−1((y) − (1)�̂), (2)

�̂(xnew)2 = �̂2(1 − rTC−1r + (1 − rTC−1r)2

1TC−11
), (3)

where the whole correlation matrix C is formulated by all pair of correlation between all solutions.172

One of the popular infill sampling criterion, the upper confidence bound (UCB) is calculated as follows.173

fucb = f̂ (xnew) + b ⋅ �̂(xnew), (4)

where b is a constant to balance the predicted mean value f̂ (xnew) and the standard deviation �̂(xnew).174

2.3. Reference Vector Guided Evolutionary Algorithm175

RVEA-iGNG is adopted as the optimizer in this study. RVEA-iGNG is based on the framework of reference vector176

guided evolutionary algorithm (RVEA) [8]. To solve problems with irregular Pareto fronts, a set of adaptive reference177

vectors is learned by an improved growing neural gas network (iGNG) in RVEA-iGNG based on the framework of178

RVEA.179

In the canonical RVEA [8], a set of predefined reference vectors is transformed for a number of times according to180

the ranges of different objectives. Each solution in the population is assigned to its nearest reference vector according181

to the cosine distance. The quality of a solution associated with one reference vector is measured by the angle182

penalized distance (APD) value, which takes both convergence and diversity into consideration. Suppose more than183
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Figure 1: The flowchart of the proposed GP-iGNG.

one solution is associated with each reference vector, then the solution with the smallest APD value will be chosen. 184

The definition of APD is as follows. 185

dt,i,j = (1 +M ⋅ ( t
tmax

)� ⋅
�t,i,j
vt,j

) ⋅ ‖‖
‖

f
′

t,i
‖

‖

‖

(5)

where M is the number of objectives, t is the generation number, tmax is the maximum number of generations, �t,i,j 186

represents the angle between solution i and reference vector j in the t-th generation, vt,j is the minimum angle between 187

reference vector j and other reference vectors and used to normalize �t,i,j ,
‖

‖

‖

f ′

t,i
‖

‖

‖

is equal to ft,i − z∗, where ft,i is the 188

objective value of solution i, and z∗ represents the ideal point. � is a constant set to 2. 189

2.4. Improved Growing Neural Gas Network 190

The growing neural gas (GNG) network [57], as a special type of artificial neural networks, contains one input 191

layer and one hidden layer. The hidden layer is composed of a set of nodes and connections between nodes, and is 192

used to learn the topology of the input data. An improved GNG, termed iGNG [53], is proposed to learn the topology 193

of PFs and the weights of the nodes in the hidden layer of the iGNG are used as the reference vectors to guide the 194

search in RVEA-iGNG [53]. This enables RVEA-iGNG to be more effective to deal with both regular and irregular 195

problems. The iGNG network is trained with the solutions combining the solutions in the current population and 196

those in an archive that stores the optimal solutions found in the history. By training the iGNG network for only one 197

iteration in each generation using the combined set of solutions, the weights of the nodes, i.e., the reference vectors 198

can be efficiently learned. Moreover, different from the canonical GNG, a new strategy of node deletion and addition 199

is proposed in iGNG to ensure that it is able to adapt properly even there is an abrupt change in the distribution of the 200

solutions. The maximum and minimum numbers of nodes in iGNG are set to 1.5N and N , respectively. When the 201

number of nodes exceeds 1.5N , 0.5N nodes will be deleted based on the age of connections between nodes. More 202

details of iGNG can be found in [53]. 203

3. The proposed algorithm 204

In the following, we present the overall framework of the proposed GP-iGNG at first. Then, we describe the 205

method for reference vector adaptation using iGNG. Next, we put forward a new infill sampling criterion that takes 206

both the irregularity of the problem and the uncertainties of the predicted solutions into consideration. Finally, a 207

training data management strategy is proposed to reduce the computational complexity in training the GPs and improve 208

their effectiveness in guiding the search of irregular PFs. 209

3.1. The Overall Framework 210

A flowchart of the proposed GP-iGNG is shown in Fig. 1. As can be seen in Fig. 1, we first build a GP model 211

for each objective, then RVEA-iGNG, which is composed of three main steps, namely reproduction, reference vector 212

adaptation using iGNG, and environmental selection, is adopted to optimize the given optimization problem for a 213

given number of generations based on the objective values predicted by the GPs. Finally, the infill sampling criterion 214

is used to query the promising solutions to be evaluated using the expensive objective functions, followed by the 215
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Algorithm 1: General Framework of GP-iGNG.
Input : Population P , maximum number of fitness evaluations FEmax, predefined number of generations

!max for RVEA-iGNG to evolve before updating the GP models
Output: The archive A2

1 Initialization: Initial NI solutions using LHS, and initialize the number of fitness evaluations fe to 0, the
generation counter for using Kriging models ! = 1; Initialize the training data set A1 and the archive A2;

2 while fe < FEmax do
3 �, � ← Training GP model for each objective(A1);
4 WP ← empty set;
5 And2 ← Non-dominated solutions in A2 ;
6 !← 1;
7 for ! = 1 ∶ !max do
8 O← Reproduction(P );
9 P ← P ∪ O;

10 V ← Reference vector adaptation by iGNG network(P ,And2 ,V ,!,!max);
11 P ← Environmental selection(P , V );
12 !← ! + 1;
13 WP ←WP ∪ P ;
14 end
15 WP nd ← Non-dominated solutions in WP ;
16 Rc ← Calculate the rank of the solutions in WP nd according on the convergence(�, �, P , And2 ) ;
17 Rd ← Calculate the rank of the solutions in WP nd according on the diversity(�, �, P , And2 ) ;
18 R← Sum the rank of Rc and Rd ;
19 Snew ← Select at most Nnew solutions for real objective functions based on R;
20 A1 ← Training data management (V ,A1, New);
21 A2 ← A2 ∪ Snew;
22 fe← fe + 5;
23 end

update of the GPs using selected training data. The aforementioned steps will be repeated until the maximum number216

of allowed fitness evaluations is exhausted.217

The pseudo code of GP-iGNG is presented in Algorithm 1. In the initialization stage, Latin hypercube sampling218

(LHS) [58] is adopted to initialize NI = 11 ⋅ D − 1 solutions, where D is the dimension of decision vector. Also,219

two archive A1 and A2 are initialized, where A1 preserves the solutions for training the GP models and A2 stores all220

solutions evaluated using the expensive objective functions. In Line 3, a GP model is built for each objective. Then221

in Lines 4 to 14, RVEA-iGNG [53] is used to perform the search using the objective values estimated by the GP222

models rather than the true objective functions for !max generations. To handle irregular PFs, we propose a new infill223

criterion to query promising solutions, as described in Lines 15 to 19. First, all the predicted non-dominated solutions224

WP nd obtained by RVEA-iGNG are ranked according to their convergence performance, as shown in Line 16. Then,225

the solutions are also ranked according to their contribution to the diversity, as shown in Line 17. The quantitative226

definition of convergence and diversity used in the ranking will be discussed in greater detail in Section 3.3.1. After227

obtaining the convergence rank Rc and the diversity rank Rd , they are summed up to determine the overall quality of228

each predicted solution. Nnew solutions will then be selected according to Rc + Rd of each solution for true fitness229

evaluations and the queried solutions are then added in A2. At last, training data will be selected from A2 according230

to the reference vectors of RVEA-iGNG, as shown in Line 19. Line 3 to Line 22 will be repeated until the termination231

condition is satisfied.232

3.2. Adapting Reference Vectors Using iGNG233

In this study, we adopt the recent proposed RVEA-iGNG [53] as the optimizer for handling expensive regular ad234

irregular problems. In RVEA-iGNG, an iGNG network is used to learn the topology of solutions in the population. In235
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Algorithm 2: Reference vector adaptation by iGNG.
Input : Predicted solutions P using GP models,generation counter for using Kriging models !, predefined

number of generations !max for RVEA-iGNG to evolve before updating the GP models, the
nondominated solutions in archive And2

Output: Reference vector V
1 zmin ← Calculate the minimum value of all objectives of the solutions in the current population and the

solutions that have been evaluated using real objective functions;
2 zamin ← Calculate the minimum value of all objectives of the solutions that have been evaluated using the real

objective functions;
3 P ← Non-dominated solutions in the predicted solutions P ;
4 scale← the maximum values minus the minimum values of each objective of the combined set of P and And2 ;

5 Pnorm,Anorm ← Normalize the predicted solutions using P−zmin
scale ,

And2 −zamin
scale ;

6 if ! = 1 then
/* Initialize the iGNG using all solutions as training data */

7 Combine Pnorm and Anorm as training data ;
8 else
9 Anorm ← Use k-means to group Anorm into N∕M clusters and randomly select one from each cluster;

10 Combine Pnorm and Anorm as training data ;
11 end
12 V ← Train iGNG using the combined set Pnorm + Anorm;
/* Transform the reference vectors according to the range of objectives

*/
13 if !

!max
mod 0.1==0 then

14 V = V ⋅ scale;
15 end

this work, the solutions for training the iGNG network are composed of the solutions in the current population P and 236

the non-dominated solutionsAnd2 that have been evaluated using the real objective functions in archiveA2. The weights 237

of the nodes of iGNG are adopted as the reference vectors for guiding the search process. A detailed description of the 238

method for adapting the reference vectors is shown in Algorithm 2. The solutions in P and And2 are normalized using 239

different ideal points, as shown in Lines 1 and 2, considering that the predicted solutions may not be accurate. The 240

selection of training data to train iGNG is critical as it directly determines the weights of nodes in iGNG, which are 241

adopted as the reference vectors. In RVEA-iGNG, all the training data of iGNG is selected from the solution set that 242

has been evaluated using the real objective functions. Unlike in RVEA-iGNG, this work adopts the non-dominated 243

solutions that have been evaluated using the real objective functions as well as the solutions in the current population 244

(which are evaluated using the GP models and have not been evaluated using the real objective functions) outputted 245

by RVEA-iGNG to train the iGNG. The reasons for adopting the combined set as training data for iGNG network are 246

twofold. The non-dominated solutions in the archive represent the historical information while the solutions in the 247

current population contain the information of unexplored promising regions. Thus, it is hypothesized that using the 248

combined set to train iGNG network can ensure the adaptation of reference vectors acquire more information of the 249

Pareto fronts. Another reason is that the predicted mean values of GP models may not be accurate, which may mislead 250

the search process when there are large uncertainties of the predicted solutions. Thus, utilizing the non-dominated 251

solutions in the archive can also prevent the search process being mislead to some extent. Since the iGNG is trained 252

in each generation, the distribution of reference vectors, i.e., the weight of the nodes of the iGNG keeps changing in 253

each generation to match with the distribution of the solutions in the combined set over the generations. This way, 254

the adaptive reference vectors is able to effectively learn the distribution of the Pareto fronts using a small number of 255

solutions that have been evaluated using the real objective functions, making it suitable for handling both regular and 256

irregular expensive problems. 257

Since the GP models may not be accurate, the learned distribution of the reference vectors using iGNG may be 258

inaccurate. To alleviate this problem, we propose to adopt N∕M instead of N reference vectors (N is the population 259
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f1

f2

Z*

Unevaluated solutions (mean)

Unevaluated solutions (MUCB)

Cluster center

Evaluated solutions

Figure 2: The combined sets of solutions are grouped into a number of clusters using k-means. The solutions in the
current population are clustered according to their predicted objective values and the modified upper confidence bound
values, respectively, while those in the archive are clustered according to their true objective values.

size and M is the number of objectives). This difference, albeit very small, makes a big difference in guiding the260

search process. In RVEA-iGNG, N offspring will be generated in each generation. Thus, with only N∕M reference261

vectors, the number of predicted solutions assigned to each reference vector will usually be more than one. As a262

result, the competition among the solutions associated with each reference vector will become stronger, helping avoid263

slowing down the convergence speed to some extent.264

3.3. New Infill Sampling Criterion265

Querying solutions plays an important role in SAEAs as it directly controls the balance between exploration and266

exploitation. In this subsection, a new infill sampling criterion will be introduced to address expensive irregular267

problems. The infill sampling is based on the predicted solution set obtained by the RVEA-iGNG optimizer. This268

way, the solution set for conducting infill sampling is obtained by the adaptive reference vectors of the RVEA-iGNG269

optimizer, making the proposed infill criterion take the irregularity of problems into consideration. Moreover, the infill270

sampling simultaneously takes the convergence and diversity of the predicted solution set into account, with the aim271

of well balancing the exploration and exploitation in solving expensive MaOPs.272

Note that the solutions obtained by RVEA-iGNG are not evaluated using the GP models. For simplicity, we call
these solutions unevaluated solutions hereafter. By contrast, the solutions in the archive are evaluated using the real
objective functions, and therefore, are called evaluated solutions. Note that each unevaluated solution is characterized
by two different attributes, one is the predicted objective values (the means of the GP models), and the other is the
solution’s modified UCB (MUCB) values:

fmucb = f̂ (xnew) + b ⋅ min(max(�̂(xnew), 1), �̂2(xnew)), (6)

where b is a constant to balance the predicted mean value f̂ (xnew) and the standard deviation �̂(xnew).273

We hypothesize that the evaluated non-dominated solutions in the archive should also be considered when choos-274

ing solutions to be evaluated using the real objective functions. In addition, we assume that it is better to look at the275

predicted objective values and the uncertainty of the predicted objective values separately to achieve a better balance276

between exploitation and exploration, similar to the multi-objective infill criterion (MIC) suggested in[24]. Note,277

however, MIC is meant for single-objective optimization and only considers the predicted objective values and their278

uncertainty, without taking into account the already evaluated solutions.279

Fig. 2 shows an example set of combined solutions consisting of five evaluated non-dominated solutions (denoted280

by squares) and eight non-evaluated solutions in terms of their predicted objective values and the MUCB values,281

denoted by hollow and filled triangles, respectively. The first step of the proposed model management strategy is to282

cluster the combined solutions using k-means. This results in five clusters indicated by the shaded regions. The cluster283

centers are denoted by circles. Then the cluster centers are sorted based on the Pareto dominance, and no solution284
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Figure 3: An illustrative example of the proposed infill sampling criterion with one cluster. (a) The convergence of an
unevaluated solution is measured according to the Euclidean distance between the unevaluated solution and its nearest
evaluated solution, denoted by d1 to d4. Since S4 is dominated, d4 is set to zero. The rank of S1 to S4 is d1 > d3 > d2 > d4
in terms of convergence. (b) The diversity of an unevaluated solution is measured by the biggest angle between the
unevaluated solution and its nearest evaluated solution in terms of angle. The rank of S1 to S4 is �1 > �4 > �3 > �2 in
terms of diversity. (c) The two ranks are summed and the solution with the best rank will be selected for real objective
function evaluation.

will be selected from the cluster for true objective functions if the center of the cluster is dominated by other cluster 285

centers. In Fig. 2, only the unevaluated solutions in four clusters whose cluster centers are non-dominated will involve 286

the ranking that will be discussed below. 287

In the following, we are going to present the methods for ranking the solutions in each cluster according to their 288

convergence and diversity properties. 289

3.3.1. Convergence-based Ranking 290

The convergence property of a solution is usually measured by the Euclidean distance from the solution to the 291

ideal point in the objective space. In this work, we first rank the unevaluated solutions in each cluster according to 292

their Euclidean distance to the nearest evaluated solutions. If an unevaluated solution is dominated by its nearest 293

evaluated solution, the corresponding distance is set to zero. 294

An illustrative example with one cluster is plotted in Fig. 3, which consists of two evaluated solutions and four 295

unevaluated solutions, although it should be noted that in case of multiple clusters, some of these unevaluated solutions 296

may be the same, and others not, since one solution in terms of their predicted objective values and MUCB values 297

may or may not be grouped into the same cluster. As shown in Fig. 3 (a), the nearest evaluated solution of S1 and S2 298

is the solution denoted by the square at the top of the cluster, and the distances between S1, S2 to its nearest evaluated 299

solution are denoted by d1 and d2, respectively. The nearest evaluated solution of S3 is the solution denoted by the 300

square at the bottom of the cluster, and the Euclidean distance between them is d3. The distance between solution S4 301

and its nearest evaluated solution (denoted by the square at the bottom) is d4; however, since S4 is dominated by its 302

nearest evaluated solution, d4 is set to zero. Thus, we can obtain the convergence-based rank of the four solutions, 303

i.e., d1 > d3 > d2 > d4. 304

3.3.2. Diversity-based Ranking 305

In most existing SAEAs such as K-RVEA[34], the infill sampling is based on the convergence and diversity of 306

the unevaluated solutions only. However, we believe the diversity of the unevaluated solutions should consider both 307

the unevaluated solutions and evaluated solutions so that the solutions to be sampled are not similar to the evaluated 308

solutions in terms of the diversity in the objective space. Therefore, we propose to measure the diversity of an evaluated 309

solution according to the minimum angle between the unevaluated solution and all evaluated non-dominated solutions 310

in the same cluster. The larger the minimum angle is, the better the diversity performance of a solution is. This way, 311

the next solutions to be sampled can also improve the diversity of the training data and promote exploration. As shown 312

in Fig. 3 (b), the minimum angle between S1, S2, S3, S4 and the evaluated solutions is �1, �2, �3, �4, respectively. In 313
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this example, we can see visually that �1 > �4 > �3 > �2, so S1 ranks the first and S2 ranks the fourth according to314

their contribution to the diversity.315

After obtaining the convergence rank and diversity rank of each solution, the two ranks are summed up to deter-316

mine which solution in each cluster will be selected for evaluations using the real objective functions. Note that, the317

selected solutions from different clusters may be duplicated since a solution with its predicted objective values and its318

MUCB values may be grouped into different clusters. It should also be stressed that the proposed infill criterion con-319

siders the convergence, uncertainty and diversity in choosing solutions for sampling. Moreover, since the unevaluated320

solutions are obtained based on the adaptive reference vectors obtained by RVEA-iGNG, the irregularity of the PFs321

has also been considered, enabling the proposed GP-iGNG to be able to solve expensive irregular MaOPs.322

3.4. Training Data Management323

The computational complexity for constructing GP models increase in cubic order with the number of the training324

samples, making it hard for applying GP surrogates to high-dimensional problems. In this study, we propose a strategy325

of training data management to limit the training time, while considering the irregularity of PFs for medium-size326

MaOPs. To this end, we select a subset of the solutions from archive A2 according to the modified APD scalarizing327

function (will be discussed later) based on the adaptive reference vectors tuned by iGNG. The selected data is stored328

in A1 for updating the GP models.329

In addition to the solutions that are newly evaluated using the real objective functions, the rest of the training data330

should be chosen from A2 by taking into account the balance between exploitation and exploration. Consequently, the331

first subset from A2 aims to cover the objective space as diversely as possible, while the second subset shall contain332

solutions that are well converged and reflect the distribution of the PF. To this end, we propose to select the first subset333

by grouping all solutions in A2 using k-means, and then selecting one solution from each cluster. By contrast, the334

second subset is chosen using the reference vectors, which will prioritize solutions that are converged and close to the335

reference vectors, which shall reflect the distribution of the PFs.336

More specifically, Nnew new solutions that have been evaluated using real objective functions are put into the
training data A1. Then, the solutions in the archive A2 are grouped into NI −Nnew clusters using k-means and one
solution is randomly selected from each cluster as the subset of the training data (NI = 11 ⋅ D − 1, where D is the
number of decision variables). The other subset of the training data is selected based on the modified APD scalarizing
function with the help of the reference vectors. Note that in the original APD, the generation number t is used to
penalize the convergence term, hoping that the weight for convergence shall decrease over the generations. In this
work, APD is used to used to guide the selection of promising solutions for sampling, and therefore, the total number
of already sampled solutions (e) will be used to replace t:

dt,i,j = (1 +M ⋅ ( e
emax

)� ⋅
�t,i,j
vt,j

) ⋅ ‖‖
‖

f
′

t,i
‖

‖

‖

, (7)

where e is the number of solutions that have been evaluated using the real objective functions and emax represents the337

maximum number of fitness evaluations. Other parameters are the same as in the definition of APD in Equation 5.338

The number of adaptive references is N∕M , where N is the population size and M is the number of objectives.339

For each reference vector, the solution with the best modified APD value will be selected. Therefore, N∕M solutions340

will be selected based on the adaptive reference vectors. Since the size of the subset of the training data selected based341

on k-means and the adaptive reference vectors is NI and N∕M , respectively, the number of overall training data is342

NI +N∕M . This way, the total number of training data is limited.343

4. Experimental results344

The proposed GP-iGNG is compared with six state-of-the-art SAEAs for many-objective optimization, i.e., MOEA/D-345

EGO [16], K-RVEA [34], CSEA [38], KTA2 [36], EDN-ARMOEA [40], and HSMEA [51] to demonstrate its com-346

petitiveness on handling both irregular and regular MaOPs. Among the six compared SAEAs for handling expensive347

MaOPs, MOEA/D-EGO[16] and K-RVEA [34] build a GP model for each objective, while KTA2 [36] constructs348

three GP models for each objective, however, only the influential point-insensitive GP model is adopted. By contrast,349

CSEA [38] trains an artificial neural network based classifier to predict the dominance relationship between solutions.350

HSMEA [51] is designed to handle both expensive regular and expensive inverted problems with two sets of refer-351

ence vectors. In HSMEA, four surrogate models are trained, and the one with the lowest root mean-squared error is352
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adopted to predict each objective value. EDN-ARMOEA [40] proposes a dropout neural network to replace the GP 353

surrogates to reduce the computational complexity in solving medium-size MaOPs. Finally, GP-iGNG is compared 354

with RVEA-iGNG [53], which is baseline MOEA of GP-iGNG without using surrogates for handling both regular 355

and irregular problems. The Wilcoxon signed-rank test [59] is adopted to assess the performance between GP-iGNG 356

and the seven compared algorithms. 357

4.1. Experimental Settings 358

All compared algorithms are tested on four widely used test suites, namely DTLZ [60], WFG [61], MaF [62] and 359

DPF [63]. We also test the performance of GP-iGNG on a real-world application, i.e., the design of hybrid electric 360

vehicles (HEVs), which contains seven objectives and 11 objectives. 361

Since it is desirable to update the surrogate using a batch of solutions when a number of parallel processing 362

facilities are available, the number of new solutions to be samples (Nnew) at each round of surrogate update is set to 363

5 in this study. The weight k in MUCB is set to 0.5. In GP-iGNG, the prefixed number of generations RVEA-iGNG 364

evolves before updating the GP models is set to !max = 20. The parameters in iGNG is set the same as suggested in 365

RVEA-iGNG[53]. 366

IGD+ [64] is adopted as the performance indicator. The number of reference points generated by canonical 367

simplex-lattice design method [65] for calculating IGD+ indicator is set to 10000, which is the same way as generating 368

reference points in PlatEMO framework [66]. We test four different cases to demonstrate that GP-iGNG maintains 369

good performance with the increase of the maximum number of expensive fitness evaluations or with the increase 370

in the number of decision variables. The experiments are divided into four groups. In the first group, the maximum 371

number of expensive function evaluations is set to 300 for 10-dimensional test instances with 3, 5, and 10 objectives. 372

In the second group of experiments, a maximum of 450, 500, and 1000, respectively, expensive function evaluations 373

are allowed for 10-dimensional test instances with 3, 5, and 10-objectives. In the third group, a maximum of 500 374

expensive function evaluations are budgeted for 20-dimensional test instances with 3, 5, and 10 objectives. Finally, 375

50-dimensional test instances with 3, 5, and 10 objectives are optimized using a maximum of 800 expensive function 376

evaluations. Two exceptions should be pointed in the above settings for 10-objective MaF11 and WFG3 functions, 377

where the dimension of the search space is set to 11, 11, 21 and 51, respectively, rather than 10, 10, 20, and 50 378

to satisfy the constraint between the search dimension and the number of objectives in the design of these two test 379

instances. In addition, the number of solutions sampled by LHS in the initialization is set to 11D − 1 as suggested 380

in [20]. The population size of the six compared SAEAs on handling 3-, 5-, and 10-objective problems is set to 105, 381

126 and 230, respectively. For RVEA-iGNG, the population size for solving 3-, 5- and 10-objective instances is set 382

to 45, 50 and 55, respectively. Both GP-iGNG and the seven compared algorithms are implemented on the PlatEMO 383

platform [66]. The number of predefined set of reference vectors is the same as the population size and the reference 384

vectors are generated using the canonical simplex-lattice design method [65]. 385

4.2. Performance on Regular and Irregular Problems with D = 10 386

Table 1 presents the IGD+ values of the solutions obtained by GP-iGNG and the six compared algorithms, K- 387

RVEA, KTA2, MOEA/D-EGO, CSEA, HSMEA and RVEA-iGNG on dealing with irregular problems. GP-iGNG 388

wins on 30 out of 48 test instances, while K-RVEA, KTA2, MOEA/D-EGO, CSEA, HSMEA and RVEA-iGNG wins 389

on 10, 14, one, two, 12, and three, respectively, out of 48 test instances. We note that RVEA-iGNG is outperformed 390

by GP-iGNG and the five compared algorithms on almost all test instances except for DPF4, mainly because all other 391

algorithms are SAEAs and only a small number of objective function evaluations is allowed. We also note that GP- 392

iGNG performs consistently better than RVEA-iGNG, indicating that the surrogates are working well in enhancing 393

the search performance. Next, we discuss the performance of GP-iGNG on solving inverted, discontinuous, and 394

degenerate problems, separately. GP-iGNG outperforms the compared six algorithms for solving inverted problems. 395

Note that HSMEA, which is specifically designed for dealing with expensive inverted problems, is outperformed 396

by GP-IGNG, demonstrating GP-iGNG performs effectively on the inverted Pareto fronts. GP-iGNG also ranks the 397

best on handling discontinuous problems, followed by K-RVEA. We further test the performance of GP-iGNG on 398

handling degenerate problems, including fully degenerate problems such as DPF1 to DPF4 and partially degenerate 399

problems such as DPF5 and WFG3. It can be seen GP-iGNG achieves the best performance on degenerate test 400

instances, followed by KTA2 and HSMEA. The shape of MaF2 does not cover the whole objective space as well, 401

which is also deemed as irregular. It can be seen GP-iGNG can also achieve much better performance on 3- and 5- 402

objective MaF2, and KTA2 achieves the best performance on 10-objective MaF2. We further plot the non-dominated 403
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Table 1
The IGD+ values of the solution sets obtained by GP-iGNG, K-RVEA, KTA2,MOEA/D-EGO, CSEA, HSMEA and RVEA-
iGNG on solving 10-dimensional irregular problems with 3, 5 and 10 objectives. The maximum number of objective
evaluations is set to 300.

Shape of PFs Problem M GP-iGNG K-RVEA KTA2 MOEA/D-EGO CSEA HSMEA RVEA-iGNG

inverted

MaF1
3 3.46e-2 (1.69e-3) 5.29e-2 (5.03e-3) − 3.43e-2 (3.48e-3) ≈ 2.90e-1 (3.86e-2) − 1.46e-1 (1.81e-2) − 5.64e-2 (5.01e-3) − 1.93e-1 (3.21e-2) −
5 9.40e-2 (4.05e-3) 1.07e-1 (1.35e-2) − 1.19e-1 (1.41e-2) − 3.34e-1 (4.34e-2) − 1.99e-1 (1.90e-2) − 1.28e-1 (4.98e-3) − 2.67e-1 (3.63e-2) −

10 1.84e-1 (5.71e-3) 2.78e-1 (1.86e-2) − 2.34e-1 (2.61e-2) − 2.87e-1 (1.80e-2) − 2.35e-1 (2.25e-2) − 1.93e-1 (5.82e-3) − 3.08e-1 (2.07e-2) −

MaF4
3 5.32e+2 (1.85e+2) 8.13e+2 (2.23e+2) − 4.77e+2 (2.70e+2) ≈ 9.29e+2 (1.79e+2) − 6.56e+2 (1.84e+2) − 6.13e+2 (1.20e+2) ≈ 5.14e+2 (1.50e+2) ≈
5 7.56e+2 (2.55e+2) 1.22e+3 (4.41e+2) − 7.17e+2 (3.09e+2) ≈ 2.40e+3 (5.96e+2) − 1.28e+3 (3.79e+2) − 1.54e+3 (8.28e+2) − 1.22e+3 (3.58e+2) −

10 2.49e+1 (5.71e+0) 4.13e+1 (1.79e+1) − 4.60e+1 (2.52e+1) − 1.46e+2 (1.69e+2) − 7.83e+1 (6.98e+1) − 3.31e+1 (4.47e+1) ≈ 2.00e+2 (3.02e+2) −

IDTLZ1
3 5.36e+1 (2.05e+1) 6.23e+1 (1.75e+1) ≈ 4.72e+1 (1.70e+1) ≈ 1.40e+2 (3.09e+1) − 1.02e+2 (3.16e+1) − 1.13e+2 (1.55e+1) − 7.51e+1 (1.99e+1) −
5 3.30e+1 (1.36e+1) 3.70e+1 (2.31e+1) ≈ 3.79e+1 (1.39e+1) ≈ 1.06e+2 (2.56e+1) − 9.67e+1 (3.15e+1) − 7.55e+1 (4.43e+1) − 6.23e+1 (1.82e+1) −

10 1.43e-1 (1.53e-2) 2.48e-1 (2.62e-1) − 1.81e-1 (1.25e-2) − 4.41e-1 (4.99e-1) − 3.95e-1 (3.77e-1) − 1.84e-1 (1.42e-2) − 1.73e+0 (1.62e+0) −

IDTLZ2
3 3.36e-2 (2.04e-3) 4.71e-2 (3.00e-3) − 9.97e-2 (1.21e-2) − 1.83e-1 (1.74e-2) − 1.15e-1 (1.48e-2) − 4.73e-2 (3.90e-3) − 1.43e-1 (1.91e-2) −
5 1.09e-1 (4.06e-3) 1.18e-1 (3.57e-3) − 2.09e-1 (9.40e-3) − 3.45e-1 (3.21e-2) − 1.96e-1 (2.07e-2) − 1.55e-1 (7.52e-3) − 2.80e-1 (2.90e-2) −

10 2.39e-1 (5.41e-3) 3.16e-1 (6.36e-2) − 3.28e-1 (3.22e-2) − 4.55e-1 (3.00e-2) − 3.37e-1 (3.43e-2) − 2.46e-1 (4.60e-3) − 3.95e-1 (3.55e-2) −

discontinuous

MaF7
3 4.02e-2 (4.43e-3) 6.69e-2 (5.91e-3) − 1.56e-1 (2.25e-1) ≈ 1.77e-1 (1.01e-1) − 1.39e+0 (5.39e-1) − 5.94e-2 (2.56e-2) − 4.09e+0 (1.14e+0) −
5 2.43e-1 (6.93e-2) 3.45e-1 (4.93e-2) − 3.45e-1 (1.75e-1) − 6.15e-1 (6.69e-2) − 3.58e+0 (9.36e-1) − 3.58e-1 (5.68e-2) − 5.39e+0 (2.01e+0) −

10 9.89e-1 (1.27e-1) 1.03e+0 (3.77e-2) − 1.22e+0 (2.75e-1) − 1.09e+0 (3.35e-2) − 2.05e+0 (5.35e-1) − 1.02e+0 (4.04e-2) − 1.36e+0 (4.13e-1) −

MaF11
3 1.93e-1 (3.66e-2) 2.50e-1 (2.72e-2) − 2.13e-1 (4.12e-2) ≈ 5.93e-1 (5.49e-2) − 4.36e-1 (5.38e-2) − 4.16e-1 (1.36e-1) − 6.30e-1 (1.27e-1) −
5 3.04e-1 (3.71e-2) 3.17e-1 (3.66e-2) ≈ 4.06e-1 (8.11e-2) − 1.01e+0 (1.81e-1) − 6.52e-1 (2.46e-1) − 5.53e-1 (1.44e-1) − 1.05e+0 (4.25e-1) −

10 4.83e-1 (9.60e-2) 3.32e-1 (1.12e-1) + 1.12e+0 (1.48e-1) − 1.88e+0 (4.51e-1) − 2.36e+0 (1.01e+0) − 1.62e+0 (4.48e-1) − 2.09e+0 (8.86e-1) −

degenerate

DTLZ5
3 8.87e-3 (1.37e-3) 6.26e-2 (1.67e-2) − 8.74e-3 (1.87e-3) ≈ 1.71e-1 (2.13e-2) − 9.74e-2 (2.99e-2) − 8.64e-3 (1.07e-3) ≈ 1.21e-1 (2.58e-2) −
5 2.47e-2 (4.68e-3) 3.80e-2 (9.50e-3) − 6.65e-2 (3.01e-2) − 1.34e-1 (1.97e-2) − 7.15e-2 (2.39e-2) − 2.15e-2 (2.78e-3) + 1.09e-1 (3.04e-2) −

10 5.36e-3 (9.12e-4) 6.17e-3 (1.21e-3) − 1.35e-2 (1.38e-3) − 1.14e-2 (1.14e-3) − 5.17e-3 (6.49e-4) ≈ 7.60e-3 (1.29e-3) − 1.06e-2 (2.50e-3) −

DTLZ6
3 2.47e+0 (4.11e-1) 3.35e+0 (4.97e-1) − 1.86e+0 (4.67e-1) + 1.95e+0 (8.23e-1) + 4.94e+0 (5.40e-1) − 4.14e-1 (4.72e-1) + 5.60e+0 (5.48e-1) −
5 2.00e+0 (3.55e-1) 2.04e+0 (3.43e-1) ≈ 1.83e+0 (5.32e-1) ≈ 1.44e+0 (5.95e-1) + 3.74e+0 (6.03e-1) − 2.76e-1 (2.89e-1) + 4.33e+0 (3.31e-1) −

10 3.08e-2 (9.37e-3) 2.39e-2 (6.82e-3) + 1.35e-1 (1.48e-1) − 5.75e-2 (2.07e-2) − 1.16e-1 (1.82e-1) − 4.27e-2 (1.37e-2) − 3.24e-1 (3.16e-1) −

MaF6
3 1.14e-1 (3.55e-2) 7.20e-1 (2.19e-1) − 1.08e-1 (1.07e-1) + 5.53e+0 (2.24e+0) − 5.39e+0 (3.26e+0) − 7.01e-2 (1.68e-2) + 4.07e+0 (2.44e+0) −
5 1.47e-1 (6.36e-2) 3.82e-1 (1.94e-1) − 5.83e-2 (2.16e-2) + 3.56e+0 (1.86e+0) − 2.34e+0 (1.45e+0) − 1.11e-1 (3.25e-2) ≈ 2.60e+0 (1.54e+0) −

10 1.44e-2 (2.87e-3) 1.20e-2 (3.99e-3) + 1.57e-2 (5.38e-3) ≈ 2.41e-2 (9.95e-3) − 1.59e-2 (8.81e-3) ≈ 1.70e-2 (1.22e-2) ≈ 3.94e-2 (1.35e-2) −

DPF1
3 6.44e+1 (2.26e+1) 7.39e+1 (2.04e+1) ≈ 5.52e+1 (1.71e+1) ≈ 1.25e+2 (2.62e+1) − 1.16e+2 (3.63e+1) − 9.77e+1 (9.46e+0) − 7.65e+1 (1.50e+1) −
5 7.48e+1 (2.18e+1) 6.21e+1 (2.34e+1) ≈ 5.25e+1 (1.88e+1) + 1.13e+2 (1.04e+1) − 9.30e+1 (2.29e+1) − 9.94e+1 (7.16e+0) − 9.15e+1 (2.05e+1) −

10 3.80e+1 (1.68e+1) 3.98e+1 (1.03e+1) ≈ 5.91e+1 (1.46e+1) − 8.83e+1 (2.64e+1) − 5.64e+1 (1.15e+1) − 8.05e+1 (1.97e+1) − 6.33e+1 (1.92e+1) −

DPF2
3 1.86e-2 (5.34e-3) 1.73e-1 (6.95e-2) − 1.29e-2 (3.46e-2) + 4.01e-1 (3.91e-1) − 5.03e+0 (2.79e+0) − 3.23e-2 (1.23e-2) − 1.53e+1 (6.13e+0) −
5 1.05e-1 (1.86e-2) 1.33e-1 (5.10e-2) ≈ 1.51e-1 (1.31e-1) ≈ 7.60e-1 (7.78e-1) − 5.74e+0 (2.28e+0) − 1.41e-1 (6.01e-2) − 1.92e+1 (1.03e+1) −

10 7.71e-1 (2.82e-1) 1.12e+0 (3.94e-1) − 2.05e+0 (1.07e+0) − 3.64e+0 (2.13e+0) − 2.74e+1 (7.47e+0) − 8.49e-1 (2.33e-1) ≈ 9.80e+1 (4.05e+1) −

DPF3
3 8.58e-2 (4.69e-2) 1.03e-1 (5.27e-2) ≈ 9.91e-2 (5.21e-2) ≈ 1.83e-1 (5.86e-2) − 6.05e-2 (1.28e-2) + 9.31e-2 (3.77e-2) ≈ 1.94e-1 (2.17e-1) ≈
5 1.73e-1 (8.27e-2) 1.88e-1 (7.23e-2) ≈ 2.06e-1 (6.80e-2) ≈ 5.36e-1 (8.12e-2) − 1.96e-1 (3.79e-2) − 3.22e-1 (8.79e-2) − 3.90e-1 (2.08e-1) −

10 3.20e-1 (8.86e-2) 3.28e-1 (6.46e-2) ≈ 4.08e-1 (8.02e-2) − 7.56e-1 (6.62e-2) − 4.54e-1 (9.49e-2) − 5.55e-1 (5.03e-2) − 5.54e-1 (7.39e-2) −

DPF4
3 1.77e+4 (7.74e+3) 2.13e+4 (1.11e+4) ≈ 1.27e+4 (5.94e+3) + 1.44e+4 (8.26e+3) ≈ 1.12e+4 (6.02e+3) + 1.34e+4 (8.67e+3) + 4.57e+3 (2.81e+3) +
5 2.68e+4 (1.15e+4) 3.91e+4 (1.96e+4) − 1.90e+4 (1.17e+4) + 1.14e+4 (6.86e+3) + 1.48e+4 (8.58e+3) + 2.94e+4 (1.78e+4) ≈ 1.15e+4 (6.59e+3) +

10 1.43e+4 (6.16e+3) 1.43e+4 (9.34e+3) ≈ 1.51e+4 (1.08e+4) ≈ 1.46e+4 (7.91e+3) ≈ 8.51e+3 (5.15e+3) + 2.43e+4 (1.08e+4) − 6.92e+3 (4.99e+3) +

DPF5
3 6.35e-2 (1.55e-2) 1.30e-1 (2.29e-2) − 7.67e-2 (1.66e-2) − 2.42e-1 (3.46e-2) − 1.56e-1 (3.00e-2) − 6.51e-2 (1.08e-2) ≈ 1.78e-1 (3.45e-2) −
5 1.29e-1 (1.19e-2) 1.74e-1 (3.07e-2) − 2.29e-1 (1.45e-2) − 3.22e-1 (3.90e-2) − 2.61e-1 (4.61e-2) − 1.72e-1 (2.41e-2) − 2.94e-1 (4.09e-2) −

10 2.14e-1 (1.12e-2) 2.95e-1 (4.30e-2) − 3.56e-1 (3.04e-2) − 2.50e-1 (2.23e-2) − 4.07e-1 (2.13e-2) − 2.39e-1 (1.76e-2) − 3.88e-1 (1.90e-2) −

WFG3
3 2.31e-1 (3.31e-2) 3.98e-1 (4.58e-2) − 2.88e-1 (6.11e-2) − 6.21e-1 (3.69e-2) − 4.79e-1 (5.34e-2) − 1.94e-1 (2.62e-2) + 4.84e-1 (5.89e-2) −
5 4.55e-1 (6.35e-2) 4.91e-1 (7.85e-2) ≈ 6.11e-1 (6.82e-2) − 8.21e-1 (5.24e-2) − 4.66e-1 (9.35e-2) ≈ 2.73e-1 (4.00e-2) + 7.05e-1 (9.29e-2) −

10 3.84e-1 (7.20e-2) 5.53e-1 (9.70e-2) − 8.20e-1 (8.93e-2) − 8.12e-1 (1.01e-1) − 3.99e-1 (7.47e-2) ≈ 3.02e-1 (5.23e-2) + 7.06e-1 (1.54e-1) −

other MaF2
3 1.88e-2 (9.75e-4) 2.66e-2 (1.22e-3) − 2.15e-2 (1.52e-3) − 5.00e-2 (1.39e-3) − 4.67e-2 (2.10e-3) − 2.61e-2 (1.63e-3) − 4.70e-2 (2.71e-3) −
5 5.13e-2 (1.07e-3) 6.33e-2 (1.43e-3) − 5.82e-2 (1.22e-3) − 7.22e-2 (1.07e-3) − 6.94e-2 (1.45e-3) − 6.43e-2 (1.19e-3) − 6.94e-2 (3.72e-3) −

10 1.18e-1 (5.04e-3) 1.66e-1 (7.19e-3) − 1.07e-1 (1.67e-3) + 1.60e-1 (8.95e-3) − 1.69e-1 (1.01e-2) − 1.61e-1 (6.09e-3) − 1.55e-1 (1.34e-2) −
+∕ − ∕ ≈ 3/31/14 8/25/15 3/43/2 4/40/4 8/31/9 3/43/2

1 Here +∕ − ∕ ≈ indicates whether the compared algorithms are statistically significantly better, worse, or equivalent
to GP-iGNG.

solutions obtained by GP-iGNG, RVEA-iGNG, HSMEA, KTA2 and K-RVEA, on handling with 3-objective MaF1,404

MaF7 and DPF5 when the maximum number of function evaluations is set to 300, as shown in Fig. 4. On handling405

MaF1 and MaF7, GP-iGNG has found more non-dominated solutions on the first front and the obtained solutions406

are better distributed than other compared algorithms. On inverted MaF1, the distribution of solutions found by407

HSMEA is poorly distributed than those of GP-iGNG. On DPF5, GP-iGNG is able to explore more regions than the408

compared algorithms. RVEA-iGNG and HSMEA only find a handful of solutions. Overall, the solution set obtained409

by GP-iGNG are better distributed and more converged than the solution sets obtained by the other algorithms under410

comparison.411

We also test GP-iGNG on solving problems with regular Pareto fronts and Table 2 presents the IGD+ value of the412

solutions obtained by GP-iGNG and six compared algorithms. GP-iGNG wins on 26 out of 39 test instances, while413

K-RVEA, KTA2, MOEA/D-EGO, CSEA, HSMEA and RVEA-iGNG wins on eight, 11, two, 13, 11, and seven out414

of 39 test instances. It is worth mentioning that even though only one set of adaptive reference vectors is adopted in415
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Table 2
The IGD+ values of solutions obtained by GP-iGNG, K-RVEA, KTA2, MOEA/D-EGO, CSEA, HSMEA and RVEA-iGNG
on solving 10-dimensional regular problems with 3, 5 and 10 objectives. The maximum number of function evaluations
is set to 300.

Problem M GP-iGNG K-RVEA KTA2 MOEA/D-EGO CSEA HSMEA RVEA-iGNG

DTLZ1
3 5.97e+1 (1.97e+1) 7.72e+1 (1.96e+1) − 5.21e+1 (1.93e+1) ≈ 7.82e+1 (1.23e+1) − 6.14e+1 (1.75e+1) ≈ 6.10e+1 (6.71e+0) ≈ 5.79e+1 (1.24e+1) ≈
5 3.33e+1 (1.37e+1) 4.11e+1 (1.19e+1) − 2.73e+1 (8.39e+0) ≈ 4.94e+1 (1.15e+1) − 3.02e+1 (7.86e+0) ≈ 3.59e+1 (5.66e+0) − 3.42e+1 (6.45e+0) ≈

10 2.14e-1 (9.68e-2) 2.94e-1 (1.14e-1) − 2.63e-1 (9.38e-2) − 3.45e-1 (1.17e-1) − 2.01e-1 (3.81e-2) ≈ 3.84e-1 (1.25e-1) − 3.15e-1 (2.71e-1) ≈

DTLZ2
3 3.57e-2 (3.36e-3) 7.48e-2 (1.10e-2) − 3.79e-2 (3.92e-3) − 2.43e-1 (3.32e-2) − 1.59e-1 (3.12e-2) − 4.48e-2 (4.59e-3) − 1.89e-1 (3.94e-2) −
5 1.08e-1 (9.74e-3) 1.60e-1 (2.07e-2) − 1.40e-1 (1.02e-2) − 3.42e-1 (2.82e-2) − 2.50e-1 (3.61e-2) − 1.76e-1 (9.14e-3) − 3.03e-1 (3.24e-2) −

10 2.06e-1 (7.57e-3) 2.79e-1 (3.62e-2) − 3.43e-1 (2.01e-2) − 2.88e-1 (1.56e-2) − 3.89e-1 (2.36e-2) − 2.30e-1 (6.53e-3) − 3.97e-1 (1.90e-2) −

DTLZ3
3 1.63e+2 (4.32e+1) 2.18e+2 (5.17e+1) − 1.31e+2 (4.92e+1) ≈ 2.03e+2 (3.54e+1) − 1.51e+2 (4.17e+1) ≈ 1.78e+2 (1.04e+1) ≈ 1.55e+2 (3.53e+1) ≈
5 8.48e+1 (3.03e+1) 1.31e+2 (4.51e+1) − 9.06e+1 (2.95e+1) ≈ 1.33e+2 (1.79e+1) − 8.75e+1 (1.96e+1) ≈ 1.12e+2 (1.82e+1) − 1.12e+2 (3.28e+1) −

10 8.18e-1 (3.72e-1) 8.88e-1 (4.05e-1) ≈ 9.46e-1 (4.42e-1) ≈ 1.24e+0 (7.87e-1) − 7.53e-1 (3.09e-1) ≈ 1.21e+0 (6.50e-1) − 8.48e-1 (4.13e-1) ≈

DTLZ4
3 2.01e-1 (8.05e-2) 2.19e-1 (8.69e-2) ≈ 2.68e-1 (1.02e-1) − 4.71e-1 (5.99e-2) − 2.53e-1 (9.40e-2) ≈ 2.23e-1 (8.63e-2) ≈ 3.07e-1 (1.25e-1) −
5 2.67e-1 (5.82e-2) 2.98e-1 (7.60e-2) ≈ 3.30e-1 (7.48e-2) − 4.78e-1 (5.60e-2) − 2.29e-1 (5.83e-2) + 3.52e-1 (6.16e-2) − 3.31e-1 (5.58e-2) −

10 2.32e-1 (2.15e-2) 2.46e-1 (1.75e-2) − 2.97e-1 (2.88e-2) − 2.63e-1 (7.99e-3) − 2.95e-1 (2.95e-2) − 2.50e-1 (7.88e-3) − 3.30e-1 (4.16e-2) −

MaF3
3 4.16e+5 (2.29e+5) 4.61e+5 (2.27e+5) ≈ 4.18e+5 (2.97e+5) ≈ 2.48e+5 (1.51e+5) + 1.85e+5 (1.62e+5) + 8.76e+4 (1.14e+5) + 5.83e+4 (5.43e+4) +
5 1.97e+5 (7.05e+4) 2.49e+5 (1.40e+5) ≈ 2.13e+5 (1.21e+5) ≈ 7.60e+4 (9.39e+4) + 8.29e+4 (8.26e+4) + 8.14e+4 (1.01e+5) + 2.52e+4 (1.52e+4) +

10 3.33e+0 (2.52e+0) 2.95e+0 (2.89e+0) ≈ 6.27e-1 (6.21e-1) + 1.52e+0 (1.26e+0) + 1.23e+0 (1.36e+0) + 2.70e+0 (2.27e+0) ≈ 2.24e+0 (5.14e+0) +

MaF5
3 7.61e-1 (2.47e-1) 8.84e-1 (3.23e-1) ≈ 8.19e-1 (2.88e-1) ≈ 1.64e+0 (2.59e-1) − 1.11e+0 (5.56e-1) ≈ 7.62e-1 (3.43e-1) ≈ 1.89e+0 (1.63e+0) −
5 1.30e+0 (2.34e-1) 1.89e+0 (6.08e-1) − 1.78e+0 (9.61e-1) ≈ 2.08e+0 (3.08e-1) − 1.12e+0 (2.83e-1) + 1.74e+0 (2.44e-1) − 2.17e+0 (1.25e+0) −

10 1.61e+0 (4.58e-1) 2.54e+0 (2.03e+0) − 3.67e+0 (6.17e+0) − 1.46e+0 (3.68e-2) ≈ 2.73e+0 (2.16e+0) − 1.50e+0 (8.42e-2) ≈ 3.92e+0 (3.60e+0) −

MaF10
3 1.74e+0 (9.48e-2) 1.76e+0 (1.51e-1) ≈ 1.76e+0 (1.73e-1) ≈ 2.06e+0 (7.65e-2) − 1.69e+0 (9.05e-2) ≈ 1.66e+0 (4.39e-2) + 2.06e+0 (1.11e-1) −
5 2.20e+0 (6.80e-2) 2.19e+0 (9.80e-2) ≈ 2.22e+0 (1.10e-1) ≈ 2.41e+0 (9.22e-2) − 2.16e+0 (7.73e-2) + 2.05e+0 (4.61e-2) + 2.39e+0 (7.83e-2) −

10 2.74e+0 (1.36e-1) 2.81e+0 (9.50e-2) ≈ 2.46e+0 (6.87e-1) ≈ 3.09e+0 (6.29e-2) − 2.76e+0 (8.32e-2) ≈ 2.72e+0 (8.81e-2) ≈ 2.91e+0 (9.84e-2) −

MaF12
3 4.47e-1 (4.80e-2) 5.29e-1 (7.66e-2) − 5.49e-1 (9.29e-2) − 6.68e-1 (4.65e-2) − 6.15e-1 (8.32e-2) − 5.54e-1 (5.95e-2) − 5.92e-1 (9.01e-2) −
5 1.00e+0 (1.56e-1) 1.14e+0 (2.59e-1) ≈ 1.18e+0 (2.17e-1) − 1.65e+0 (2.40e-1) − 1.60e+0 (2.16e-1) − 1.52e+0 (2.67e-1) − 1.64e+0 (2.64e-1) −

10 3.78e+0 (5.80e-1) 4.96e+0 (1.03e+0) − 3.52e+0 (4.68e-1) ≈ 5.88e+0 (8.07e-1) − 6.30e+0 (6.55e-1) − 6.00e+0 (6.00e-1) − 6.19e+0 (5.26e-1) −

WFG4
3 3.50e-1 (2.16e-2) 3.62e-1 (1.89e-2) ≈ 3.65e-1 (2.69e-2) ≈ 4.21e-1 (2.09e-2) − 3.28e-1 (3.27e-2) + 3.98e-1 (2.92e-2) − 4.64e-1 (6.64e-2) −
5 7.40e-1 (4.46e-2) 7.82e-1 (5.36e-2) − 8.89e-1 (7.10e-2) − 9.36e-1 (8.36e-2) − 1.52e+0 (3.07e-1) − 8.43e-1 (5.23e-2) − 1.74e+0 (2.52e-1) −

10 3.32e+0 (4.81e-1) 3.98e+0 (9.87e-1) − 3.34e+0 (3.33e-1) ≈ 1.72e+0 (3.14e-1) + 7.17e+0 (5.80e-1) − 2.65e+0 (7.91e-1) + 7.55e+0 (8.27e-1) −

WFG5
3 2.66e-1 (5.93e-2) 3.26e-1 (5.19e-2) − 2.19e-1 (5.86e-2) + 3.67e-1 (3.45e-2) − 3.93e-1 (3.39e-2) − 2.11e-1 (1.34e-2) + 5.79e-1 (3.35e-2) −
5 7.89e-1 (5.46e-2) 7.74e-1 (9.03e-2) ≈ 9.23e-1 (1.45e-1) − 1.08e+0 (6.81e-2) − 1.12e+0 (2.12e-1) − 7.35e-1 (6.89e-2) + 1.34e+0 (1.19e-1) −

10 2.50e+0 (3.20e-1) 2.46e+0 (7.69e-1) ≈ 4.03e+0 (9.01e-1) − 5.31e+0 (5.89e-1) − 6.03e+0 (5.53e-1) − 3.45e+0 (7.29e-1) − 5.85e+0 (5.07e-1) −

WFG6
3 5.06e-1 (8.65e-2) 5.91e-1 (6.42e-2) − 4.93e-1 (9.96e-2) ≈ 5.42e-1 (2.80e-2) ≈ 5.30e-1 (5.96e-2) ≈ 4.60e-1 (4.16e-2) + 6.90e-1 (5.78e-2) −
5 9.01e-1 (1.36e-1) 9.87e-1 (9.47e-2) − 1.13e+0 (6.47e-2) − 1.01e+0 (5.05e-2) − 1.24e+0 (2.01e-1) − 9.87e-1 (3.59e-2) − 1.53e+0 (1.98e-1) −

10 1.48e+0 (1.31e-1) 1.63e+0 (4.44e-1) ≈ 4.17e+0 (6.87e-1) − 2.53e+0 (8.50e-1) − 5.77e+0 (7.32e-1) − 1.80e+0 (2.22e-1) − 6.01e+0 (5.49e-1) −

WFG7
3 4.59e-1 (2.67e-2) 4.81e-1 (3.45e-2) − 4.96e-1 (3.47e-2) − 5.33e-1 (2.28e-2) − 4.32e-1 (5.09e-2) + 4.99e-1 (3.71e-2) − 5.24e-1 (7.72e-2) −
5 8.57e-1 (7.12e-2) 9.06e-1 (4.79e-2) − 1.02e+0 (6.14e-2) − 1.34e+0 (1.41e-1) − 1.29e+0 (3.31e-1) − 1.05e+0 (1.34e-1) − 1.45e+0 (2.39e-1) −

10 3.53e+0 (3.20e-1) 4.45e+0 (1.05e+0) − 3.47e+0 (4.07e-1) ≈ 5.34e+0 (7.01e-1) − 6.56e+0 (5.32e-1) − 4.50e+0 (1.04e+0) − 6.88e+0 (8.39e-1) −

WFG8
3 4.78e-1 (4.26e-2) 5.88e-1 (3.41e-2) − 4.77e-1 (4.25e-2) ≈ 7.48e-1 (3.29e-2) − 6.40e-1 (4.72e-2) − 5.34e-1 (5.08e-2) − 7.50e-1 (5.45e-2) −
5 1.30e+0 (5.72e-2) 1.46e+0 (9.85e-2) − 1.39e+0 (4.12e-2) − 1.48e+0 (4.14e-2) − 1.73e+0 (1.49e-1) − 1.34e+0 (4.66e-2) − 1.94e+0 (1.47e-1) −

10 2.76e+0 (5.37e-1) 2.92e+0 (1.04e+0) ≈ 4.74e+0 (1.05e+0) − 3.90e+0 (6.37e-1) − 6.76e+0 (4.17e-1) − 3.76e+0 (1.14e+0) − 6.74e+0 (5.32e-1) −
+∕ − ∕ ≈ 0/23/16 2/19/18 4/33/2 8/20/11 8/24/7 3/31/5

1 Here +∕ − ∕ ≈ indicates whether the compared algorithms are statistically significantly better, worse, or equivalent
to GP-iGNG.

GP-iGNG, the performance of GP-iGNG on handling regular problems is still competitive. In K-RVEA, MOEA/D- 416

EGO and HSMEA, one set of predefined set of reference vectors is adopted, however, the performance of these three 417

algorithms on handling regular problems is not as competitive as GP-iGNG. The reason could be attributed to the 418

fact that the performance of SAEAs not only relies on the environmental selection strategy but also on the model 419

management strategy. Additionally, GP-iGNG outperforms or is equivalent to RVEA-iGNG on 36 out of 39 regular 420

test instances, which demonstrates that the proposed GP-iGNG can effectively accelerate the search process also for 421

regular MaOPs. 422

It is also of interest to see the performance change when the number of maximum function evaluations increases. 423

In Tables SI and SII of the Supplementary document, we further present the IGD+ values of solutions obtained by 424

GP-iGNG and its four compared algorithms (HSMEA, K-RVEA, CSEA, and KTA2) on handling irregular and regular 425

problems when the maximum number of fitness evaluations is set to 450, 500 and 1000 for 3-, 5- and 10-objective 426

problems. Overall, GP-iGNG wins on 32 out of 48 irregular test instances and on 19 out of 39 irregular test instances. 427

It is encouraging to find that with the increase of the number of fitness evaluations, GP-iGNG can still outperform the 428

four compared algorithms on handling irregular test instances. For handling regular test instances, GP-iGNG achieves 429

slightly better performance than KTA2 while still significantly outperforms HSMEA, K-RVEA and CSEA. 430
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Figure 4: The non-dominated solution set obtained by GP-iGNG, RVEA-iGNG, HSMEA, KTA2 and K-RVEA on solving
3-objective MaF1 (inverted), MaF7 (discontinuous), DPF5 (degenerate) with D = 10, when the maximum number of
function evaluations is set to 300. The obtained solution set with the median IGD+ value out of 20 independent runs is
plotted.

Table 3
The performance of GP-iGNG in terms of IGD+ values on solving problems with D = 10, 20, 50, respectively.

D = 10, FE = 450,500,1000 for M = 3,5,10 (+∕ ≈ ∕− )
GP-iGNG VS HSMEA K-RVEA CSEA KTA2

irregular 34/5/9 40/6/2 37/7/4 27/13/8
regular 26/8/5 23/14/2 22/4/13 15/12/12

all 60/13/14 63/20/4 59/11/17 42/25/20
D = 20, FE = 500,500,500 for M = 3,5,10 (+∕ ≈ ∕− )

GP-iGNG VS EDN-ARMOEA K-RVEA CSEA KTA2
irregular 48/0/0 36/10/2 38/4/6 25/12/11
regular 35/2/2 24/14/1 15/7/17 21/12/6

all 83/2/2 60/24/3 53/11/23 46/24/17
D = 50, FE = 800,800,800 for M = 3,5,10 (+∕ ≈ ∕−)

GP-iGNG VS EDN-ARMOEA K-RVEA CSEA KTA2
irregular 46/2/0 44/4/0 26/14/8 30/14/4
regular 34/3/2 29/10/0 12/13/14 24/11/4

all 80/5/2 73/14/0 38/27/22 54/25/8
1 Here +∕ ≈ ∕− indicates whether GP-iGNG is statistically signifi-

cantly better, equivalent to, or worse than the compared algorithms.
2 For D = 50, GP-iGNG is equipped with the training data manage-

ment strategy for reducing the computational cost.

4.3. Performance on Regular and Irregular Problems with D = 20 and D = 50431

In this subsection, GP-iGNG is tested on medium-size MaOPs. GP-iGNG is compared with a recently proposed432

dropout neural network based method (EDN-ARMOEA[40]), which is specifically designed for handling expensive433

medium-size MOPs and MaOPs. Instead of using all evaluated solutions as the training data, GP-iGNG proposes434

to use the training data management when dealing with problems with more than 50 decision variables to save the435

computational time. Apart from EDN-ARMOEA, GP-iGNG is also compared with K-RVEA, CSEA and KTA2 and436
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Table 4
Average performance score of GP-iGNG and its two variants

D = 10, FE = 300 for M = 3,5,10
GP-iGNG GP-iGNG-noMUCB GP-iGNG-K

M = 3 1.5862 1.7586 2.6552
M = 5 1.8966 1.8276 2.2759

M = 10 1.8276 1.8621 2.3103
all 1.7701 1.8101 2.4138

D = 20, FE = 500 for M = 3,5,10
GP-iGNG GP-iGNG-noMUCB GP-iGNG-K

M = 3 1.7931 1.7241 2.4828
M = 5 1.8276 1.8966 2.2759

M = 10 1.7931 1.9655 2.2414
all 1.8046 1.8621 2.3333

1 GP-iGNG-noMUCB is a variant of GP-iGNG without in-
cluding uncertainty in the proposed infill sampling.

2 GP-iGNG-K is the variant of GP-iGNG by replacing its
model management strategy with the one in K-RVEA.

the results are listed in Table S10. It is observed that GP-iGNG outperforms the four compared algorithms on handling 437

both regular and irregular MaOPs with D = 20. The results are compared in terms of the IGD+ values. For D = 50, 438

the competitiveness of GP-iGNG over K-RVEA and KTA2 becomes more apparent compared with the performance 439

on handling problems with D = 20. It can also be seen that CSEA can achieve similar performance to GP-iGNG on 440

regular problems while it is outperformed by GP-iGNG on most irregular test instances. As discussed in [36], CSEA 441

can converge much faster on some regular problems such as DTLZ1 and DTLZ3. However, GP-iGNG can achieve 442

statistically equivalent performance on DTLZ1 and DTLZ3 as CSEA. The IGD+ values of the solutions obtained by 443

GP-iGNG and K-RVEA, CSEA and KTA2 on handling 20-dimensional irregular and regular test instances are shown 444

in Table SIII and Table SIV of the Supplementary material. The IGD+ values of the solutions obtained by GP-iGNG 445

and K-RVEA, CSEA and KTA2 on handling 50-dimensional irregular and regular test instances are shown in Table 446

SV and Table SVI of the Supplementary material. Apart from IGD+, we also compare the results in terms of other 447

three performance indicators, including spacing[67], coverage[68] and HV [69], respectively, as shown in Table S10 448

of the Supplementary material. A detailed discussion is given in Section E of the Supplementary material. 449

4.4. Effectiveness of the Infill Criterion 450

For the infill criterion in GP-iGNG, each unevaluated solution is characterized by two different attributes, one is 451

the predicted objective values (the means of the GP models), and the other is the solution’s MUCB values, which 452

takes the uncertainty into consideration. In order to demonstrate the effectiveness of including uncertainty in the infill 453

criterion, we modify the infill criterion by only using the means as the attribute of each unevaluated solution, and the 454

corresponding variant is termed as GP-iGNG-noMUCB. In addition, in order to demonstrate the effectiveness of the 455

infill criterion for expensive multi-objective optimization, we replace the proposed infill sampling criterion in this work 456

with the one proposed in K-RVEA, and the variant is termed as GP-iGNG-K. The Friedman’s test implemented in the 457

software tool KEEL [70] is used to rank GP-iGNG and two of its variants. The average performance value in terms 458

of IGD+ indicator values of solutions achieved by GP-iGNG, GP-iGNG-noMUCB, GP-iGNG-K on all test instances 459

is presented in Table 4. It can be found that the average performance score of GP-iGNG is the best among GP-iGNG 460

and two of its variants on handling both 10-dimensional and 20-dimensional problems, showing the effectiveness of 461

the proposed infill criterion in GP-iGNG. 462

4.5. Effectiveness of the Adaptive Reference Vectors Tuned by iGNG 463

To demonstrate the effectiveness of the adaptive reference vectors tuned by iGNG on handling irregular problems, 464

we replace the N∕M adaptive reference vectors in GP-iGNG with N∕M fixed reference vectors generated using the 465

canonical simplex-lattice design method [65]. This variant of GP-iGNG is termed as GP-iGNG-fix. We study the 466

performance of GP-iGNG and GP-iGNG-fix on handling inverted MaF1, IDTLZ2, discontinuous MaF7 and MaF11, 467

degenerate DTLZ5, DPF2. The IGD+ values of solutions obtained by GP-iGNG and GP-iGNG-fix are presented in 468
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Table 5
Mean and standard deviation of the IGD+ values of solutions obtained by GP-iGNG and its variant GP-iGNG-fix on
handling 10-dimensional irregular MaOPs with FE=300.

Shape of PFs Problem M GP-iGNG GP-iGNG-fix

inverted

MaF1
3 3.46e-2 (1.69e-3) 3.56e-2 (2.06e-3) ≈
5 9.40e-2 (4.05e-3) 2.18e-1 (4.68e-2) −

10 1.84e-1 (5.71e-3) 3.27e-1 (1.25e-2) −

IDTLZ2
3 3.36e-2 (2.04e-3) 3.34e-2 (2.35e-3) ≈
5 1.09e-1 (4.06e-3) 1.27e-1 (5.58e-3) −

10 2.39e-1 (5.41e-3) 3.84e-1 (2.47e-2) −

discontinuous

MaF7
3 4.02e-2 (4.43e-3) 4.20e-2 (4.47e-3) ≈
5 2.43e-1 (6.93e-2) 3.18e-1 (5.86e-2) −

10 9.89e-1 (1.27e-1) 7.99e-1 (3.57e-2) +

MaF11
3 1.93e-1 (3.66e-2) 1.83e-1 (3.15e-2) ≈
5 3.04e-1 (3.71e-2) 2.63e-1 (3.86e-2) +

10 4.83e-1 (9.60e-2) 3.66e-1 (1.08e-1) +

degenerate

DTLZ5
3 8.87e-3 (1.37e-3) 1.57e-2 (2.86e-3) −
5 2.47e-2 (4.68e-3) 2.04e-2 (6.47e-3) ≈

10 5.36e-3 (9.12e-4) 8.26e-3 (1.87e-3) −

DPF2
3 1.86e-2 (5.34e-3) 5.12e-2 (9.35e-3) −
5 1.05e-1 (1.86e-2) 2.20e+0 (6.17e-3) −

10 7.71e-1 (2.82e-1) 2.77e+1 (2.65e+0) −
+∕ − ∕ ≈ 3/10/5

Table 5. We test 10-dimensional problems with a maximum number of 300 expensive fitness evaluations. Overall,469

GP-iGNG achieves better results in terms of IGD+ values, compared with GP-iGNG-fix. The non-dominated solutions470

obtained by GP-iGNG and GP-iGNG-fix on solving 3-objective MaF1 and DPF2 are plotted in Fig. 5. It is observed471

that the non-dominated solutions obtained by GP-iGNG have a better distribution than those obtained by GP-iGNG-472

fix.473

4.6. Performance on Hybrid Electric Vehicles474

The performance of the proposed GP-iGNG is further examined with a real-world application, i.e., design of the475

controller of hybrid electric vehicles (HEVs). A detailed description of the HEV controller design problem can be476

found in [71], which consists of seven objectives including fuel consumption (FC), battery stress (BS), ICE operation477

changes (OC), ICE emissions (E), perceived ICE noise (N), urban operation (UO), average battery state of charge478

level (BSC).479

We have compared the performance of GP-iGNG with K-RVEA, MOEA/D-EGO, CSEA, KTA2 and HSMEA480

on solving this real-world optimization problem. 20 independent runs are performed and the results are compared481

in terms of the HV [69] values with reference point being set to be the maximum values of different objectives of482

all non-dominated solutions obtained by GP-iGNG and five algorithms under comparison. The maximum number of483

FEs is set to 700. The mean HV values of solutions obtained by GP-iGNG, K-RVEA, KTA2, MOEA/D-EGO, CSEA484

and HSMEA are 3.35e-2, 3.20e-2, 2.89e-2, 2.80e-2, 3.16e-2 and 3.08e-2, respectively. Among them, GP-iGNG is485

statistically better than MOEA/D-EGO, KTA2 and HSMEA. K-RVEA and CSEA is comparable to GP-iGNG in terms486

of HV values, while the mean HV values are smaller than that of GP-iGNG. We also plot the solution set with the487

median HV value obtained by GP-iGNG, KTA2, CSEA, K-RVEA and HSMEA in Fig. 6, in which we also plot the488

“true PF" of the HEV problem approximated by a combined set of non-dominated solutions of several MOEAs with489

a large number of function evaluations. It can be seen that the solution set obtained GP-iGNG is the most similar to490

the approximated “true PF" of compared with the rest four surrogate-assisted MOEAs.491
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(a) 3-objective MaF1 (b) 3-objective DPF2

Figure 5: The non-dominated solutions obtained by GP-iGNG and GP-iGNG-fix with median IGD+ values over 20
independent runs.

4.7. Sensitivity analysis 492

In this section, we conduct the sensitivity analysis on three parameters, i.e., the prefixed number of generations 493

for RVEA-iGNG to evolve before updating the GP models !max, the parameter b in the modified MUCB, and the 494

number of solutions for functions evaluations using the real objective functions Nnew at each round of surrogate 495

update. For each test suite, we choose two test instances to conduct the sensitivity analysis. The results on 3-objective 496

DTLZ1 and DTLZ2 are shown in Fig. 7 to Fig. 9. We further select two test instances from MaF, DPF, and WFG test 497

suites to analyse the sensitivity of the performance of GP-iGNG to b, !max and Nnew. The additional results of the 498

sensitivity analysis on 3-objective MaF1, MaF2, DPF1, DPF3, WFG4 and WFG6 are given in Fig. S1 to Fig. S9 in 499

the Supplementary document. All experiments for the sensitivity analysis are conducted on 10-dimensional problems 500

with a maximum of 300 expensive function evaluations. 501

The MUCB defined in Equation 6 involves a parameter b to weight the uncertainty. To analyze whether GP-iGNG 502

is sensitive to b, we set b to 0.1, 0.5, 1, 1.5 and 2, respectively. In Fig. 7, the IGD+ values of the solution sets obtained 503

with different b settings on solving 3-objective DTLZ1 and DTLZ2 are plotted. On DTLZ1, GP-iGNG achieves the 504

best result with b = 0.5 and GP-iGNG achieves the best on DTLZ2 with k = 1.5. Since DTLZ1 is a multi-modal 505

problem, the performance of GP-iGNG with the same b varies over different independent runs. By contrast, the 506

performance on DTLZ1 is relatively insensitive to b. On DTLZ2, it can be seen that the performance of GP-iGNG 507

is also not very sensitive to k, particularly when k is less than 2. The sensitivity analysis of b conducted on MaF1, 508

MaF2, DPF1, DPF3, WFG4 and WFG6 are given in Fig. S1 to Fig. S3 in the Supplementary document. 509

!max is set to 10, 20, 50, 100 for handling 3-objective DTLZ1 and DTLZ2. In Fig. 8, it is interesting to find that the 510

performance of GP-IGNG deteriorates on DTLZ1 but enhances on DTLZ2 with the increase of !max. The degradation 511

of the performance of GP-iGNG on multi-model DTLZ1 with a larger !max indicates the optimization based on 512

inaccurate GP models may be severely misled if more generations is conducted. On the contrary, the performance of 513

GP-iGNG may be improved on handling a problem that is easy to solve such as DTLZ2 if the optimization is evolved 514

for a large number of generations. The experiments conducted on MaF1, MaF2, DPF1, DPF3, WFG4 and WFG6 with 515

different !max also show similar trends, as plotted in Fig. S4 to Fig. S6 in the Supplementary document. 516

Nnew is the number of solutions to be evaluated using the real objective functions at each round of surrogate 517
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Figure 6: Solution set with the median HV value obtained by GP-iGNG, KTA2, CSEA,
K-RVEA and HSMEA on HEV problem over 20 independent runs.
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Figure 7: Sensitivity analysis of b on 3-objective DTLZ1 and DTLZ2.

update. We set Nnew to 1, 3, 5, 7 and 9, respectively, to study the influence of Nnew on the performance of GP-iGNG.518

In Fig. 9, it is observed that there is a slight performance reduction of GP-iGNG on DTLZ1 and DTLZ2, when Nnew519

is larger than 3. In this study, Nnew is set to 5. Additional results of sensitivity analysis of Nnew on MaF1, MaF2,520

DPF1, DPF3, WFG4 and WFG6 are given in Fig. S7 to Fig. S9 in the Supplementary document.521

5. Conclusion522

In this paper, we have proposed a surrogate-assisted MOEA, termed GP-iGNG, to solve expensive irregular MOPs523

and MaOPs. To enable GP-iGNG to effectively solve irregular problems with a small number of expensive function524

evaluations, special attention has been paid to a synergistic integration of the adaptation of the reference vectors with525

the management of the surrogates for the following two purposes. First, the reference vectors shall be effectively526

adapted to learn the distribution of the PFs with a small number of expensive function evaluations in combination with527

a large number of solutions whose objective values are predicted by the surrogates. Second, the distribution of the PFs528

should be fully considered in selecting promising solutions for expensive evaluations and in selecting training data for529

updating the surrogates. Experimental results show that GP-iGNG outperforms the state-of-the-art SAEAs designed530

for regular or irregular problems, confirming the effectiveness of the new mechanisms introduced in GP-iGNG.531
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Figure 8: Sensitivity analysis of !max on 3-objective DTLZ1 and DTLZ2.
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Figure 9: Sensitivity analysis of Nnew on 3-objective DTLZ1 and DTLZ2.

A few problems remain open on solving expensive irregular MaOPs. For example, more insights need to be 532

gained into the adaptation of reference vectors in the presence of approximation errors introduced by the surrogates. 533

Since the proposed GP-iGNG is based on the GP models, the performance of GP-iGNG on handling high-dimensional 534

problems may not be very good. Therefore, other surrogate models such as sparse GPs [72] could be considered to 535

more effectively handle high-dimensional expensive MaOPs. In addition, the effectiveness of the proposed algorithm, 536

including the adaptation of the reference vectors and training of the surrogates, may become questionable in solving 537

constrained MaOPs. Moreover, it is of interest to exploit the role of local search in solving expensive irregular 538

problems. Finally, the proposed algorithm will be applied to more real-world problems, given its encouraging results 539

on the controller optimization of hybrid electric vehicles obtained in this work. 540
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A B S T R A C T 692

693

This is the supplementary material of the paper "A Federated Data-Driven Evolutionary Algo- 694

rithm", providing some additional experimental results. In this Supplementary document, we 695

provide additional experimental results to verify the performance of the proposed GP-iGNG. 696

697

A. Additional data for overall performance 698

The performance of GP-iGNG is tested on 3-, 5- and 10-objective regular and irregular MaOPs, respectively. In 699

real-world applications, some problems may not be extremely time-consuming and more fitness evaluations could 700

be allowed. Therefore, the ability of an surrogate assisted evolutionary algorithm to further increase its performance 701

when the maximum number of fitness evaluations is increased is also of great importance. One evaluation for some 702

real-world applications could only take several minutes, in that case, the maximum number of fitness evaluations could 703

be limited to several thousands. Therefore, a maximum of 450, 500, 1000, respectively, expensive function evaluations 704

are allowed 10-dimensional test instances with 3, 5 and 10 objectives. The results obtained by GP-iGNG, HSMEA, 705

K-RVEA, CSEA and KTA2 in terms of IGD+ on handling irregular and regular test instances are shown in Table S1 706

and Table S2, respectively. Overall, GP-iGNG outperforms the four compared algorithms on most irregular test 707

instances. On handling regular problems, GP-iGNG performs the best, followed by KTA2 and CSEA. Note that the 708

performance of KTA2 on handling regular problems is improved when the maximum number of fitness evaluations is 709

increased, and KTA2 can achieve comparable results when compared with GP-iGNG. However, on handling irregular 710

problems, GP-iGNG outperforms KTA2 on most test instances. Overall, GP-iGNG can outperform the four compared 711

algorithms no matter whether the maximum number of fitness evaluations is sufficient or not, especially on handling 712

irregular problems. 713

In addition, we also test the performance of GP-iGNG on problems with medium number of decision variables. We 714

present the IGD+ indicator values of the solution sets obtained by GP-iGNG and the four compared algorithms, namely 715

EDN-ARMOEA, K-RVEA, CSEA, and KTA2 on handling 20-dimensional problems in Table S3 and Table S4. A 716

maximum of 500 expensive function evaluation are budgeted for 20-dimensional test instances with 3, 5, 10 objectives. 717

In Table S3, GP-iGNG wins on 31 out of 45 test instances, and EDN-ARMOEA, K-RVEA, CSEA and KTA2 win 718

on zero, seven, six and 17 out of 48 test instances, respectively. In Table S3, GP-iGNG wins on 18 out of 39 test 719

instances, and EDN-ARMOEA, K-RVEA, CSEA and KTA2 win on one, five, 20, and eight out of 39 test instances, 720

respectively. CSEA perform slightly better than GP-iGNG on regular test instances but is outperformed by GP-iGNG 721

on most irregular test instances. In Table S4, CSEA performs the best on problems that are hard to converge such as 722

DTLZ3 and MaF3. The reason could be that CSEA can converge faster by training a neural network to predict the 723

dominance relationship between solutions instead of training a GP for each objective. We further test 50-dimensional 724

test instance with 3, 5, and 10 objectives and the maximum number of fitness evaluations is set to 800. Similar 725

conclusion on solving 50-dimensional problems can be drawn as on solving 20-dimensional problems. The IGD+
726

values obtained by GP-iGNG and four compared algorithms are shown in Table S5 and Table S6. Note that EDN- 727

ARMOEA is a new proposed SAEA, in which a dropout neural network is trained to replace GP and EDN-ARMOEA 728
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Figure S1: Sensitivity analysis of b on 3-objective MaF1 and MaF2.
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Figure S2: Sensitivity analysis of b on 3-objective DPF1 and DPF3.

is used to solve multi-objective problems with medimum number of decision variables. It can be seen that GP-iGNG729

can outperform EDN-ARMOEA on most regular and irregular test instances when the number of decision variables730

is 20 or 50, which further demonstrates the competitiveness of GP-iGNG.731

B. Additional data for sensitivity analysis732

Fig. S1 to Fig. S3 show the performance of GP-iGNG to different k, on handling MaF1 and MaF2, DPF1 and733

DPF3, WFG4 and WFG6. Overall, GP-iGNG is not very sensitive to k ranging from 0.1 to 2.734

Fig. S4 to Fig. S6 show the IGD+ values of the solutions obtained by GP-iGNG with different prefixed number735

of generations !max at each round of the surrogate update. For MaF1 and MaF2, it can be seen that the performance736

of GP-iGNG enhances with the increase of !max, and the performance becomes stable when !max is larger than737

50. For DPF1 and DPF3, as shown in Fig. S5, the performance of GP-iGNG has a reduction with the increase of738

!max. The reason could be that the predicted mean values predicted by GPs built for each objective on handling the739

problems that are hard to converge such as DPF1 and DPF3 may not be able to guide the search very well. Therefore,740
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Figure S3: Sensitivity analysis of b on 3-objective WFG4 and WFG6.
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Figure S4: Sensitivity analysis of !max on 3-objective MaF1 and MaF2.

if the optimization is conducted for more generations, the search process may be mislead. For WFG4, it also can be 741

observed that there is a slight performance reduction with the increase of !max in Fig. S6. However, for WFG6, the 742

performance of GP-iGNG can be improved a little when !max is larger than 50. It can be summarized that !max can 743

influence the performance of GP-iGNG, for various kind of problems. 744

With respect to the number of solutions for real function evaluationsNnew, Fig. S7 shows that GP-iGNG performs 745

the best on solving MaF1 and MaF2 when Nnew is equal to 3. For DPF1, it is observed that GP-iGNG performs the 746

best when Nnew = 1 in Fig. S8. However, for DPF2, and WFG4, the performance of GP-iGNG does not vary much 747

with different Nnew. In Fig. S9, GP-iGNG performs the best when Nnew = 1 and performs the best when Nnew = 3. 748

It is concluded that Nnew has a slight influence on the performance of GP-iGNG. 749

C. Additional case study 750

To further demonstrate the performance of GP-iGNG on real-world applications, in addition to the optimization of 751

the hybrid electric vehicles, we also examine the performance of GP-iGNG and the five algorithms under comparison 752
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Figure S6: Sensitivity analysis of !max on 3-objective WFG4 and WFG6.

on an LTLCL switching ripple suppressor (DDMOP4) with nine resonant branches having 10 objectives and 13753

decision variables, a reactive power optimization problem (DDMOP5) with 3 objectives and 11 decision variables,754

and a portfolio optimization problem (DDMOP6) with 2 objectives and 20 decision variables. The population size755

is set to 230, 105 and 100, respectively. The maximum number of function evaluations is set to 800, 500 and 400,756

respectively. The non-dominated solution set obtained by GP-iGNG and the five algorithms, i.e., K-RVEA, KTA2,757

HSMEA, CSEA and MOEA/D-EGO is used as the approximated PFs for calculating the IGD+ and HV values of758

solution set obtained by the six algorithms. The results are presented in Table S7 and Table S8, respectively. It is759

observed that GP-iGNG performs the best in terms of the IGD+ indicator value, followed by KRVEA. GP-iGNG also760

achieves the best performance in terms of HV value, followed by HSMEA.761

D. Computation time762

Assume that the number of objectives is M , the number of training data is N , the maximum number of real func-763

tion evaluations is FE and the number of solutions for real function evalutions is Nnew, then the total computational764
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Figure S7: Sensitivity analysis of Nnew on 3-objective MaF1 and MaF2.
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Figure S8: Sensitivity analysis of Nnew on 3-objective DPF1 and DPF3.

complexity of the GP model in GP-iGNG is O(M ⋅N3 ⋅ FE
Nnew

). Assume the population size of RVEA-iGNG optimizer 765

is NP , the compuational complexity of RVEA-iGNG optimizer in GP-iGNG is O(M ⋅N2
P ). 766

To number of real function evaluations is usually budgeted since each evaluation for real-world applications could 767

take hours to days. Thus, in the study, we fix the maximum number of real function evaluations a predefined value 768

to study the performance of GP-iGNG and the algorithms under comparison. In this section, we set the maximum 769

number of real functions to 300 and gives the computation time obtained by GP-iGNG and the five SAEAs, i.e., K- 770

RVEA, KTA2, MOEA/D-EGO, CSEA and HSMEA, on testing 10-dimensional MaF1 with 3-, 5- and 10-objectives, 771

respectively. The computation time is shown in Table S9. It is observed that K-RVEA consumes the least time on 772

handling 3- and 5-objective MaF1, and CSEA is the fastest on handling 10-objective MaF1. GP-iGNG is a little 773

slower than K-RVEA while is much faster than KTA2, MOEA/D-EGO and HSMEA. 774
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Figure S9: Sensitivity analysis of Nnew on 3-objective WFG4 and WFG6.

E. Addition data in terms of coverage, spacing and HV indicator775

In order to better observe the performance of GP-iGNG, it is also of great importance to observe the diversity or776

convergence of the algorithm, respectively. In this subsection, we shows the results in terms of spacing, coverage,777

and HV obtained by GP-iGNG and the algorithms under comparison in Table S10. Spacing is used to measure the778

diversity and coverage is used to measure the convergence. HV can account for both the convergence and diversity.779

It is observed that the solution set obtained by HSMEA is more converged than that of GP-iGNG In dealing with780

10-dimensional problems while HSMEA converges slower than GP-iGNG on 20-dimensional problems. The solution781

set obtained by EDN-ARMOEA is more diversified than that of GP-iGNG on handling 50-dimensional problems.782

The reason could be that the dropout neural network model in EDN-ARMOEA is able to help explore more promising783

regions on handling medium-dimension problems. Since the performance of an algorithm needs to both consider the784

covergence and diversity, thus, we also use HV indicator to assess the performance of GP-iGNG. It can be seen that785

GP-iGNG performs the best among all algorithms in terms of HV value in Table S10.786
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Table S1
The IGD+ vaues of solutions obtained by GP-iGNG, HSMEA, K-RVEA, CSEA and KTA2 on solving 10-dimensional
irregular problems and the maximum fitness evaluations for 3-, 5- and 10-objective problems is set to 450, 500, and
1000.

Shapes of PF Problem M GP-iGNG HSMEA K-RVEA CSEA KTA2

inverted

MaF1
3 2.42e-2 (9.10e-4) 4.43e-2 (4.52e-3) − 4.04e-2 (1.98e-3) − 1.12e-1 (1.07e-2) − 2.73e-2 (2.01e-3) −
5 7.22e-2 (1.16e-3) 1.13e-1 (4.25e-3) − 8.68e-2 (1.87e-2) − 1.52e-1 (1.12e-2) − 9.99e-2 (4.83e-3) −

10 1.44e-1 (1.58e-3) 1.64e-1 (1.98e-3) − 2.25e-1 (1.67e-2) − 1.50e-1 (3.27e-3) − 1.78e-1 (1.04e-2) −

MaF4
3 3.08e+2 (1.22e+2) 5.83e+2 (9.83e+1) − 4.74e+2 (1.52e+2) − 4.75e+2 (1.22e+2) − 2.33e+2 (9.49e+1) ≈
5 4.88e+2 (2.31e+2) 6.41e+2 (6.46e+2) ≈ 7.26e+2 (2.25e+2) − 8.34e+2 (2.83e+2) − 4.37e+2 (2.33e+2) ≈

10 9.14e+0 (6.90e-1) 1.06e+1 (2.93e+0) − 1.28e+1 (1.54e+0) − 1.99e+1 (4.68e+1) ≈ 1.74e+1 (2.68e+0) −

IDTLZ1
3 4.08e+1 (1.69e+1) 9.84e+1 (2.85e+1) − 4.71e+1 (1.49e+1) ≈ 7.31e+1 (1.81e+1) − 3.16e+1 (9.41e+0) ≈
5 3.55e+1 (1.48e+1) 6.55e+1 (4.15e+1) ≈ 4.73e+1 (9.97e+0) − 5.16e+1 (1.39e+1) − 3.14e+1 (1.17e+1) ≈

10 9.18e-2 (5.26e-3) 1.39e-1 (1.25e-2) − 1.53e-1 (9.43e-3) − 1.18e-1 (3.20e-2) − 1.40e-1 (1.95e-2) −

IDTLZ2
3 2.29e-2 (6.28e-4) 3.95e-2 (2.67e-3) − 3.59e-2 (2.36e-3) − 8.11e-2 (1.21e-2) − 7.87e-2 (1.54e-2) −
5 8.67e-2 (2.39e-3) 1.41e-1 (5.51e-3) − 9.97e-2 (3.83e-3) − 1.58e-1 (1.57e-2) − 1.97e-1 (9.60e-3) −

10 1.98e-1 (4.80e-3) 2.02e-1 (3.00e-3) − 2.54e-1 (6.45e-3) − 2.36e-1 (9.78e-3) − 2.93e-1 (7.76e-3) −

discontinuous

MaF7
3 2.92e-2 (1.69e-3) 3.35e-2 (2.73e-3) − 4.74e-2 (4.23e-3) − 9.18e-1 (5.42e-1) − 9.65e-2 (1.53e-1) ≈
5 1.38e-1 (2.57e-2) 2.11e-1 (5.94e-2) − 2.50e-1 (2.41e-2) − 2.24e+0 (4.75e-1) − 2.25e-1 (6.60e-2) −

10 6.22e-1 (1.87e-2) 7.88e-1 (2.26e-2) − 8.89e-1 (2.81e-2) − 1.85e+0 (3.31e-1) − 7.79e-1 (9.02e-2) −

MaF11
3 1.18e-1 (1.14e-2) 2.76e-1 (1.14e-1) − 1.93e-1 (1.96e-2) − 3.96e-1 (7.12e-2) − 1.60e-1 (3.53e-2) −
5 1.99e-1 (1.30e-2) 3.42e-1 (7.56e-2) − 2.38e-1 (1.47e-2) − 5.96e-1 (3.16e-1) − 3.53e-1 (6.97e-2) −

10 5.30e-1 (9.94e-2) 8.54e-1 (4.63e-1) − 2.02e-1 (6.03e-2) + 7.38e-1 (3.35e-1) ≈ 5.97e-1 (7.88e-2) −

degenerate

DTLZ5
3 3.95e-3 (3.78e-4) 4.25e-3 (4.10e-4) − 4.58e-2 (8.00e-3) − 5.15e-2 (1.34e-2) − 2.72e-3 (5.17e-4) +
5 2.17e-2 (3.08e-3) 1.53e-2 (2.64e-3) + 2.57e-2 (4.77e-3) − 5.28e-2 (2.45e-2) − 4.99e-2 (1.14e-2) −

10 3.20e-3 (3.61e-4) 3.77e-3 (9.45e-4) ≈ 4.06e-3 (8.81e-4) − 3.04e-3 (4.10e-4) ≈ 1.40e-2 (2.03e-3) −

DTLZ6
3 1.88e+0 (3.69e-1) 2.83e-1 (3.93e-1) + 2.74e+0 (4.52e-1) − 3.68e+0 (1.01e+0) − 1.18e+0 (3.26e-1) +
5 1.12e+0 (1.93e-1) 1.92e-1 (3.54e-1) + 1.52e+0 (2.13e-1) − 2.83e+0 (6.38e-1) − 8.58e-1 (3.89e-1) +

10 1.76e-2 (7.52e-3) 1.55e-2 (6.39e-3) ≈ 7.42e-3 (1.38e-3) + 7.36e-3 (2.80e-3) + 4.37e-2 (3.55e-2) −

MaF6
3 4.82e-2 (1.53e-2) 3.01e-2 (1.01e-2) + 6.44e-1 (2.16e-1) − 1.82e+0 (8.66e-1) − 9.56e-3 (2.43e-3) +
5 5.80e-2 (1.79e-2) 3.88e-2 (9.45e-3) + 2.08e-1 (4.89e-2) − 7.46e-1 (3.14e-1) − 8.06e-3 (1.77e-3) +

10 1.97e-3 (4.87e-4) 4.56e-3 (1.08e-3) − 3.54e-3 (6.28e-4) − 3.72e-3 (2.72e-3) − 2.07e-3 (4.22e-4) ≈

DPF1
3 4.40e+1 (1.40e+1) 9.22e+1 (9.13e+0) − 5.81e+1 (1.68e+1) − 7.31e+1 (2.06e+1) − 3.90e+1 (1.68e+1) ≈
5 4.09e+1 (1.38e+1) 8.22e+1 (1.98e+1) − 4.29e+1 (1.25e+1) ≈ 5.79e+1 (1.62e+1) − 3.16e+1 (9.09e+0) ≈

10 1.81e+1 (9.10e+0) 5.14e+1 (2.47e+1) − 3.57e+1 (1.01e+1) − 2.09e+1 (1.11e+1) ≈ 2.74e+1 (1.04e+1) −

DPF2
3 1.05e-2 (1.43e-3) 3.24e-2 (1.32e-2) − 1.19e-1 (4.97e-2) − 1.58e+0 (1.58e+0) − 2.18e-3 (2.69e-4) +
5 7.26e-2 (1.63e-2) 1.06e-1 (2.28e-2) − 7.71e-2 (2.19e-2) ≈ 2.48e+0 (1.21e+0) − 1.30e-1 (1.33e-1) ≈

10 1.64e-1 (1.11e-2) 2.30e-1 (2.70e-2) − 5.02e-1 (1.37e-1) − 3.47e+0 (2.12e+0) − 7.11e-1 (4.27e-1) −

DPF3
3 4.12e-2 (1.69e-2) 6.01e-2 (2.60e-2) − 6.29e-2 (2.36e-2) − 3.41e-2 (6.61e-3) ≈ 3.78e-2 (2.15e-2) ≈
5 9.30e-2 (2.61e-2) 2.05e-1 (7.32e-2) − 1.01e-1 (2.35e-2) ≈ 1.21e-1 (1.74e-2) − 1.04e-1 (4.69e-2) ≈

10 1.12e-1 (1.15e-2) 4.16e-1 (7.78e-2) − 1.46e-1 (4.57e-2) − 1.73e-1 (2.35e-2) − 1.99e-1 (5.65e-2) −

DPF4
3 1.36e+4 (7.26e+3) 8.40e+3 (3.78e+3) + 1.69e+4 (6.94e+3) ≈ 6.78e+3 (3.96e+3) + 8.34e+3 (4.63e+3) +
5 1.31e+4 (1.07e+4) 2.23e+4 (1.00e+4) − 2.90e+4 (1.41e+4) − 1.01e+4 (5.90e+3) ≈ 8.07e+3 (3.19e+3) +

10 3.43e+3 (2.10e+3) 1.48e+4 (9.12e+3) − 5.29e+3 (2.00e+3) − 6.71e+2 (6.40e+2) + 4.73e+3 (2.52e+3) ≈

DPF5
3 4.48e-2 (8.43e-3) 4.67e-2 (6.91e-3) ≈ 9.15e-2 (2.02e-2) − 1.09e-1 (1.81e-2) − 5.28e-2 (1.30e-2) −
5 9.93e-2 (8.42e-3) 1.13e-1 (8.30e-3) − 1.30e-1 (2.22e-2) − 2.13e-1 (2.73e-2) − 1.88e-1 (1.97e-2) −

10 1.56e-1 (4.66e-3) 1.84e-1 (6.20e-3) − 2.03e-1 (4.43e-2) − 3.80e-1 (3.09e-2) − 2.85e-1 (4.35e-2) −

WFG3
3 1.74e-1 (2.43e-2) 1.19e-1 (2.08e-2) + 3.17e-1 (3.98e-2) − 4.27e-1 (5.17e-2) − 2.08e-1 (4.76e-2) −
5 3.81e-1 (5.52e-2) 1.86e-1 (3.01e-2) + 3.78e-1 (3.81e-2) ≈ 4.06e-1 (7.90e-2) ≈ 6.12e-1 (4.25e-2) −

10 2.66e-1 (4.08e-2) 1.90e-1 (3.86e-2) + 3.76e-1 (7.75e-2) − 1.51e-1 (4.34e-2) + 8.18e-1 (6.69e-2) −

other MaF2
3 1.35e-2 (5.11e-4) 2.12e-2 (9.96e-4) − 2.23e-2 (1.25e-3) − 4.15e-2 (2.19e-3) − 1.73e-2 (7.45e-4) −
5 4.24e-2 (6.51e-4) 5.70e-2 (1.04e-3) − 6.03e-2 (1.18e-3) − 6.63e-2 (1.32e-3) − 5.28e-2 (1.07e-3) −

10 9.77e-2 (2.29e-3) 1.43e-1 (3.18e-3) − 1.59e-1 (7.17e-3) − 1.71e-1 (8.13e-3) − 9.66e-2 (1.75e-3) ≈
+∕ − ∕ ≈ 9/34/5 2/40/6 4/37/7 8/27/13

1 Here +∕ − ∕ ≈ indicates whether the compared algorithms are statistically significantly better, worse, or equivalent
to GP-iGNG.
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Table S2
The IGD+ vaues of solutions obtained by GP-iGNG, HSMEA, K-RVEA, CSEA and KTA2 on solving 10-dimensional
regular problems and the maximum fitness evaluations for 3-, 5- and 10-objective problems is set to 450, 500, and
1000.

Problem M GP-iGNG HSMEA K-RVEA CSEA KTA2

DTLZ1
3 4.77e+1 (1.32e+1) 5.69e+1 (7.09e+0) − 7.64e+1 (1.54e+1) − 4.20e+1 (1.39e+1) ≈ 3.23e+1 (1.03e+1) +
5 2.35e+1 (5.35e+0) 3.46e+1 (8.41e+0) − 3.69e+1 (1.10e+1) − 1.88e+1 (6.68e+0) ≈ 1.81e+1 (6.59e+0) +

10 1.79e-1 (5.47e-2) 2.38e-1 (4.86e-2) − 2.00e-1 (5.92e-2) ≈ 1.17e-1 (2.00e-2) + 1.71e-1 (2.94e-2) ≈

DTLZ2
3 2.24e-2 (1.38e-3) 2.68e-2 (1.73e-3) − 5.32e-2 (4.77e-3) − 9.87e-2 (1.60e-2) − 2.37e-2 (1.38e-3) −
5 7.81e-2 (2.69e-3) 1.15e-1 (5.46e-3) − 1.22e-1 (1.30e-2) − 1.96e-1 (2.84e-2) − 9.87e-2 (6.79e-3) −

10 1.46e-1 (2.48e-3) 1.71e-1 (2.96e-3) − 2.17e-1 (3.53e-2) − 3.43e-1 (3.11e-2) − 3.40e-1 (1.99e-2) −

DTLZ3
3 9.42e+1 (3.21e+1) 1.67e+2 (1.51e+1) − 1.93e+2 (4.61e+1) − 1.20e+2 (2.45e+1) − 8.57e+1 (3.06e+1) ≈
5 7.34e+1 (2.15e+1) 1.10e+2 (1.91e+1) − 1.19e+2 (2.62e+1) − 5.69e+1 (1.91e+1) + 5.59e+1 (2.27e+1) +

10 6.80e-1 (2.01e-1) 5.96e-1 (6.68e-2) ≈ 6.47e-1 (1.85e-1) ≈ 4.57e-1 (8.03e-2) + 5.57e-1 (1.04e-1) +

DTLZ4
3 9.42e-2 (2.27e-2) 1.74e-1 (7.06e-2) − 1.56e-1 (8.01e-2) − 1.45e-1 (7.20e-2) − 9.76e-2 (3.60e-2) ≈
5 1.84e-1 (3.54e-2) 2.96e-1 (4.70e-2) − 2.12e-1 (3.73e-2) − 1.55e-1 (3.32e-2) + 2.27e-1 (4.37e-2) −

10 1.71e-1 (7.72e-3) 1.97e-1 (7.07e-3) − 1.65e-1 (1.24e-2) + 2.25e-1 (2.73e-2) − 1.91e-1 (1.73e-2) −

MaF3
3 3.53e+5 (1.92e+5) 1.01e+5 (1.70e+5) + 4.60e+5 (1.65e+5) ≈ 1.62e+5 (1.56e+5) + 3.04e+5 (2.25e+5) ≈
5 1.75e+5 (9.04e+4) 1.10e+5 (1.12e+5) + 2.24e+5 (1.28e+5) ≈ 6.93e+4 (8.11e+4) + 9.07e+4 (7.11e+4) +

10 2.34e+0 (2.91e+0) 1.34e+0 (1.52e+0) ≈ 1.61e+0 (2.38e+0) ≈ 3.75e-1 (6.65e-1) + 4.39e-1 (6.08e-1) +

MaF5
3 5.25e-1 (1.93e-1) 5.39e-1 (1.25e-1) ≈ 6.15e-1 (1.85e-1) ≈ 8.10e-1 (5.25e-1) ≈ 3.14e-1 (1.10e-1) +
5 1.07e+0 (1.69e-1) 1.47e+0 (2.74e-1) − 1.26e+0 (2.42e-1) − 7.31e-1 (6.90e-2) + 1.12e+0 (3.03e-1) ≈

10 1.25e+0 (8.83e-2) 1.43e+0 (2.70e-2) − 1.74e+0 (5.18e-1) − 1.88e+0 (1.06e+0) − 1.33e+0 (3.41e-1) ≈

MaF10
3 1.76e+0 (1.30e-1) 1.65e+0 (4.01e-2) + 1.63e+0 (9.62e-2) + 1.60e+0 (6.69e-2) + 1.64e+0 (1.22e-1) +
5 2.13e+0 (7.73e-2) 2.04e+0 (5.22e-2) + 2.13e+0 (9.82e-2) ≈ 2.08e+0 (7.01e-2) + 2.20e+0 (1.92e-1) ≈

10 2.14e+0 (7.71e-1) 2.41e+0 (5.74e-1) − 2.47e+0 (5.55e-1) ≈ 1.51e+0 (9.69e-1) + 8.75e-1 (1.89e-1) +

MaF12
3 4.30e-1 (1.30e-1) 4.69e-1 (7.94e-2) ≈ 4.29e-1 (7.77e-2) ≈ 5.00e-1 (6.80e-2) ≈ 4.37e-1 (8.50e-2) ≈
5 8.29e-1 (1.14e-1) 1.31e+0 (2.31e-1) − 9.94e-1 (2.72e-1) − 1.44e+0 (2.36e-1) − 8.87e-1 (1.59e-1) ≈

10 2.40e+0 (3.41e-1) 5.14e+0 (8.05e-1) − 3.48e+0 (6.79e-1) − 5.32e+0 (6.99e-1) − 2.01e+0 (3.37e-1) +

WFG4
3 3.08e-1 (2.35e-2) 3.24e-1 (1.87e-2) − 3.19e-1 (2.37e-2) ≈ 2.82e-1 (2.83e-2) + 3.00e-1 (2.67e-2) ≈
5 6.28e-1 (4.61e-2) 7.64e-1 (4.84e-2) − 6.39e-1 (3.57e-2) ≈ 1.34e+0 (2.44e-1) − 7.28e-1 (4.13e-2) −

10 1.30e+0 (1.06e-1) 1.30e+0 (1.11e-1) ≈ 1.37e+0 (4.46e-1) ≈ 5.27e+0 (8.14e-1) − 1.44e+0 (2.36e-1) −

WFG5
3 2.43e-1 (6.79e-2) 1.83e-1 (1.90e-2) + 2.72e-1 (3.75e-2) − 2.99e-1 (2.69e-2) − 1.81e-1 (7.19e-2) +
5 6.86e-1 (7.21e-2) 6.64e-1 (7.06e-2) ≈ 6.80e-1 (7.20e-2) ≈ 7.60e-1 (1.02e-1) − 6.42e-1 (5.17e-2) ≈

10 1.42e+0 (1.30e-1) 3.06e+0 (7.45e-1) − 1.59e+0 (5.40e-1) ≈ 4.40e+0 (5.69e-1) − 3.22e+0 (8.42e-1) −

WFG6
3 3.35e-1 (8.20e-2) 3.71e-1 (4.07e-2) − 4.54e-1 (8.21e-2) − 4.73e-1 (6.24e-2) − 4.08e-1 (1.06e-1) −
5 7.14e-1 (1.39e-1) 8.80e-1 (2.96e-2) − 8.14e-1 (9.59e-2) − 1.09e+0 (2.03e-1) − 9.92e-1 (6.83e-2) −

10 9.56e-1 (1.53e-2) 1.15e+0 (3.50e-2) − 1.09e+0 (8.08e-2) − 3.99e+0 (9.80e-1) − 2.77e+0 (4.23e-1) −

WFG7
3 4.15e-1 (2.57e-2) 4.29e-1 (2.16e-2) ≈ 4.42e-1 (1.50e-2) − 3.56e-1 (3.29e-2) + 4.33e-1 (3.02e-2) ≈
5 7.01e-1 (4.11e-2) 8.90e-1 (4.42e-2) − 7.54e-1 (4.42e-2) − 1.03e+0 (3.52e-1) − 9.23e-1 (5.59e-2) −

10 1.89e+0 (1.70e-1) 1.86e+0 (5.13e-1) ≈ 2.11e+0 (3.25e-1) − 5.00e+0 (9.64e-1) − 2.55e+0 (5.50e-1) −

WFG8
3 3.92e-1 (2.15e-2) 4.36e-1 (2.74e-2) − 5.12e-1 (3.10e-2) − 5.62e-1 (4.36e-2) − 3.73e-1 (1.53e-2) +
5 1.15e+0 (4.05e-2) 1.22e+0 (6.88e-2) − 1.36e+0 (1.27e-1) − 1.70e+0 (2.07e-1) − 1.24e+0 (3.38e-2) −

10 1.15e+0 (6.05e-2) 2.46e+0 (7.95e-1) − 2.29e+0 (1.37e+0) − 5.90e+0 (7.04e-1) − 4.70e+0 (8.87e-1) −
+∕ − ∕ ≈ 5/26/8 2/23/14 13/22/4 12/15/12

1 Here +∕ − ∕ ≈ indicates whether the compared algorithms are statistically significantly better, worse, or equivalent
to GP-iGNG.
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Table S3
The IGD+ vaues of solutions obtained by GP-iGNG, EDN-ARMOEA, K-RVEA, CSEA and KTA2 on solving 20-
dimensional irregular problems and the maximum fitness evaluations for 3-, 5- and 10-objective problems is set to
500.

Shapes of PF Problem M GP-iGNG EDN-ARMOEA K-RVEA CSEA KTA2

inverted

MaF1
3 5.46e-2 (4.42e-3) 6.70e-1 (6.17e-2) − 1.22e-1 (1.22e-2) − 3.52e-1 (7.15e-2) − 5.33e-2 (8.65e-3) ≈
5 1.14e-1 (6.82e-3) 6.29e-1 (9.41e-2) − 1.40e-1 (2.03e-2) − 4.10e-1 (6.09e-2) − 1.45e-1 (1.81e-2) −

10 2.31e-1 (1.61e-2) 4.76e-1 (4.15e-2) − 3.29e-1 (2.29e-2) − 4.79e-1 (4.26e-2) − 2.76e-1 (2.60e-2) −

MaF4
3 2.17e+3 (5.40e+2) 3.28e+3 (4.87e+2) − 3.03e+3 (4.65e+2) − 1.87e+3 (2.84e+2) + 1.61e+3 (2.77e+2) +
5 7.97e+3 (1.76e+3) 1.22e+4 (1.61e+3) − 9.31e+3 (1.03e+3) − 6.41e+3 (1.28e+3) + 8.53e+3 (1.64e+3) ≈

10 8.63e+4 (3.70e+4) 2.48e+5 (2.59e+4) − 1.18e+5 (3.22e+4) − 1.05e+5 (2.99e+4) ≈ 9.75e+4 (3.80e+4) ≈

IDTLZ1
3 2.70e+2 (6.74e+1) 6.15e+2 (7.21e+1) − 3.86e+2 (7.66e+1) − 3.21e+2 (7.26e+1) − 2.71e+2 (6.44e+1) ≈
5 2.80e+2 (4.64e+1) 8.26e+2 (9.67e+1) − 2.69e+2 (5.68e+1) ≈ 4.19e+2 (5.90e+1) − 3.72e+2 (1.14e+2) −

10 1.29e+2 (2.57e+1) 7.30e+2 (1.02e+2) − 2.07e+2 (4.49e+1) − 3.77e+2 (1.11e+2) − 1.94e+2 (5.54e+1) −

IDTLZ2
3 5.73e-2 (6.52e-3) 4.47e-1 (2.98e-2) − 1.15e-1 (1.96e-2) − 2.16e-1 (4.66e-2) − 6.86e-2 (5.98e-3) −
5 1.38e-1 (7.98e-3) 6.84e-1 (6.29e-2) − 1.58e-1 (1.32e-2) − 3.67e-1 (8.05e-2) − 2.01e-1 (1.10e-2) −

10 2.74e-1 (9.66e-3) 7.63e-1 (6.37e-2) − 3.36e-1 (2.41e-2) − 4.96e-1 (7.89e-2) − 4.16e-1 (3.65e-2) −

discontinuous

MaF7
3 6.42e-2 (1.34e-2) 1.91e+0 (6.29e-1) − 9.42e-2 (2.95e-2) − 2.78e+0 (7.82e-1) − 1.46e-1 (1.57e-1) ≈
5 3.70e-1 (1.56e-1) 4.72e+0 (1.10e+0) − 4.89e-1 (1.74e-1) − 6.92e+0 (1.05e+0) − 5.02e-1 (2.76e-1) −

10 1.41e+0 (2.59e-1) 1.17e+1 (2.32e+0) − 1.22e+0 (1.47e-1) + 2.10e+1 (3.81e+0) − 2.44e+0 (5.74e-1) −

MaF11
3 2.82e-1 (5.15e-2) 6.83e-1 (2.58e-2) − 3.70e-1 (4.84e-2) − 4.84e-1 (4.76e-2) − 3.22e-1 (4.97e-2) −
5 4.68e-1 (4.72e-2) 1.01e+0 (5.79e-2) − 5.33e-1 (1.08e-1) − 8.78e-1 (2.79e-1) − 5.92e-1 (1.10e-1) −

10 7.30e-1 (1.13e-1) 1.90e+0 (2.44e-1) − 7.86e-1 (2.08e-1) ≈ 2.63e+0 (8.22e-1) − 1.35e+0 (1.80e-1) −

degenerate

DTLZ5
3 7.01e-2 (1.51e-2) 6.84e-1 (5.76e-2) − 3.12e-1 (6.96e-2) − 3.45e-1 (7.02e-2) − 6.07e-2 (2.82e-2) +
5 1.48e-1 (3.45e-2) 6.47e-1 (6.64e-2) − 2.78e-1 (5.49e-2) − 3.54e-1 (6.01e-2) − 1.67e-1 (2.96e-2) −

10 8.74e-2 (1.88e-2) 3.77e-1 (4.03e-2) − 1.21e-1 (3.17e-2) − 2.03e-1 (4.05e-2) − 1.94e-1 (3.88e-2) −

DTLZ6
3 8.23e+0 (8.28e-1) 1.42e+1 (3.39e-1) − 9.52e+0 (6.31e-1) − 1.36e+1 (8.29e-1) − 6.92e+0 (9.38e-1) +
5 7.67e+0 (7.14e-1) 1.27e+1 (4.00e-1) − 8.59e+0 (5.48e-1) − 1.20e+1 (1.07e+0) − 8.91e+0 (1.11e+0) −

10 5.61e+0 (6.32e-1) 8.49e+0 (3.62e-1) − 5.80e+0 (7.32e-1) ≈ 7.62e+0 (6.14e-1) − 8.06e+0 (8.26e-1) −

MaF6
3 1.16e+0 (4.77e-1) 3.73e+1 (7.09e+0) − 1.36e+1 (3.01e+0) − 1.93e+1 (5.13e+0) − 1.16e+0 (7.84e-1) ≈
5 2.53e+0 (7.14e-1) 3.92e+1 (7.42e+0) − 1.10e+1 (2.82e+0) − 1.45e+1 (4.97e+0) − 8.11e-1 (3.26e-1) +

10 1.45e+0 (4.20e-1) 2.07e+1 (6.23e+0) − 2.24e+0 (8.54e-1) − 9.16e+0 (4.05e+0) − 3.92e-1 (2.27e-1) +

DPF1
3 2.99e+2 (6.93e+1) 5.35e+2 (2.88e+1) − 3.45e+2 (4.53e+1) − 2.83e+2 (5.15e+1) ≈ 2.39e+2 (5.48e+1) +
5 3.00e+2 (5.57e+1) 5.36e+2 (5.36e+1) − 2.98e+2 (7.53e+1) ≈ 2.85e+2 (5.17e+1) ≈ 2.50e+2 (6.42e+1) +

10 3.45e+2 (4.87e+1) 6.76e+2 (6.72e+1) − 3.13e+2 (8.23e+1) ≈ 2.93e+2 (5.80e+1) + 3.34e+2 (7.07e+1) ≈

DPF2
3 5.57e-2 (2.17e-2) 4.38e+0 (2.46e+0) − 4.99e-1 (1.23e-1) − 9.46e+0 (4.52e+0) − 5.39e-3 (2.22e-3) +
5 2.42e-1 (6.87e-2) 1.01e+1 (2.15e+0) − 1.43e-1 (3.40e-2) + 1.19e+1 (4.91e+0) − 2.10e-1 (1.54e-1) ≈

10 1.33e+0 (5.59e-1) 8.23e+1 (1.17e+1) − 1.67e+0 (7.32e-1) ≈ 9.21e+1 (2.89e+1) − 3.96e+0 (1.55e+0) −

DPF3
3 1.67e-1 (5.68e-2) 2.65e-1 (3.90e-2) − 2.19e-1 (6.67e-2) − 1.32e-1 (2.81e-2) + 2.01e-1 (7.69e-2) ≈
5 3.32e-1 (1.22e-1) 6.98e-1 (1.58e-1) − 4.67e-1 (1.37e-1) − 3.91e-1 (9.10e-2) − 3.95e-1 (1.18e-1) −

10 5.22e-1 (8.78e-2) 1.14e+0 (1.23e-1) − 5.34e-1 (1.53e-1) ≈ 8.61e-1 (1.97e-1) − 8.12e-1 (1.65e-1) −

DPF4
3 1.60e+5 (4.04e+4) 1.94e+5 (4.17e+4) − 1.38e+5 (2.27e+4) ≈ 7.29e+4 (2.64e+4) + 1.06e+5 (4.62e+4) +
5 3.35e+5 (7.76e+4) 4.54e+5 (7.93e+4) − 3.40e+5 (8.87e+4) ≈ 2.81e+5 (1.01e+5) ≈ 2.28e+5 (7.03e+4) +

10 3.99e+5 (8.18e+4) 7.77e+5 (1.68e+5) − 4.76e+5 (1.85e+5) ≈ 2.03e+5 (8.67e+4) + 4.65e+5 (2.36e+5) ≈

DPF5
3 1.70e-1 (3.60e-2) 7.58e-1 (7.63e-2) − 3.88e-1 (6.99e-2) − 3.70e-1 (4.59e-2) − 2.07e-1 (3.82e-2) −
5 3.21e-1 (5.99e-2) 8.53e-1 (5.05e-2) − 4.43e-1 (7.65e-2) − 4.86e-1 (8.52e-2) − 3.47e-1 (3.35e-2) ≈

10 3.77e-1 (4.15e-2) 7.75e-1 (3.39e-2) − 5.74e-1 (4.63e-2) − 6.07e-1 (6.04e-2) − 5.63e-1 (3.40e-2) −

WFG3
3 3.49e-1 (3.91e-2) 6.95e-1 (2.01e-2) − 5.72e-1 (3.95e-2) − 6.21e-1 (4.33e-2) − 4.13e-1 (5.87e-2) −
5 7.51e-1 (6.42e-2) 9.53e-1 (2.27e-2) − 8.15e-1 (7.87e-2) − 8.02e-1 (5.90e-2) − 7.56e-1 (6.22e-2) ≈

10 9.65e-1 (1.09e-1) 1.45e+0 (6.19e-2) − 1.41e+0 (6.41e-2) − 1.21e+0 (1.07e-1) − 1.36e+0 (6.69e-2) −

other MaF2
3 2.22e-2 (9.02e-4) 8.93e-2 (2.53e-3) − 4.43e-2 (6.14e-3) − 7.26e-2 (6.89e-3) − 2.47e-2 (1.99e-3) −
5 5.99e-2 (2.29e-3) 8.72e-2 (1.68e-3) − 7.32e-2 (1.51e-3) − 8.48e-2 (2.48e-3) − 7.62e-2 (2.43e-3) −

10 1.28e-1 (5.61e-3) 1.76e-1 (6.70e-3) − 1.67e-1 (7.84e-3) − 1.75e-1 (8.24e-3) − 1.17e-1 (1.42e-3) +
+∕ − ∕ ≈ 0/48/0 2/36/10 6/38/4 11/25/12

1 Here +∕ − ∕ ≈ indicates whether the compared algorithms are statistically significantly better, worse, or equivalent
to GP-iGNG.
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Table S4
The IGD+ vaues of solutions obtained by GP-iGNG, EDN-ARMOEA, K-RVEA, CSEA and KTA2 on solving 20-
dimensional regular problems and the maximum fitness evaluations for 3-, 5- and 10-objective problems is set to
500.

Problem M GP-iGNG EDN-ARMOEA K-RVEA CSEA KTA2

DTLZ1
3 2.28e+2 (3.62e+1) 3.33e+2 (2.94e+1) − 2.99e+2 (3.86e+1) − 2.11e+2 (4.14e+1) ≈ 1.97e+2 (4.30e+1) +
5 1.57e+2 (2.63e+1) 2.50e+2 (2.72e+1) − 1.89e+2 (2.30e+1) − 1.35e+2 (3.09e+1) + 1.69e+2 (3.29e+1) ≈

10 7.44e+1 (1.80e+1) 1.15e+2 (1.67e+1) − 1.10e+2 (2.56e+1) − 6.31e+1 (1.86e+1) + 8.19e+1 (1.53e+1) ≈

DTLZ2
3 9.02e-2 (1.64e-2) 7.68e-1 (4.65e-2) − 3.20e-1 (5.66e-2) − 3.71e-1 (5.52e-2) − 9.48e-2 (1.68e-2) ≈
5 2.52e-1 (4.77e-2) 8.25e-1 (5.15e-2) − 4.26e-1 (5.34e-2) − 4.65e-1 (7.88e-2) − 3.27e-1 (2.53e-2) −

10 3.59e-1 (4.07e-2) 7.88e-1 (2.26e-2) − 5.53e-1 (5.48e-2) − 5.40e-1 (3.09e-2) − 5.90e-1 (3.32e-2) −

DTLZ3
3 5.53e+2 (1.26e+2) 1.03e+3 (9.95e+1) − 8.03e+2 (1.22e+2) − 4.81e+2 (1.04e+2) ≈ 5.99e+2 (8.48e+1) ≈
5 5.37e+2 (8.97e+1) 8.51e+2 (1.11e+2) − 6.11e+2 (1.09e+2) − 4.21e+2 (8.70e+1) + 5.59e+2 (1.19e+2) ≈

10 2.84e+2 (7.54e+1) 4.81e+2 (5.95e+1) − 3.95e+2 (8.47e+1) − 2.10e+2 (5.68e+1) + 3.86e+2 (6.08e+1) −

DTLZ4
3 3.77e-1 (1.38e-1) 6.06e-1 (8.66e-2) − 6.28e-1 (1.42e-1) − 3.57e-1 (7.66e-2) ≈ 5.58e-1 (1.63e-1) −
5 5.74e-1 (9.54e-2) 8.65e-1 (8.95e-2) − 6.66e-1 (1.21e-1) − 3.71e-1 (4.66e-2) + 7.17e-1 (1.37e-1) −

10 5.37e-1 (4.51e-2) 7.55e-1 (5.88e-2) − 6.13e-1 (8.35e-2) − 4.48e-1 (4.61e-2) + 6.86e-1 (9.83e-2) −

MaF3
3 2.95e+6 (7.51e+5) 2.32e+6 (5.76e+5) + 2.69e+6 (6.94e+5) ≈ 1.86e+6 (1.13e+6) + 2.20e+6 (1.09e+6) +
5 2.03e+6 (6.36e+5) 1.71e+6 (4.82e+5) ≈ 1.98e+6 (3.49e+5) ≈ 1.52e+6 (1.03e+6) + 1.81e+6 (8.12e+5) ≈

10 8.28e+5 (2.41e+5) 6.13e+5 (2.35e+5) + 8.01e+5 (2.95e+5) ≈ 6.13e+5 (2.70e+5) + 7.34e+5 (2.32e+5) ≈

MaF5
3 1.46e+0 (3.66e-1) 2.02e+0 (2.75e-1) − 2.21e+0 (3.68e-1) − 1.18e+0 (3.36e-1) + 1.70e+0 (4.03e-1) −
5 2.34e+0 (3.13e-1) 2.98e+0 (6.75e-1) − 3.21e+0 (1.18e+0) − 1.69e+0 (6.17e-1) + 3.02e+0 (9.66e-1) −

10 2.48e+0 (4.84e-1) 2.59e+0 (1.92e-1) − 5.27e+0 (5.07e+0) − 3.23e+0 (2.42e+0) ≈ 3.17e+0 (8.57e-1) −

MaF10
3 1.67e+0 (7.06e-2) 1.90e+0 (4.27e-2) − 1.81e+0 (1.91e-1) ≈ 1.61e+0 (5.95e-2) + 1.86e+0 (1.68e-1) −
5 2.16e+0 (9.87e-2) 2.27e+0 (3.21e-2) − 2.20e+0 (1.34e-1) ≈ 2.05e+0 (8.62e-2) + 2.24e+0 (1.23e-1) −

10 3.01e+0 (2.85e-2) 3.02e+0 (1.91e-2) ≈ 3.00e+0 (5.20e-2) ≈ 2.94e+0 (4.85e-2) + 2.95e+0 (8.57e-2) +

MaF12
3 6.22e-1 (8.44e-2) 8.02e-1 (3.42e-2) − 6.66e-1 (6.23e-2) ≈ 6.40e-1 (6.70e-2) ≈ 5.48e-1 (1.08e-1) +
5 1.20e+0 (1.21e-1) 1.51e+0 (8.19e-2) − 1.32e+0 (1.31e-1) − 1.65e+0 (1.45e-1) − 1.26e+0 (1.25e-1) ≈

10 4.15e+0 (5.31e-1) 5.60e+0 (3.59e-1) − 4.68e+0 (1.04e+0) ≈ 6.78e+0 (6.14e-1) − 4.15e+0 (8.93e-1) ≈

WFG4
3 4.14e-1 (1.52e-2) 4.65e-1 (1.14e-2) − 4.18e-1 (1.58e-2) ≈ 3.84e-1 (2.06e-2) + 3.87e-1 (1.79e-2) +
5 7.77e-1 (3.02e-2) 9.28e-1 (2.98e-2) − 8.18e-1 (2.65e-2) − 1.37e+0 (1.89e-1) − 9.42e-1 (8.60e-2) −

10 3.03e+0 (4.59e-1) 5.04e+0 (2.81e-1) − 3.78e+0 (1.13e+0) − 7.21e+0 (7.51e-1) − 3.96e+0 (1.30e+0) −

WFG5
3 3.91e-1 (6.66e-2) 6.33e-1 (1.99e-2) − 4.17e-1 (5.00e-2) ≈ 4.18e-1 (2.83e-2) ≈ 3.47e-1 (1.09e-1) +
5 9.39e-1 (4.18e-2) 1.17e+0 (3.56e-2) − 9.12e-1 (4.58e-2) ≈ 1.06e+0 (1.84e-1) ≈ 1.06e+0 (5.06e-2) −

10 2.70e+0 (4.99e-1) 4.45e+0 (2.44e-1) − 3.01e+0 (9.20e-1) ≈ 5.61e+0 (5.42e-1) − 4.49e+0 (4.78e-1) −

WFG6
3 6.70e-1 (3.47e-2) 8.08e-1 (1.59e-2) − 7.40e-1 (1.61e-2) − 6.32e-1 (4.40e-2) + 6.42e-1 (6.15e-2) ≈
5 1.15e+0 (4.60e-2) 1.28e+0 (2.73e-2) − 1.22e+0 (4.73e-2) − 1.30e+0 (1.93e-1) − 1.21e+0 (2.22e-2) −

10 2.31e+0 (1.50e-1) 3.57e+0 (2.26e-1) − 2.18e+0 (1.19e-1) + 6.04e+0 (6.02e-1) − 3.81e+0 (2.44e-1) −

WFG7
3 5.44e-1 (1.90e-2) 6.09e-1 (9.78e-3) − 5.58e-1 (1.52e-2) − 5.16e-1 (3.66e-2) + 5.41e-1 (2.72e-2) ≈
5 9.42e-1 (3.42e-2) 1.07e+0 (1.71e-2) − 9.57e-1 (3.72e-2) ≈ 1.39e+0 (2.13e-1) − 1.09e+0 (4.29e-2) −

10 2.71e+0 (2.53e-1) 3.79e+0 (1.71e-1) − 3.20e+0 (1.04e+0) ≈ 6.22e+0 (5.58e-1) − 3.96e+0 (3.95e-1) −

WFG8
3 4.72e-1 (2.79e-2) 6.88e-1 (1.92e-2) − 5.84e-1 (2.11e-2) − 6.03e-1 (5.89e-2) − 4.57e-1 (3.75e-2) ≈
5 1.07e+0 (3.77e-2) 1.38e+0 (2.83e-2) − 1.28e+0 (5.77e-2) − 1.59e+0 (1.44e-1) − 1.20e+0 (2.93e-2) −

10 3.23e+0 (1.12e-1) 4.40e+0 (2.43e-1) − 4.18e+0 (5.97e-1) − 6.77e+0 (3.91e-1) − 4.34e+0 (1.74e-1) −
+∕ − ∕ ≈ 2/35/2 1/24/14 17/15/7 6/21/12

1 Here +∕ − ∕ ≈ indicates whether the compared algorithms are statistically significantly better, worse, or equivalent
to GP-iGNG.
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Table S5
The IGD+ vaues of solutions obtained by GP-iGNG, EDN-ARMOEA, K-RVEA, CSEA and KTA2 on solving 50-
dimensional irregular problems and the maximum fitness evaluations for 3-, 5- and 10-objective problems is set to
800.

Shapes of PF Problem M GP-iGNG EDN-ARMOEA K-RVEA CSEA KTA2

inverted

MaF1
3 7.98e-1 (1.16e-1) 2.87e+0 (2.30e-1) − 1.29e+0 (3.44e-1) − 1.55e+0 (1.46e-1) − 1.05e+0 (2.84e-1) −
5 8.56e-1 (2.51e-1) 3.99e+0 (3.84e-1) − 2.43e+0 (8.30e-1) − 2.09e+0 (2.82e-1) − 1.09e+0 (4.16e-1) ≈

10 9.83e-1 (2.72e-1) 4.82e+0 (4.94e-1) − 4.09e+0 (1.63e+0) − 2.71e+0 (3.52e-1) − 1.38e+0 (3.83e-1) −

MaF4
3 9.68e+3 (8.04e+2) 1.13e+4 (4.70e+2) − 1.05e+4 (7.54e+2) − 8.40e+3 (8.50e+2) + 9.54e+3 (1.10e+3) ≈
5 4.39e+4 (4.02e+3) 4.50e+4 (2.87e+3) ≈ 4.46e+4 (3.70e+3) ≈ 3.52e+4 (4.63e+3) + 4.76e+4 (3.62e+3) −

10 1.13e+6 (1.68e+5) 1.31e+6 (5.91e+4) − 1.26e+6 (1.53e+5) − 1.11e+6 (1.69e+5) ≈ 1.34e+6 (8.67e+4) −

IDTLZ1
3 1.62e+3 (1.92e+2) 2.17e+3 (1.11e+2) − 1.86e+3 (1.61e+2) − 1.53e+3 (1.95e+2) ≈ 1.64e+3 (1.39e+2) ≈
5 1.92e+3 (1.87e+2) 3.23e+3 (1.26e+2) − 2.40e+3 (3.61e+2) − 2.01e+3 (2.01e+2) ≈ 2.59e+3 (2.71e+2) −

10 2.59e+3 (3.14e+2) 4.38e+3 (2.65e+2) − 3.81e+3 (7.21e+2) − 2.85e+3 (4.38e+2) − 3.20e+3 (3.81e+2) −

IDTLZ2
3 6.40e-1 (1.03e-1) 1.80e+0 (1.56e-1) − 9.78e-1 (2.38e-1) − 8.91e-1 (1.29e-1) − 5.87e-1 (1.69e-1) ≈
5 7.26e-1 (1.50e-1) 3.07e+0 (2.25e-1) − 1.43e+0 (7.75e-1) − 1.58e+0 (2.67e-1) − 9.50e-1 (2.21e-1) −

10 9.11e-1 (1.19e-1) 4.78e+0 (3.80e-1) − 2.76e+0 (1.52e+0) − 2.40e+0 (3.75e-1) − 2.58e+0 (4.13e-1) −

discontinuous

MaF7
3 1.20e+0 (2.80e-1) 4.13e+0 (6.17e-1) − 5.15e+0 (4.20e+0) ≈ 5.08e+0 (8.48e-1) − 1.40e+0 (4.63e-1) ≈
5 3.18e+0 (9.03e-1) 8.47e+0 (6.37e-1) − 4.57e+0 (5.36e+0) ≈ 1.31e+1 (1.13e+0) − 3.67e+0 (7.97e-1) ≈

10 7.57e+0 (1.54e+0) 2.28e+1 (1.60e+0) − 8.36e+0 (2.40e+0) ≈ 3.25e+1 (1.46e+0) − 2.22e+1 (4.81e+0) −

MaF11
3 6.48e-1 (2.72e-2) 7.45e-1 (1.97e-2) − 6.91e-1 (3.44e-2) − 6.08e-1 (4.28e-2) + 6.45e-1 (2.59e-2) ≈
5 9.30e-1 (4.15e-2) 1.12e+0 (4.77e-2) − 1.30e+0 (1.72e-1) − 9.05e-1 (4.99e-2) ≈ 9.71e-1 (4.58e-2) −

10 1.48e+0 (9.57e-2) 2.52e+0 (3.77e-1) − 2.99e+0 (7.92e-1) − 2.67e+0 (6.69e-1) − 1.71e+0 (1.32e-1) −

degenerate

DTLZ5
3 1.07e+0 (1.37e-1) 2.63e+0 (1.31e-1) − 1.79e+0 (1.82e-1) − 1.57e+0 (1.99e-1) − 1.55e+0 (2.19e-1) −
5 1.54e+0 (1.73e-1) 2.52e+0 (1.03e-1) − 2.02e+0 (3.04e-1) − 1.81e+0 (1.87e-1) − 2.19e+0 (9.88e-2) −

10 1.47e+0 (1.32e-1) 2.20e+0 (1.19e-1) − 2.11e+0 (2.28e-1) − 1.46e+0 (1.44e-1) ≈ 2.20e+0 (9.48e-2) −

DTLZ6
3 3.40e+1 (9.96e-1) 4.07e+1 (3.31e-1) − 3.68e+1 (1.94e+0) − 3.96e+1 (9.05e-1) − 3.39e+1 (1.17e+0) ≈
5 3.45e+1 (8.43e-1) 3.91e+1 (5.44e-1) − 3.71e+1 (2.32e+0) − 3.84e+1 (8.84e-1) − 3.82e+1 (5.51e-1) −

10 3.26e+1 (1.01e+0) 3.50e+1 (4.93e-1) − 3.53e+1 (9.56e-1) − 3.40e+1 (8.34e-1) − 3.46e+1 (4.17e-1) −

MaF6
3 7.97e+1 (1.34e+1) 2.42e+2 (1.68e+1) − 1.36e+2 (2.42e+1) − 1.26e+2 (2.38e+1) − 1.17e+2 (2.60e+1) −
5 1.19e+2 (1.56e+1) 2.38e+2 (1.28e+1) − 1.68e+2 (3.20e+1) − 1.44e+2 (2.58e+1) − 1.94e+2 (1.45e+1) −

10 1.06e+2 (1.82e+1) 1.96e+2 (1.26e+1) − 1.95e+2 (2.72e+1) − 1.06e+2 (1.82e+1) ≈ 1.96e+2 (1.40e+1) −

DPF1
3 1.18e+3 (1.58e+2) 1.81e+3 (6.16e+1) − 1.37e+3 (1.70e+2) − 1.24e+3 (9.98e+1) ≈ 1.23e+3 (1.39e+2) ≈
5 1.42e+3 (1.54e+2) 1.84e+3 (1.03e+2) − 1.60e+3 (2.42e+2) − 1.34e+3 (1.72e+2) ≈ 1.39e+3 (9.47e+1) ≈

10 1.84e+3 (1.62e+2) 2.60e+3 (1.29e+2) − 2.09e+3 (2.62e+2) − 1.65e+3 (2.01e+2) + 2.21e+3 (1.74e+2) −

DPF2
3 2.80e+0 (1.13e+0) 1.55e+1 (1.95e+0) − 1.56e+1 (1.80e+1) − 2.50e+1 (4.41e+0) − 8.04e-1 (6.20e-1) +
5 6.63e+0 (2.26e+0) 2.52e+1 (2.81e+0) − 4.30e+1 (3.35e+1) − 3.73e+1 (4.29e+0) − 6.13e+0 (2.15e+0) ≈

10 5.89e+1 (1.46e+1) 2.16e+2 (2.24e+1) − 3.62e+2 (2.16e+2) − 2.74e+2 (3.07e+1) − 4.77e+1 (2.07e+1) +

DPF3
3 8.85e-1 (1.24e-1) 1.24e+0 (1.35e-1) − 1.23e+0 (2.51e-1) − 5.55e-1 (7.87e-2) + 1.12e+0 (1.95e-1) −
5 1.38e+0 (2.85e-1) 3.13e+0 (4.79e-1) − 2.70e+0 (8.46e-1) − 1.48e+0 (3.07e-1) ≈ 1.95e+0 (5.21e-1) −

10 2.47e+0 (4.18e-1) 4.79e+0 (3.82e-1) − 4.50e+0 (1.03e+0) − 3.31e+0 (5.79e-1) − 3.51e+0 (4.76e-1) −

DPF4
3 1.73e+6 (2.37e+5) 1.98e+6 (1.53e+5) − 2.11e+6 (2.12e+5) − 1.12e+6 (3.04e+5) + 1.73e+6 (3.06e+5) ≈
5 4.51e+6 (9.59e+5) 4.95e+6 (4.37e+5) ≈ 5.69e+6 (8.16e+5) − 4.09e+6 (9.77e+5) ≈ 4.58e+6 (5.65e+5) ≈

10 7.77e+6 (1.46e+6) 1.02e+7 (1.19e+6) − 1.27e+7 (1.90e+6) − 7.05e+6 (1.96e+6) ≈ 1.20e+7 (1.35e+6) −

DPF5
3 1.28e+0 (1.44e-1) 2.70e+0 (1.35e-1) − 2.07e+0 (3.47e-1) − 1.63e+0 (1.63e-1) − 1.45e+0 (1.78e-1) −
5 1.89e+0 (1.42e-1) 2.72e+0 (8.54e-2) − 2.30e+0 (4.03e-1) − 1.75e+0 (2.33e-1) + 2.15e+0 (1.71e-1) −

10 1.89e+0 (2.02e-1) 2.60e+0 (9.82e-2) − 2.66e+0 (9.56e-2) − 1.87e+0 (1.87e-1) ≈ 2.37e+0 (1.40e-1) −

WFG3
3 7.03e-1 (2.36e-2) 7.68e-1 (8.41e-3) − 7.45e-1 (2.16e-2) − 7.14e-1 (2.34e-2) ≈ 7.23e-1 (2.06e-2) −
5 9.81e-1 (2.45e-2) 1.03e+0 (1.55e-2) − 1.03e+0 (1.31e-2) − 9.78e-1 (2.19e-2) ≈ 9.95e-1 (2.04e-2) −

10 1.59e+0 (4.63e-2) 1.65e+0 (2.56e-2) − 1.64e+0 (2.74e-2) − 1.47e+0 (6.27e-2) + 1.58e+0 (5.00e-2) ≈

other MaF2
3 1.10e-1 (1.38e-2) 2.34e-1 (6.91e-3) − 1.69e-1 (2.09e-2) − 1.82e-1 (1.33e-2) − 9.37e-2 (1.28e-2) +
5 1.26e-1 (6.37e-3) 1.69e-1 (2.23e-3) − 1.40e-1 (4.83e-3) − 1.57e-1 (6.17e-3) − 1.58e-1 (5.06e-3) −

10 1.74e-1 (7.22e-3) 2.05e-1 (6.58e-3) − 1.98e-1 (9.41e-3) − 2.09e-1 (6.64e-3) − 1.62e-1 (2.17e-3) +
+∕ − ∕ ≈ 0/46/2 0/44/4 8/26/14 4/30/14

1 Here +∕ − ∕ ≈ indicates whether the compared algorithms are statistically significantly better, worse, or equivalent
to GP-iGNG.
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Table S6
The IGD+ values of solutions obtained by GP-IGNG, EDN-ARMOEA, K-RVEA, CSEA and KTA2 on solving 50-
dimensional regular problems and the maximum fitness evaluations for 3-, 5- and 10-objective problems is set to
800.

Problem M GP-IGNG EDN-ARMOEA K-RVEA CSEA KTA2

DTLZ1
3 1.00e+3 (5.15e+1) 1.14e+3 (4.05e+1) − 1.11e+3 (5.40e+1) − 8.39e+2 (8.75e+1) + 9.17e+2 (6.77e+1) +
5 7.24e+2 (5.67e+1) 9.25e+2 (6.25e+1) − 8.67e+2 (1.01e+2) − 7.21e+2 (7.16e+1) ≈ 7.40e+2 (5.04e+1) ≈

10 5.56e+2 (5.74e+1) 6.67e+2 (4.31e+1) − 7.37e+2 (8.07e+1) − 5.56e+2 (6.77e+1) ≈ 5.35e+2 (4.43e+1) ≈

DTLZ2
3 1.18e+0 (2.02e-1) 2.67e+0 (1.46e-1) − 1.96e+0 (1.38e-1) − 1.60e+0 (2.05e-1) − 1.58e+0 (2.78e-1) −
5 1.77e+0 (1.64e-1) 2.68e+0 (8.13e-2) − 2.25e+0 (2.58e-1) − 1.92e+0 (3.54e-1) ≈ 2.23e+0 (1.71e-1) −

10 1.76e+0 (1.49e-1) 2.59e+0 (9.07e-2) − 2.66e+0 (1.25e-1) − 1.87e+0 (1.98e-1) ≈ 2.44e+0 (8.80e-2) −

DTLZ3
3 2.82e+3 (2.00e+2) 3.59e+3 (2.04e+2) − 3.29e+3 (1.96e+2) − 2.69e+3 (2.17e+2) ≈ 2.71e+3 (1.56e+2) ≈
5 2.92e+3 (1.40e+2) 3.46e+3 (1.73e+2) − 3.16e+3 (2.55e+2) − 2.70e+3 (2.44e+2) + 2.99e+3 (2.43e+2) ≈

10 2.58e+3 (2.20e+2) 2.96e+3 (2.10e+2) − 3.06e+3 (1.10e+2) − 2.26e+3 (2.57e+2) + 2.83e+3 (1.75e+2) −

DTLZ4
3 1.90e+0 (3.62e-1) 2.83e+0 (1.65e-1) − 3.01e+0 (9.05e-2) − 1.38e+0 (1.69e-1) + 2.38e+0 (2.73e-1) −
5 2.08e+0 (2.56e-1) 2.94e+0 (1.46e-1) − 2.96e+0 (1.30e-1) − 1.66e+0 (1.66e-1) + 2.59e+0 (1.97e-1) −

10 2.10e+0 (2.23e-1) 2.73e+0 (1.41e-1) − 2.78e+0 (1.11e-1) − 1.50e+0 (1.82e-1) + 2.57e+0 (1.81e-1) −

MaF3
3 2.06e+7 (3.23e+6) 1.94e+7 (2.59e+6) ≈ 2.06e+7 (2.91e+6) ≈ 2.09e+7 (3.75e+6) ≈ 1.96e+7 (3.09e+6) ≈
5 2.02e+7 (2.98e+6) 1.80e+7 (2.77e+6) + 1.97e+7 (3.39e+6) ≈ 1.91e+7 (3.74e+6) ≈ 1.93e+7 (1.94e+6) ≈

10 1.53e+7 (2.45e+6) 1.37e+7 (2.42e+6) + 1.37e+7 (2.30e+6) ≈ 1.60e+7 (2.42e+6) ≈ 1.42e+7 (2.56e+6) ≈

MaF5
3 4.77e+0 (8.94e-1) 7.62e+0 (8.10e-1) − 9.69e+0 (1.31e+0) − 3.79e+0 (4.51e-1) + 6.22e+0 (8.08e-1) −
5 5.78e+0 (5.30e-1) 8.21e+0 (9.65e-1) − 1.47e+1 (5.10e+0) − 4.32e+0 (5.84e-1) + 6.67e+0 (1.42e+0) −

10 7.50e+0 (2.12e+0) 7.73e+0 (1.20e+0) ≈ 1.05e+2 (8.97e+1) − 8.67e+0 (3.50e+0) ≈ 1.28e+1 (1.24e+1) −

MaF10
3 1.63e+0 (6.83e-2) 1.98e+0 (6.75e-2) − 2.04e+0 (1.83e-1) − 1.59e+0 (2.64e-2) + 1.89e+0 (1.41e-1) −
5 2.18e+0 (6.76e-2) 2.34e+0 (3.66e-2) − 2.46e+0 (1.10e-1) − 2.09e+0 (5.82e-2) + 2.31e+0 (1.28e-1) −

10 3.01e+0 (2.48e-2) 3.02e+0 (2.64e-2) ≈ 3.12e+0 (4.14e-2) − 3.00e+0 (4.15e-2) ≈ 3.04e+0 (4.58e-2) −

MaF12
3 8.28e-1 (2.26e-2) 9.06e-1 (2.19e-2) − 8.39e-1 (2.77e-2) ≈ 8.02e-1 (6.32e-2) ≈ 7.69e-1 (7.54e-2) +
5 1.41e+0 (6.11e-2) 1.61e+0 (4.50e-2) − 1.46e+0 (1.09e-1) ≈ 1.65e+0 (1.02e-1) − 1.48e+0 (5.31e-2) −

10 4.15e+0 (3.86e-1) 6.13e+0 (2.08e-1) − 6.07e+0 (9.74e-1) − 6.53e+0 (3.63e-1) − 5.00e+0 (7.41e-1) −

WFG4
3 4.62e-1 (8.86e-3) 4.92e-1 (5.70e-3) − 4.67e-1 (5.49e-3) − 4.25e-1 (2.00e-2) + 4.54e-1 (1.24e-2) ≈
5 8.68e-1 (4.71e-2) 9.68e-1 (3.87e-2) − 1.29e+0 (4.79e-1) − 1.40e+0 (1.84e-1) − 9.35e-1 (4.65e-2) −

10 3.69e+0 (5.34e-1) 5.63e+0 (2.51e-1) − 5.78e+0 (1.41e+0) − 7.13e+0 (5.19e-1) − 3.77e+0 (1.22e+0) ≈

WFG5
3 6.37e-1 (2.57e-2) 7.08e-1 (7.92e-3) − 6.50e-1 (1.57e-2) ≈ 5.83e-1 (2.39e-2) + 5.85e-1 (1.96e-2) +
5 1.10e+0 (3.05e-2) 1.20e+0 (1.75e-2) − 1.12e+0 (2.73e-2) ≈ 1.10e+0 (5.68e-2) ≈ 1.19e+0 (4.79e-2) −

10 2.91e+0 (2.35e-1) 4.83e+0 (2.12e-1) − 3.38e+0 (9.66e-1) ≈ 5.25e+0 (2.51e-1) − 4.25e+0 (3.14e-1) −

WFG6
3 8.32e-1 (1.37e-2) 8.80e-1 (8.51e-3) − 8.45e-1 (1.32e-2) − 7.35e-1 (2.89e-2) + 8.07e-1 (1.95e-2) +
5 1.30e+0 (2.58e-2) 1.34e+0 (1.30e-2) − 1.34e+0 (3.79e-2) − 1.37e+0 (1.16e-1) − 1.32e+0 (2.85e-2) −

10 2.75e+0 (1.38e-1) 3.83e+0 (2.61e-1) − 4.06e+0 (2.04e+0) ≈ 5.63e+0 (4.52e-1) − 3.99e+0 (1.81e-1) −

WFG7
3 6.29e-1 (9.51e-3) 6.58e-1 (5.88e-3) − 6.25e-1 (1.04e-2) ≈ 5.82e-1 (2.56e-2) + 6.28e-1 (1.46e-2) ≈
5 1.02e+0 (2.68e-2) 1.08e+0 (1.44e-2) − 1.07e+0 (8.35e-2) − 1.21e+0 (1.21e-1) − 1.14e+0 (3.25e-2) −

10 2.66e+0 (2.55e-1) 3.86e+0 (2.04e-1) − 4.76e+0 (1.68e+0) − 5.91e+0 (5.83e-1) − 3.50e+0 (3.34e-1) −

WFG8
3 6.18e-1 (1.59e-2) 7.08e-1 (7.42e-3) − 6.46e-1 (1.07e-2) − 6.33e-1 (2.78e-2) ≈ 6.12e-1 (1.52e-2) ≈
5 1.09e+0 (2.99e-2) 1.29e+0 (3.41e-2) − 1.20e+0 (5.93e-2) − 1.42e+0 (1.62e-1) − 1.17e+0 (3.32e-2) −

10 3.27e+0 (1.60e-1) 4.43e+0 (2.82e-1) − 4.44e+0 (1.30e+0) − 5.95e+0 (4.33e-1) − 4.38e+0 (2.62e-1) −
+∕ − ∕ ≈ 2/34/3 0/29/10 14/12/13 4/24/11

1 Here +∕ − ∕ ≈ indicates whether the compared algorithms are statistically significantly better, worse, or equivalent
to GP-iGNG.

Table S7
The IGD+ values of the solution set obtained by GP-iGNG, K-RVEA, KTA2,HSMEA,CSEA and MOEA/D-EGO, respec-
tively, on the three real-world applications.

Problem M D GP-iGNG K-RVEA KTA2 HSMEA CSEA MOEA/D-EGO

DDMOP4 10 13 4.53e-2 (1.16e-2) 1.26e-2 (4.31e-3) + 4.69e+0 (2.35e+0) − 4.87e-1 (2.85e-1) − 1.90e+0 (6.46e-1) − 8.43e+0 (5.08e+0) −
DDMOP5 3 11 5.09e-3 (1.12e-3) 4.51e-3 (7.94e-4) ≈ 7.48e-3 (2.10e-3) − 3.71e-3 (6.97e-4) + 5.09e-3 (1.31e-3) ≈ 1.24e-2 (2.11e-3) −
DDMOP6 2 20 1.01e-5 (6.06e-6) 1.94e-4 (5.44e-5) − 1.78e-4 (7.08e-5) − 2.04e-4 (5.02e-5) − 6.54e-4 (7.13e-5) − 5.93e-4 (1.23e-4) −

+∕ − ∕ ≈ 1/1/1 0/3/0 1/2/0 0/2/1 0/3/0
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Table S8
The HV values of the solution set obtained by GP-iGNG, K-RVEA, KTA2,HSMEA,CSEA and MOEA/D-EGO, respec-
tively, on the three real-world applications.

Problem M D GP-iGNG K-RVEA KTA2 HSMEA CSEA MOEA/D-EGO

DDMOP4 10 13 4.83e-1 (4.29e-3) 4.26e-1 (5.07e-3) − 4.70e-1 (1.01e-2) − 4.84e-1 (5.64e-3) ≈ 4.66e-1 (5.51e-3) − 4.30e-1 (1.92e-2) −
DDMOP5 3 11 5.43e-2 (9.81e-4) 5.54e-2 (5.78e-4) + 5.39e-2 (8.48e-4) ≈ 5.64e-2 (4.76e-4) + 5.42e-2 (1.07e-3) ≈ 5.14e-2 (1.64e-3) −
DDMOP6 2 20 6.72e-1 (1.15e-2) 5.56e-1 (3.38e-2) − 5.77e-1 (4.84e-2) − 5.50e-1 (3.29e-2) − 3.45e-1 (2.64e-2) − 3.52e-1 (4.46e-2) −

+∕ − ∕ ≈ 1/2/0 0/2/1 1/1/1 0/2/1 0/3/0

Table S9
The computational time cost by six methods for 3-/5-/10-objective MaF1 problems. The results are summarized in
seconds.

M 3 5 10
GP-iGNG 7.23E+01 1.06E+02 1.71E+02
K-RVEA 3.99E+01 2.97E+01 5.14E+01

KTA2 2.24E+02 3.78E+02 7.97E+02
MOEA/D-EGO 1.13E+02 2.31E+02 3.61E+02

CSEA 1.50E+02 7.47E+01 5.34E+00
HSMEA 4.26E+03 7.76E+03 2.63E+04

Table S10
The performance of GP-iGNG in terms of spacing, coverage and HV indicator values on solving problems with D = 10,
20, 50, respectively.

D = 10, FE = 450,500,1000 for M = 3,5,10 (+∕ ≈ ∕− )
GP-iGNG VS HSMEA K-RVEA CSEA KTA2

spacing 44/14/29 41/33/13 42/21/23 32/32/23
coverage 18/29/40 31/43/13 23/30/34 18/42/27

HV 52/20/15 50/31/6 46/27/14 38/33/16
D = 20, FE = 500,500,500 for M = 3,5,10 (+∕ ≈ ∕− )

GP-iGNG VS EDN-ARMOEA K-RVEA CSEA KTA2
spacing 42/28/17 45/32/9 47/26/12 35/37/15

coverage 36/38/13 18/56/13 14/46/27 25/37/25
HV 58/29/0 45/39/3 38/39/10 33/41/13

D = 50, FE = 800,800,800 for M = 3,5,10 (+∕ ≈ ∕−)
GP-iGNG VS EDN-ARMOEA K-RVEA CSEA KTA2

spacing 21/26/40 40/23/24 41/31/15 37/32/18
coverage 24/47/16 32/52/3 05/53/29 29/46/12

HV 35/52/0 27/60/0 18/57/12 18/59/10
1 Here +∕ ≈ ∕− indicates whether GP-iGNG is statistically signifi-

cantly better, equivalent to, or worse than the compared algorithms.
2 For D = 50, GP-iGNG is equipped with the training data manage-

ment strategy for reducing the computational cost.
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