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Reference Vector Assisted Adaptive Model
Management for Surrogate-Assisted Many-objective

Optimization
Qiqi Liu, Ran Cheng, Senior Member, IEEE, Yaochu Jin, Fellow, IEEE, Martin Heiderich, and Tobias Rodemann

Abstract—Acquisition functions for surrogate-assisted many-
objective optimization require a delicate balance between con-
vergence and diversity. To meet this requirement, we propose
an adaptive model management strategy assisted by two sets of
reference vectors, one set of adaptive reference vectors accounting
for convergence while the other set of fixed reference vectors
for diversity. Specifically, we first propose a new acquisition
function that calculates an amplified upper confidence bound.
Two optimization processes are performed in parallel to optimize
the acquisition function, each based on one of the two sets
of reference vectors. Then, we select one promising candidate
solution according to diversity or convergence from the non-
dominated solutions obtained by the two optimization processes.
Experimental results on four suites of test functions as well as
six real-world application problems demonstrate the competitive
performance of the proposed reference vector assisted adaptive
model management strategy, in comparison with seven state-of-
the-art surrogate-assisted evolutionary algorithms.

Index Terms—Evolutionary many-objective optimization, ref-
erence vector, Gaussian process, surrogate-assisted evolutionary
algorithms

I. INTRODUCTION

In most evolutionary algorithms, it is assumed that analytical
and computationally cheap objective functions are available. In
practice, however, it may happen that each function evaluation
is time-consuming and non-trivial. Consequently, evolutionary
algorithms cannot be directly adopted to handle this class of
expensive problems, since a substantial number of real function
evaluations is usually affordable. To address this problem,
computationally efficient surrogate models can be built to
replace in part the expensive real objective function evaluations
in evolutionary algorithms, which are known in surrogate-
assisted evolutionary algorithms (SAEAs). A comprehensive
survey of SAEAs can be found in [1]. SAEAs have attracted

Qiqi Liu is with the Department of Computer Science, University of
Surrey, Guildford, Surrey GU2 7XH, UK. e-mail: qiqi.liu@surrey.ac.uk

Yaochu Jin is with the Faculty of Technology, Bielefeld University, 33619
Bielefeld, Germany. He is also with the Department of Computer Science,
University of Surrey, Guildford, Surrey GU2 7XH, UK. email: yaochu.jin@uni-
bielefeld.de. (Corresponding author)

Ran Cheng is with Guangdong Key Laboratory of Brain-Inspired
Intelligent Computation, Department of Computer Science and Engineering,
Southern University of Science and Technology, Shenzhen 518055, China.
Email: ranchengcn@gmail.com

Martin Heiderich is with Honda R&D Europe (Deutschland) GmbH,
Carl-Legien-Strasse 30, D-63073 Offenbach/Main, Germany. e-mail: mar-
tin heiderich@de.hrdeu.com. Tobias Rodemann is with Honda Research
Institute Europe, Carl-Legien-Strasse 30,D-63073 Offenbach/Main, Germany.
e-mail: tobias.rodemann@honda-ri.de.

increasing research interests over the past decades [1]. In
SAEAs, an effective model management is required in order
to balance exploration and exploitation of the search process.
Specifically, model management refers to the procedure of
querying new solutions, where the criterion for solution query
is known as the acquisition function or infill criterion [2],
[3]. Instead of directly optimizing the expensive objective
functions, the optimization is performed on an inexpensive
auxiliary function, i.e., the acquisition function, which uses
the available information in order to recommend the next
query point to be evaluated using the real function evaluation.
Effective model management usually relies on a well-designed
acquisition function and an optimization method to efficiently
identify its optimums. The solution set obtained by an SAEA in
solving an expensive problem consists in all queried solutions
that have been evaluated using the real objective functions.

There have been a number of acquisition functions proposed
for solving single objective problems, such as expected
improvement (EI) [4], lower confidence bound (LCB) [5],
probability of improvement (PoI) [6]. However, for many-
objective optimization problems (MaOPs) [7], [8], the design
of acquisition functions is particularly challenging. It is due to
the fact that, in order to obtain a set of solutions trading off
between different objectives, the acquisition functions should
well balance between convergence and diversity.

To better balance convergence and diversity in handling
expensive MaOPs, where the number of expensive objective
evaluations is restricted, current SAEAs either consider each
objective separately [9], [10], or include them in one ac-
quisition function [11]–[13]. For instance, in the surrogate-
assisted reference vector guided evolutionary algorithm (K-
RVEA) [13], Gaussian process (GP) [4] is adopted as the
surrogate and the balance between convergence and diversity
is achieved by the angle penalized distance (APD) value in
the acquisition function; in the kriging assisted two archive
evolutionary algorithm (KTA2) [10], convergence and diversity
are enhanced at different search stages; in heterogeneous
ensemble assisted MOEA (HeE-MOEA) [14] and efficient
dropout neural network assisted MOEA (EDN-ARMOEA) [15],
an ensemble of surrogate models and a dropout neural network
are adopted, respectively, to enhance diversity when the search
process has converged to local optima. In the above work, the
optimization process is conducted on either the predicted mean
value or the acquisition function of each objective, with the
aim of balancing exploration and exploitation of each objective.
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However, the conflicting nature of multi-objectives could lead
to the imbalance between exploration and exploitation of
multi-objectives. For instance, the exploration needs to be
enhanced for one objective while the exploitation may be
needed for another objective. This imbalance may result in low
efficiency in search for a set of optimal solutions that can well
balance convergence and diversity. In the work in which multi-
objectives are directly incorporated into one single acquisition
function such as the expected hypervolume improvement
(EHVI), the imbalance of exploration and exploitation of multi-
objectives could be alleviated to some extent; however, the
computational complexity of EHVI is extremely high.

Therefore, the main challenges of model management in
handling expensive MOPs and MaOPs using SAEAs lie in two
aspects. Firstly, with the increase of the number of objectives,
it is more challenging to balance the convergence and diversity
in the acquisition function. Secondly, the optimization of
the acquisition functions can be nontrivial [16] because the
acquisition function is typically highly multi-modal.

To tackle the above challenges, we propose a reference
vector guided adaptive model management strategy (RVMM)
for solving expensive MaOPs. First, we define two sets of
reference vectors, one is adaptive and the other is predefined,
to account for convergence and diversity, respectively. Then,
two optimization processes are carried out in parallel, each
based on one of the two sets of reference vectors to optimize
an acquisition function proposed in this work, termed ampli-
fied upper confidence bound value (AUCB). By maximizing
AUCB, a solution with either good convergence or diversity
performance is selected to be evaluated using the real objective
functions. Specifically, the convergence or diversity quality of
a solution is measured by the distance in the objective space
between the solution according to its objective values predicted
by GPs and those evaluated using real objective functions. The
contributions of this work can be summarized in the following
three aspects.

• We propose a new acquisition function that amplifies
the upper confidence bound value (AUCB) so that the
search concentrates more on the convergence property. In
combination with a small set of adaptive reference vectors,
we demonstrate that AUCB can effectively enhance
exploitation in comparison with the traditional upper
confidence bound value, which is especially desired when
the number of allowed objective evaluations is strongly
limited.

• To maintain the diversity of the solutions, we also optimize
AUCB based on a set of fixed and evenly distributed
reference vectors, in parallel to the above optimization
of AUCB based on the adaptive set of reference vectors.
This way, the diversity of the solutions can be taken into
account when convergence is not prioritized.

• To determine whether a solution prioritizing convergence,
or a solution emphasizing on diversity should be selected
for query, to this end, the Euclidean distance between
each non-dominated solution obtained based on the set of
adaptive reference vectors and its closest solution in the
archive is calculated. If the solution with the maximum

Euclidean distance is not dominated by any solutions in
the archive and dominates at least one solution in the
archive, this solution will be queried. Otherwise, the non-
dominated solution in those obtained by the fixed set of
reference vectors that has the maximum cosine distance
with its closest solutions in the archive will be chosen
for query. This way, a balance between convergence and
diversity can be achieved.

The remainder of the paper is organized as follows. Section
II presents the related work on handling expensive MaOPs,
followed by a brief introduction to the background of GP
models and the adopted optimizer. Section III describes the
proposed RVMM in detail. Extensive comparative experiments
are conducted and the results are discussed in Section IV.
Section V concludes the paper.

II. RELATED WORK AND BACKGROUND

A. Related Work

Current SAEAs can be largely divided into two groups. In the
first group, one surrogate is built for each objective function and
optimization is conducted on each surrogate independently. In
order to balance convergence and diversity, either an acquisition
function considers each objective separately, or one single
acquisition function takes all objectives into account. In [9],
one convergence related acquisition function and one diversity
oriented acquisition function are proposed. The convergence
related acquisition function is based on the Euclidean distance
between the predicted solutions and the non-dominated solu-
tions that have been evaluated using real objective functions.
The diversity oriented acquisition function is founded on the
maximum Euclidean distance based expectation improvement
matrix (EIM) [17]. In kriging assisted two archive algorithm
(KTA2) [10], the convergence related acquisition function
is based on the epsilon indicator value and the diversity
related acquisition function is based on the Lp-norm distance.
In addition, some work propose to simultaneously consider
convergence and diversity with one performance indicator, e.g.,
EHVI [11] and an exploitative attainment front acquisition
function, [18] or using one acquisition function, e.g., K-
RVEA [13]. In K-RVEA, the acquisition function is based
on the APD value, a performance indicator considering both
convergence and diversity of the solutions. Some SAEAs
implicitly account for convergence or diversity in designing
the acquisition function. In [19], convergence is achieved by
optimizing the scalarizing function along one specific reference
vector, and diversity is promoted by randomly selecting a
reference vector in each generation. However, the random
selection of one reference vector for guiding the search may not
lead to good diversity when the objective space is large. Apart
from convergence and diversity, uncertainty should also be
taken into account in the acquisition functions for encouraging
explorations during the search process. In [10], [13], the
solutions with the maximum uncertainty are selected for
evaluations using the real objective functions when exploration
is needed. Accordingly, a condition is usually proposed to
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decide whether exploration should be enhanced. For instance,
in [13], the number of active reference vectors indicates whether
more diversity is in demand; in [10], exploration enhancement
is determined by the comparisons between the solutions in two
archive emphasizing on convergence and diversity, respectively.
Note that in the information theory based acquisition function
such as the predictive entropy search [20] or max-value entropy
search [21] for multi-objective optimization, a single-objective
acquisition function is obtained by summing up the acquisition
function for each objective. However, the trade-off between
objectives is not explicitly considered in [20], [21], leading to
an imbalance between convergence and diversity in the obtained
solution set. To overcome this problem, in [22], a Pareto frontier
entropy search acquisition function is proposed. However,
calculating the Pareto frontier entropy requires to decompose
the objective space into a large number of cells, resulting in
large computational costs as the number of objectives increases.

In the second group, considering the fact that constructing
a surrogate model for each objective may lead to increased
computational cost and accumulated prediction errors, lots of
work suggest to build one surrogate to predict the dominance
relationship instead of predicting the function values of
each objective. Note, however, that learning the dominance
relationship while the evolution is on-going is non-trivial
since the hyperplane separating dominated and non-dominated
solutions is changing. In [23], a classification and regression
tree based classifier is trained to predict the quality of the
offspring for preselection. In the classification-based surrogate-
assisted evolutionary algorithm (CSEA) [24], a shallow artificial
neural network is trained to predict the dominance relationship
between solutions in the population. However, the shallow
neural network may not be able to learn the non-linear
dominance relationship. Recently, in [25], two deep feedforward
neural networks are trained to predict the Pareto and θ-
dominance relationship between solutions in the population by
assuming that the classification of solutions according to its
Pareto and θ-dominance relationship is an imbalanced problem.
The training of the deep neural networks usually needs a
large number of training data, while the number of training
data is budgeted on handling expensive problems. Since in
[25], θ-dominance is based on a set of evenly distributed
reference vectors, the performance of [25] on solving problems
with discontinuous Pareto fronts is not very well. A common
advantage shared by CSEA [24] and [25] is their excellent
ability in dealing with multi-modal problems with very fast
convergence.

There are some MOEAs that do not belong to the above
mentioned two groups. Recently, in [26], instead of modelling
each objective or the dominance relationship, a collaborative
multi-output GP is adopted to model the most promising
subproblems selected by an adaptive subproblem selection
strategy. Moreover, an adaptive lower confidence bound is
proposed to balance the exploration and exploitation. Some
work also study the expensive MOPs or MaOPs with complex
properties. For instance, in [27], on solving problems with
continuous fidelity, the trade-off between accuracy and the
computational cost of the objective evaluations is achieved

by optimizing a continuous-fidelity acquisition function. In
[28], a local surrogate model is constructed for each promising
subregion in order to handle expensive multi-modal MOPs.

As discussed above, the main difficulty in handling expensive
MOPs and MaOPs, is to strike a good balance between the
convergence and diversity of the obtained solution set, and a
balance between the exploration and exploitation of the search
process. The work mentioned above is mainly designed for
handling low-dimensional or medium-dimensional problems,
and they cannot be directly extended to solve high-dimensional
or constrained problems, for which specific strategies such as
linear embedding [29] that maps a high-dimensional space to a
low-dimensional space, or partial evaluation [30] that reduces
the computational cost of evaluating constraints, are usually
needed.

B. Background

1) Gaussian Process: A Gaussian process model can be
represented by a mean function µ and an error term ε(xi)
(i ∈ (1, 2, .., N)). Suppose that we have a set of inputs
X = (x1,x2, ...,xN ) and the corresponding outputs are
Y = (y1,y2, ...,yN ). Each xi is of D-dimensional, denoted
by xi = (xi1, x

i
2, ..., x

i
D). The correlation between the errors

by two solutions, e.g., solution i and solution j, is measured
by the Euclidean distance between them, which is defined as
follows.

C(xi,xj) = e
−d(xi,xj)

2l2

d(xi,xj) =

D∑
d=1

θk

∣∣∣xid − xjd∣∣∣2 , (1)

where the whole correlation matrix C is formulated by all pair
of correlation between all solutions. In this study, the square
exponential kernel is adopted and the hyperparameters θk and
l can be obtained by maximizing the likelihood function. The
estimated mean value µ and variance σ2 can be obtained by
maximizing the likelihood function as:

µ̂ =
1TC−1y

1TC−11
, (2)

σ̂2 =
(y − 1µ̂)TC−1(y − 1µ̂)

N
, (3)

where 1 denotes an N−vector of ones. The predicted mean
value and estimated variance for a new solution xnew can be
calculated by:

f̂(xnew) = µ̂+ rTC−1((y)− (1)µ̂), (4)

σ̂(xnew)2 = σ̂2(1− rTC−1r+
(1− rTC−1r)2

1TC−11
). (5)

where r presents a correlation vector between xnew and each
element xi in X .
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Fig. 1: Illustration of the association between the reference vectors (v1

to v4, denoted by solid arrows) and the solutions (s1 to s4, denoted
by squares) in RVEA. A solution is assigned to its nearest reference
vector in terms of cosine distance.

In Bayesian optimization, one popular acquisition function
is the upper confidence bound (UCB), which is calculated as
follows.

fucb = f̂(xnew) + k · σ̂(xnew), (6)

where k is a parameter to balance the predicted mean value
and estimated variance. f̂(xnew) is the predicted mean value
and σ̂(xnew) is the estimated standard deviation for a new
solution xnew.

2) Reference vector guided evolutionary algorithm: A large
body of research has been dedicated to design multi-objective
evolutionary algorithms such as [31]–[34] to solve many-
objective optimization problems. Among them, reference vector
guided evolutionary algorithm (RVEA) [31] has shown compet-
itive performance in striking a balance between convergence
and diversity. Before introducing the details of RVEA optimizer,
we first illustrate the function of reference vectors in RVEA
using an example in Fig. 1. Reference vectors v1 to v4 are
used to divide the whole objective space into a number of
subspaces and the solutions are associated with its nearest
reference vector in terms of the cosine distance. For instance,
s2 is associated with v1 but not v2 since the angle between s2
and v1 is smaller than the cosine distance between s2 and v2.
As a result, s1 and s2 is associated with v1 while no solution
is associated with v2. A reference vector (e.g., v1) that has at
least one associated solution is known as active; otherwise, a
reference vector (e.g., v2) is known as inactive.

In RVEA, the quality of solutions associated with one
reference vector is measured by the APD value, which takes
both convergence and diversity into consideration:

dt,i,j = (1 +M · ( t

tmax
)α · θt,i,j

γvt,j
) ·
∥∥∥f ′t,i∥∥∥ , (7)

where M is the number of objectives, t is the generation
number, tmax is the maximum number of generations, θt,i,j
represents the angle between solution i and reference vector j
in t generation, γvt,j is the minimum angle between reference
vector j and other reference vectors and is used to normalize

θt,i,j .
∥∥∥f ′t,i∥∥∥ is equal to ft,i− z∗, where ft,i is objective value

of solution i and z∗ represents the ideal point. α is a constant.

The solutions associated with one reference vector are
compared according to their APD values, and the one with
the smallest APD value will be selected to be passed to next
generation.

III. PROPOSED ALGORITHM

A. Overall framework

The key idea of the proposed adaptive model management
strategy is to enhance the convergence or diversity when in
demand during the search process, guided by two sets of refer-
ence vectors. As shown in Fig. 2, after a GP model is built for
each objective, the acquisition function is optimized according
to one of the two sets of reference vectors, respectively; then, a
performance indicator based sampling method is used to select
solutions with the best convergence and diversity, respectively;
as a result, the GP models can be updated by using one of
the solutions selected by the proposed criteria for query, to
enhance either convergence or diversity.

Algorithm 1: Overall Framework of RVMM.
Input : Population P , Maximum fitness evaluations

FEmax
Output : The archive A1

1 Initialization: Initialize NI solutions using LHS, and set
the number of fitness evaluations fe to NI , the
generation counter for using Kriging models ω = 1;
Initialize the archive A1;

2 V0 ← fixed set of reference vectors;
3 µ, σ ← Train GP models;
4 while fe < FEmax do
5 µ, σ ← Train GP model for each objective(A1);
6 fAUCB ← Calculate the amplified upper confidence

value (µ, σ) ;
7 Pc,Pd ← empty set;

/* convergence related optimization */

8 Pc ← Optimization based on the set of adaptive
reference vectors (A1, V0, fAUCB);

/* diversity related optimization */

9 Pd ← Optimization based on the set of fixed
reference vectors(A1, V0, fAUCB);

/* the performance indicator based sampling

*/

10 New ← Use the performance indicator based
sampling to select one solution for real objective
function evaluation (Pc, Pd, A1) ;

11 A1 ← A1 ∪New;
12 fe ← fe+ 1;
13 end

The pseudo code of RVMM is detailed in Algorithm 1. In
RVMM, one GP model is built for each objective to represent
the true objective. Firstly, the initial population is sampled
by using the Latin hypercube sampling (LHS) [35] and an
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Fig. 2: The flowchart of the proposed RVMM.

archive A1 is adopted to preserve all the solutions that have
been evaluated using real objective functions. In Line 5, all
the evaluated solutions in archive A1 are used to train the
GP models. For each GP model built for each objective,
the GP model can provide the predicted mean value µ and
the standard deviation σ given the position of any solution.
Thus, we can conduct the optimization using the predicted
values of GP models instead of the true objective value for
handling expensive problems. In RVMM, we propose to use
two optimization processes as in Line 8 and Line 9, to optimize
the amplified upper confidence value fAUCB values defined
in (8), which will be discussed in detail in the next subsection.
The solutions obtained by the convergence related optimization
(Pc) and diversity related optimization (Pd) are then selected
according to convergence and diversity related criteria, as
depicted in Line 10 for real objective functions. The solution
New in Line 10 that is evaluated using real objective function
will be preserved in archive A1.

B. Adaptive model management

Firstly, we propose a new acquisition function, termed
amplified upper confidence bound (AUCB) value:

fAUCB = f̂(xnew) + k ·max(min(σ̂(xnew), 1), σ̂2(xnew)),
(8)

where f̂(xnew), σ̂(xnew) are the mean value, and the standard
deviation value of a new solution xnew predicted by GP
models, respectively. k is a predefined parameter to weight
the second term. AUCB comprises the predicted mean value
and the uncertainty information. In contrast to the standard
upper confidence bound which weights the predicted mean
f̂(xnew) and standard deviation σ̂(xnew), the second term
in (8) amplifies the influence of the uncertainty. Specifically,
if σ̂(xnew) is smaller than one, σ̂(xnew) is used; otherwise,
σ̂2(xnew) is used. In this way, it guarantees that the second
term of amplified upper confidence bound is always larger than
or at least equal to the standard deviation.

The AUCB acquisition function will be optimized by RVEA
according to two sets of reference vectors (which will be
discussed in detail in the next subsection) to strike a balance
between convergence and diversity. Then, we propose criteria

to select one solution (either related to convergence or diversity)
to be evaluated using the real objective functions.

After optimizing the AUCB acquisition function, we further
adopt convergence or diversity related criteria to select one
solution that is of either the best convergence or best diversity
for evaluations using the real objective functions. As shown in
Algorithm 2, after conducting non-dominated sorting on the
predicted solutions Pc and Pd obtained by the convergence
related optimization and diversity related optimization in Lines
1 to 2, we obtain the non-dominated solution Pndc and Pndd . We
then calculate the Euclidean distance between the solution Pndc
and the non-dominated solution And1 in the objective space,
where And1 denotes the non-dominated solutions in the archive
A1. If the solution with the largest Euclidean distance d is
not dominated by any solutions in And1 and dominates at least
one solution in And1 , it will be selected for evaluations using
the real objective functions, as shown in Lines 3 to 6. If no
solution in Pndc can satisfy the above mentioned criterion, then
we will select the solution with the largest contribution to the
diversity, as shown in Lines 8 to 18. The diversity is measured
by the cosine distance between the normalized solutions of
Pndd and And1 , termed Pnorm and Anorm, and the solution
with the largest cosine distance is selected for real function
evaluation. As shown in Lines 11 to 16, a condition based
on the inverted generalized distance (IGD) [36] between the
Pnorm and normalized And1 is adopted to determine whether
zmin or za should be used to normalize And1 , where zmin is the
minimum value of all objectives of all predicted solutions and
the solutions that have been evaluated using the real objective
functions, and za is the minimum value of all objectives of
the solutions that have been evaluated using the real objective
functions.

C. Two optimization processes

In this subsection, we propose to use two separate op-
timization processes, i.e., convergence related optimization
process and diversity related optimization process, according
to one set of adaptive reference vectors and one set of
fixed reference vectors, respectively, to optimize the AUCB
acquisition function. It is known that the reference vectors in
RVEA can be used to guide the search process. With a set of
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Algorithm 2: Criteria for querying solutions.
Input : Solution set Pc and Pd by two optimizer, the

non-dominated solutions in archive And1
Output : The solution for true evaluation New

1 Pndc ← Non-dominated sorting(Pc);
2 Pndd ← Non-dominated sorting(Pd);
3 d ← Calculate the Euclidean distance between Pndc and

And1 . If one solution in Pndc dominate its nearest
solution in And1 , d keeps unchanged; otherwise, d is
set to zero;

4 sdmax ← Select the solution with the largest d;
5 if sdmax is not dominated by any solutions in And1 and

dominates at least one solution in And1 then
/* Select the solution with best convergence

contribution */

6 New ← sdmax;
7 else

/* Select the solution with best diversity

contribution */

8 zmin ← Calculate the minimum value of all
objectives of all predicted solutions and the
solutions that have been evaluated using real
objective functions;

9 za ← Calculate the minimum value of all objectives
of the solutions that have been evaluated using real
objective functions;

10 scale ← Calculate the maximum values minus the
minimum values of each objectives of the
combined set of P and And1 ;

11 Pnorm ← Normalize the predicted solutions using
Pnd

d −zmin

scale ;

12 if IGD(Pnorm,A
nd
2 −zmin

scale )<=IGD(Pnorm,A
nd
2 −za
scale )

then
13 Anorm ← Normalize the predicted solutions

using And
2 −zmin

scale ;
14 else
15 Anorm ← Normalize the predicted solutions

using And
2 −Za

scale ;
16 end
17 α ← Calculate the angle between Pnorm and

Anorm;
18 New ← Select the solution with the largest α;
19 end

evenly distributed reference vectors to guide the search in the
optimization process accounting for diversity, it is expected
to obtain a set of solutions that are also evenly distributed in
the objective space. Thus, the optimization process accounting
for the diversity is based on a set of fixed reference vectors
covering the whole objective space. For the optimization
process accounting for convergence, a set of adaptive reference
vectors is adopted, where we limit the number of reference
vectors to a fixed value Nv. To better illustrate the adopted
two sets of reference vectors, an example is given in Fig. 3.

Algorithm 3: Convergence related and diversity related
optimization processes.
Input : Population P , Reference vectors V0
Output : Pc,Pd

1 Initialization: the generation counter for using Kriging
models ω = 1; Initialize the archive A1;

2 Pc,Pd ← Empty set;
3 xA1 ← Decision variables of solutions in A1;
4 And1 ← Non-dominated sorting(A1);
/* convergence related optimization process */

5 V1 ← V0 · (max(And1 )−min(And1 )));
6 Va ← Select the active reference vectors in V1;
7 Va ← Group Va into Nv clusters and randomly select

one from each cluster;
8 xpop1 ← xA1;
9 for ω = 1 : ωmax do

/* Generate N offspring */

10 xoff1 ← Reproduction(xpop1,N );
11 xpop1 ← xpop1 ∪ xoff1;
12 ŷpop1, σpop1 ← Predict the objective values of

xpop1 using GP models;
13 ŷpop1fucb ← fAUCB(x

pop1) ;
14 xpop1 ← Environmental selection(xpop1,

ŷpop1fucb,x
off1,xA1 ,Va);

15 ω ← ω + 1;
16 end
17 ŷpop1 ← Predict mean values by GP models ( xpop1) ;
18 Pc ← (xpop1,ŷpop1);

/* diversity related optimization process */

19 xpop2 ← xA1;
20 for ω = 1 : ωmax do

/* Generate Nd offspring */

21 Nd ← The number of solutions in xpop2;
22 xoff2 ← Reproduction(xpop2,Nd);
23 xpop2 ← xpop2 ∪ xoff2;
24 ŷpop2, σpop2 ← Predict the objective values of

xpop2 using GP models;
25 ŷpop2fucb ← fAUCB(x

pop2) ;
26 xpop2 ← Environmental selection(xpop2, ŷpop2fucb,

xoff2,xA1 ,V0);
27 ω ← ω + 1;
28 end
29 ŷpop2 ← Predict mean values by GP models ( x̂pop2) ;
30 Pd ← (xpop2,ŷpop2);

All the reference vectors in Fig. 3 are used in the diversity
related optimization process while the reference vectors in
the convergence related optimization process are obtained by
randomly selecting one reference vector from each cluster by
grouping the active reference vectors using k-means.

The pseudo code of the convergence related optimization
process and diversity related optimization process is given
in Algorithm 3. Lines 5 to 18 show the main steps of the
convergence related optimization process. We first use the
non-dominated solutions in the archive to select the active
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Algorithm 4: Environmental selection.
Input : The decision variables xpop and objective

values ŷpopfucb of the combined set of current
population and offspring, the decision
variables of offspring xoff , the decision
variables of archive xA1 , reference vectors V

Output : xpop
1 xes, ŷes ← selection based on APD scalarizing

function(xpop, ŷpopfucb,V );
/* Judge whether no predicted solutions are

survived in APD selection */

2 if xes ⊂ xA1 then
/* Select solutions on the first front */

3 ŷoff ← Predict mean values by GP models ( x̂off )
;

4 yoff , xoff ← Non-dominated sorting (yoff );
5 xpop ← xes ∪ xoff ;
6 end

Solutions

f1

f2
Cluster the active 
reference vectors

Z*

Fig. 3: Illustration of the set of predefined reference vectors and the
set of adaptive reference vectors. The set of adaptive reference vectors
is obtained by randomly selecting one active reference vector in each
cluster grouped by k-means.

reference vectors and one reference vector is randomly picked
up from each cluster grouped by k-means (Lines 5 to 7).
Then the solutions in the archive are adopted as the initial
population for the optimization process. From Lines 9 to 15,
the optimization process is conducted by RVEA with the
grouped active reference vectors Va. In Lines 13 to 14, the
optimization is conducted on the amplified upper confidence
bound value. Note that the activeness of reference vectors in the
convergence related optimization process is determined by the
real objective values of non-dominated solutions in the archive,
while the selected active reference vectors are used to guide the
search of the amplified upper confidence bound value. For the
convergence related optimization process, it is expected to find
solutions that dominate the existing non-dominated solutions
in the archive. By using the grouped active reference vectors
to guide the optimization of the amplified upper confidence
value, it is expected that only the solutions with both a small
amount of uncertainty and a small predicted mean can survive
in the environmental selection. It can occasionally happen that
no candidate solution in the offspring population can survive
in the APD based selection. In this case, we further select

non-dominated solutions in the offspring population to pass to
the next generation, as shown in Lines 1 to 5 in Algorithm 4.
For the diversity related optimization process, we still adopt
RVEA with the set of predefined reference vectors. Since it is
expected to obtain a set of solutions that can contribute more to
the diversity of the population, the predefined reference vectors
covering the whole objective space can help achieve this goal,
as given in Lines 19 to 30.

Optimization of the amplified upper confidence bound value
in the two optimization processes can help preserve the
solution with both very small predicted mean values and
a very small amount of uncertainty. An example is given
in Fig. 4 to illustrate the optimization in the convergence
related optimization process. In Fig. 4(a), the mean positions
of solution s1 to s3 are associated with reference vector v2

in terms of cosine distance; thus, v2 is an active reference
vector that can be used to guide the search process. In
Fig. 4(b), since the uncertainty value of s1 is relatively large,
the model prediction around s2 may not be accurate; thus, if
the optimization is based on the UCB values, then solutions s1
and s2 will both have a chance to be selected. However, it is
expected that only the solutions with both small predicted mean
values and a small amount of uncertainty should be selected
for the convergence related optimizer. Thus, after amplifying
the uncertainty as in (8), in Fig. 4(c), only s2 (but not s1) will
be selected.

IV. EXPERIMENTAL RESULTS

A. Experimental settings

We use DTLZ [37], WFG [38], DPF [39] and MaF [40] test
suites for experimental studies, with the numbers of objectives
being set to 3, 5, or 10, and the numbers of design variables
set to 10 or 50. The maximum number of fitness evaluations
for 10- and 50-dimensional test instances is set to 300 and 800,
respectively. The population size for 3-, 5-, or 10-objective
test instances is set to 105, 126 and 230, respectively. The
parameter k in (8) is set to 0.5 and the number of reference
vectors in the convergence related optimization process is set
to 5. The number of initially sampled solutions NI is set
to 11 ·D − 1, where D is the number of decision variables.
Parameter k in (8) is set to 0.5. The number of reference
vectors in the convergence related optimization process Nv
is set to 5 and the maximum number of generations of using
Kriging models ωmax is set to 20. The results of sensitivity
analyses of k, Nv and ωmax are shown in Fig. S1 to Fig. S3
of the Supplementary material.

Inverted generational distance plus (IGD+) [41] is adopted
as the performance indicator to evaluate the performance of
RVMM and seven compared algorithms. The smaller the IGD+

value is, the better the performance is. All experiments are
conducted based on PlatEMO [42] and the uniformly distributed
reference points (as well as the fixed set of reference vectors)
are sampled from true Pareto fronts are generated using simplex-
lattice design method [43].
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Mean position

UCB position
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Mean position

(a) mean positions of predicted 

solutions

(c) mean positions and AUCB 

positions of predicted solutions
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positions of predicted solutions

f1
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Fig. 4: Illustration of the optimization of amplified upper confidence bound value of predicted solutions for guiding the search process. (a)
Solution s1 to s3 denoted by squares in terms the predicted mean value are assigned to reference vector v2. (b) The UCB positions of solution
s1 to s3 are denoted by circles. The shaded area denotes the predicted standard deviation outputted by GP models. Optimization process
conducted on UCB values may result in that s1 and s2 will both have a chance to be selected. (c) The AUCB positions of solution s1 to s3
are denoted by circle. Compared with (b), the uncertainty information in AUCB is amplified, denoted by the shaded area. The optimization
processes conducted on AUCB values will ensure that only s2 is selected.

B. Compared algorithms

To assess the performance of RVMM, the following seven
state-of-the-art surrogate-assisted evolutionary algorithms are
used for comparisons.

• K-RVEA [13]: RVEA is adopted as the optimizer in K-
RVEA and one GP model is built for each objective. The
optimization is conducted on the basis of the predicted
mean values of GP models, and the acquisition function
is based on the APD distance and the uncertainty.

• KTA2 [10]: An adaptive acquisition function that is able to
predict when convergence, diversity or uncertainty shall be
emphasized during the search process on the basis of the
prediction of three Gaussian process models. Two Arch2
[44] is adopted as the optimizer, which is based on one
convergence based archive and one diversity based archive
to balance exploration and exploitation.

• ABMOEA [45]: The adaptive acquisition function is
composed of the normalized predicted mean values and
the standard deviation of Gaussian process models, which
are weighted by the generation number.

• HSMEA [46]: The selection of infill solutions is achieved
by a local search on the solutions that are selected by two
sets of reference vectors (one of which originates from
the ideal point and the other originates from the nadir
point), to solve problems with inverted Pareto fronts.

• CSEA [24]: An artificial neural network is used to
predict the dominance relationship between solutions.
Consequently, the quality of solutions can be compared
by the predicted dominance relationship.

• MOEA/D-EGO [12]: Several solutions instead of one can
be selected for real function evaluations. A set of single
objective problems can be constructed by the predictive
models of the scalarizing function, and MOEA/D [47] is
adopted as optimizer.

• EIMEGO [17]: Three expected improvement matrix are
proposed as the acquisition function, and differential
evolution algorithm is adopted as the optimizer.

C. Overall performance

In this section, we will discuss the experimental results
obtained by RVMM and seven compared algorithms. Table I
and Table II present the IGD+ values achieved by RVMM
and the seven compared algorithms on solving problems with
regular and irregular PFs 1, respectively. The best results
are highlighted in grey in Table I and Table II. Overall,
RVMM shows competitive performance over seven compared
algorithms on most test instances.

As shown in Table I, RVMM has achieved the best
performance on 24 out of 39 test instances on problems
with regular PF. Particularly, on multi-modal problems such
as DTLZ1, DTLZ3 and DTLZ4, the mean IGD+ achieved
by RVMM is significantly better than the seven compared
algorithms. Besides, RVMM can also achieve competitive
results on handling complex WFG test problems (WFG4-8,
MaF10 (same as WFG1), MaF12 (same as WFG9)), despite
the fact that WFG test suite is of complex properties, e.g.,
non-separable, deceptive and multimodal. Note that CSEA
is demonstrated to be able to quickly converge on handling
multimodal problems such as DTLZ1 and DTLZ3, as discussed
in [10], [24]. However, it is observed that the IGD+ values of
the solution set obtained by RVMM are much lower than that
obtained by CSEA on solving DTLZ1 and DTLZ3, indicating
the effectiveness of RVMM on handling multimodal problems.
As can be further observed in Fig. 5, the solution set obtained
by RVMM is more converged than the solution sets obtained
by the algorithms under comparison on solving DTLZ1. Fig. 5
shows that RVMM can not only converge well on multi-modal
problems such as DTLZ1 but also can achieve a set of well-
diversified solutions on handling problems that are easy to
converge such as DTLZ2.

As shown in Table II, RVMM has achieved the best
performance on 20 out of 48 test instances on problems with
irregular PF. Particularly, on degenerate DPF1, DPF3, DPF5

1A PF is called irregular if it can not cover the whole objective space;
otherwise, it is regular
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TABLE I: The IGD+ vaues of solutions obtained by RVMM, K-RVEA, KTA2, AB-MOEA,MOEA/D-EGO, CSEA, HSMEA and EIM-EGO
on solving 10-dimensional regular problems and the maximum fitness evaluations for 3-, 5- and 10-objective problems is set to 300.

Problem M RVMM K-RVEA KTA2 ABMOEA HSMEA CSEA MOEA/D-EGO EIMEGO

DTLZ1
3 2.06e+1 (7.23e+0) 8.55e+1 (2.35e+1) − 5.23e+1 (1.68e+1) − 7.59e+1 (1.81e+1) − 6.16e+1 (6.93e+0) − 5.50e+1 (1.24e+1) − 8.79e+1 (1.69e+1) − 8.20e+1 (1.59e+1) −
5 1.15e+1 (4.54e+0) 4.42e+1 (1.42e+1) − 2.73e+1 (1.13e+1) − 4.33e+1 (1.37e+1) − 3.67e+1 (3.96e+0) − 2.34e+1 (6.88e+0) − 5.06e+1 (7.66e+0) − 4.24e+1 (7.40e+0) −

10 1.98e-1 (5.12e-2) 3.12e-1 (1.38e-1) − 2.58e-1 (1.02e-1) − 2.17e-1 (7.79e-2) ≈ 3.78e-1 (1.29e-1) − 2.26e-1 (9.34e-2) ≈ 3.80e-1 (1.29e-1) − 3.04e-1 (1.17e-1) −

DTLZ2
3 3.84e-2 (2.65e-3) 7.86e-2 (1.40e-2) − 3.65e-2 (2.36e-3) + 5.22e-2 (5.94e-3) − 4.49e-2 (3.81e-3) − 1.56e-1 (3.18e-2) − 2.42e-1 (3.05e-2) − 1.04e-1 (1.26e-2) −
5 1.09e-1 (6.89e-3) 1.67e-1 (2.11e-2) − 1.42e-1 (7.24e-3) − 1.36e-1 (1.54e-2) − 1.76e-1 (9.41e-3) − 2.68e-1 (2.70e-2) − 3.38e-1 (2.55e-2) − 1.69e-1 (9.13e-3) −

10 2.07e-1 (6.11e-3) 3.01e-1 (4.20e-2) − 3.54e-1 (2.39e-2) − 2.14e-1 (2.02e-2) ≈ 2.30e-1 (6.79e-3) − 3.90e-1 (2.07e-2) − 2.92e-1 (2.25e-2) − 2.61e-1 (1.77e-2) −

DTLZ3
3 7.11e+1 (3.05e+1) 2.17e+2 (6.19e+1) − 1.33e+2 (3.50e+1) − 2.16e+2 (6.19e+1) − 1.75e+2 (1.04e+1) − 1.52e+2 (3.34e+1) − 1.90e+2 (2.71e+1) − 2.27e+2 (4.95e+1) −
5 4.66e+1 (1.57e+1) 1.13e+2 (3.48e+1) − 8.58e+1 (2.84e+1) − 1.27e+2 (2.97e+1) − 1.11e+2 (1.73e+1) − 8.26e+1 (2.39e+1) − 1.26e+2 (1.60e+1) − 1.20e+2 (2.65e+1) −

10 7.09e-1 (2.62e-1) 9.02e-1 (4.00e-1) − 7.71e-1 (2.50e-1) − 8.71e-1 (3.70e-1) ≈ 1.25e+0 (6.58e-1) − 7.91e-1 (4.14e-1) ≈ 9.30e-1 (3.83e-1) − 9.49e-1 (2.88e-1) −

DTLZ4
3 2.40e-1 (4.72e-2) 2.44e-1 (7.16e-2) ≈ 2.18e-1 (9.97e-2) ≈ 2.52e-1 (1.03e-1) ≈ 2.02e-1 (5.97e-2) + 2.79e-1 (9.73e-2) ≈ 4.65e-1 (5.93e-2) − 4.19e-1 (7.69e-2) −
5 3.24e-1 (4.95e-2) 3.04e-1 (6.35e-2) ≈ 3.28e-1 (8.65e-2) ≈ 2.82e-1 (7.53e-2) ≈ 3.47e-1 (6.06e-2) ≈ 2.27e-1 (3.51e-2) + 4.48e-1 (3.71e-2) − 4.84e-1 (5.43e-2) −

10 2.37e-1 (1.72e-2) 2.46e-1 (1.52e-2) ≈ 2.85e-1 (2.41e-2) − 2.43e-1 (1.96e-2) ≈ 2.51e-1 (7.67e-3) − 2.97e-1 (2.46e-2) − 2.67e-1 (6.83e-3) − 2.70e-1 (1.03e-2) −

WFG4
3 3.16e-1 (2.23e-2) 3.72e-1 (1.94e-2) − 3.50e-1 (3.07e-2) − 3.33e-1 (2.19e-2) − 3.92e-1 (3.20e-2) − 3.46e-1 (4.02e-2) − 4.12e-1 (1.80e-2) − 4.56e-1 (2.30e-2) −
5 6.50e-1 (4.08e-2) 7.87e-1 (4.67e-2) − 8.82e-1 (9.59e-2) − 7.61e-1 (6.41e-2) − 8.46e-1 (5.34e-2) − 1.38e+0 (3.78e-1) − 9.64e-1 (9.83e-2) − 9.96e-1 (4.62e-2) −

10 1.67e+0 (3.27e-1) 4.05e+0 (6.56e-1) − 3.39e+0 (4.91e-1) − 3.64e+0 (7.01e-1) − 2.72e+0 (7.94e-1) − 7.32e+0 (7.26e-1) − 1.76e+0 (4.18e-1) ≈ 2.06e+0 (2.25e-1) −

WFG5
3 2.33e-1 (6.70e-2) 3.43e-1 (8.24e-2) − 1.98e-1 (4.56e-2) ≈ 3.29e-1 (5.32e-2) − 2.10e-1 (1.38e-2) ≈ 4.05e-1 (4.69e-2) − 4.12e-1 (4.72e-2) − 1.65e-1 (3.08e-2) +
5 6.55e-1 (7.08e-2) 7.87e-1 (8.94e-2) − 9.01e-1 (1.81e-1) − 8.10e-1 (7.30e-2) − 7.25e-1 (6.18e-2) − 1.13e+0 (2.43e-1) − 1.40e+0 (1.69e-1) − 6.20e-1 (6.61e-2) ≈

10 1.96e+0 (6.43e-1) 3.02e+0 (1.17e+0) − 3.84e+0 (7.76e-1) − 2.53e+0 (6.61e-1) − 3.37e+0 (6.54e-1) − 5.72e+0 (3.47e-1) − 5.48e+0 (6.52e-1) − 2.54e+0 (4.90e-1) −

WFG6
3 4.16e-1 (1.12e-1) 6.09e-1 (6.90e-2) − 5.72e-1 (5.73e-2) − 5.50e-1 (8.18e-2) − 4.62e-1 (4.03e-2) ≈ 5.49e-1 (5.15e-2) − 6.18e-1 (1.90e-2) − 4.92e-1 (5.39e-2) −
5 7.78e-1 (1.11e-1) 1.06e+0 (1.34e-1) − 1.14e+0 (6.69e-2) − 9.55e-1 (8.08e-2) − 9.94e-1 (3.61e-2) − 1.23e+0 (2.15e-1) − 1.08e+0 (5.06e-2) − 9.59e-1 (6.58e-2) −

10 1.24e+0 (5.11e-2) 2.07e+0 (1.26e+0) − 4.38e+0 (6.37e-1) − 1.45e+0 (4.06e-1) ≈ 1.77e+0 (2.45e-1) − 5.81e+0 (5.40e-1) − 3.11e+0 (1.29e+0) − 1.90e+0 (1.35e-1) −

WFG7
3 4.30e-1 (2.80e-2) 4.82e-1 (2.52e-2) − 4.80e-1 (2.61e-2) − 4.33e-1 (2.34e-2) ≈ 4.95e-1 (3.53e-2) − 4.47e-1 (6.07e-2) ≈ 5.47e-1 (3.10e-2) − 5.89e-1 (3.22e-2) −
5 7.07e-1 (4.53e-2) 8.83e-1 (4.41e-2) − 1.01e+0 (5.61e-2) − 8.13e-1 (8.71e-2) − 1.02e+0 (7.96e-2) − 1.14e+0 (2.23e-1) − 1.61e+0 (1.98e-1) − 1.13e+0 (7.18e-2) −

10 3.55e+0 (1.14e+0) 3.91e+0 (9.57e-1) ≈ 3.52e+0 (4.09e-1) ≈ 3.96e+0 (3.94e-1) ≈ 4.52e+0 (1.02e+0) − 6.42e+0 (5.29e-1) − 6.19e+0 (6.89e-1) − 3.49e+0 (2.97e-1) ≈

WFG8
3 5.02e-1 (5.25e-2) 5.70e-1 (2.84e-2) − 4.87e-1 (4.16e-2) ≈ 5.60e-1 (2.83e-2) − 5.29e-1 (4.86e-2) − 6.11e-1 (4.79e-2) − 7.49e-1 (2.66e-2) − 5.68e-1 (5.01e-2) −
5 1.25e+0 (5.65e-2) 1.44e+0 (7.77e-2) − 1.42e+0 (4.27e-2) − 1.33e+0 (7.26e-2) − 1.35e+0 (4.73e-2) − 1.82e+0 (1.50e-1) − 1.65e+0 (2.09e-1) − 1.42e+0 (6.33e-2) −

10 2.19e+0 (4.15e-1) 3.67e+0 (1.32e+0) − 5.66e+0 (5.96e-1) − 3.27e+0 (6.00e-1) − 3.82e+0 (1.12e+0) − 6.83e+0 (5.04e-1) − 4.22e+0 (9.63e-1) − 3.23e+0 (1.54e-1) −

MaF3
3 2.74e+5 (2.42e+5) 5.48e+5 (2.75e+5) − 4.19e+5 (2.93e+5) ≈ 3.65e+5 (1.98e+5) ≈ 8.89e+4 (1.14e+5) + 1.87e+5 (1.24e+5) ≈ 6.72e+4 (4.70e+4) + 3.41e+5 (1.94e+5) ≈
5 1.16e+5 (6.38e+4) 1.69e+5 (7.58e+4) − 2.26e+5 (9.43e+4) − 2.13e+5 (1.17e+5) − 7.14e+4 (9.89e+4) + 1.14e+5 (8.85e+4) ≈ 2.49e+4 (1.34e+4) + 1.04e+5 (6.56e+4) ≈

10 2.40e+0 (2.08e+0) 2.87e+0 (4.46e+0) ≈ 1.21e+0 (1.28e+0) + 2.12e+0 (3.54e+0) ≈ 2.41e+0 (2.20e+0) ≈ 8.31e-1 (1.07e+0) + 1.87e+0 (5.08e+0) + 2.16e+0 (2.28e+0) ≈

MaF5
3 9.21e-1 (3.50e-1) 1.00e+0 (2.94e-1) ≈ 6.99e-1 (3.52e-1) ≈ 1.07e+0 (3.44e-1) ≈ 7.45e-1 (3.44e-1) ≈ 9.90e-1 (8.00e-1) ≈ 1.61e+0 (2.58e-1) − 1.66e+0 (3.26e-1) −
5 1.28e+0 (3.14e-1) 1.74e+0 (4.20e-1) − 1.84e+0 (7.13e-1) − 1.60e+0 (3.85e-1) − 1.72e+0 (2.60e-1) − 1.08e+0 (1.75e-1) + 1.93e+0 (2.38e-1) − 1.96e+0 (3.93e-1) −

10 1.47e+0 (2.43e-1) 3.06e+0 (2.91e+0) − 2.44e+0 (2.13e+0) − 2.36e+0 (1.46e+0) − 1.49e+0 (8.44e-2) − 2.43e+0 (1.45e+0) − 1.49e+0 (7.90e-2) − 1.49e+0 (5.99e-2) −

MaF10
3 1.66e+0 (5.56e-2) 1.68e+0 (6.78e-2) ≈ 1.82e+0 (1.90e-1) − 1.72e+0 (1.04e-1) − 1.66e+0 (4.08e-2) ≈ 1.68e+0 (8.21e-2) ≈ 2.11e+0 (7.60e-2) − 1.72e+0 (8.92e-2) −
5 2.11e+0 (8.07e-2) 2.19e+0 (9.80e-2) − 2.23e+0 (1.27e-1) − 2.20e+0 (7.52e-2) − 2.06e+0 (5.12e-2) ≈ 2.17e+0 (9.28e-2) − 2.51e+0 (5.66e-2) − 2.11e+0 (9.58e-2) ≈

10 2.48e+0 (4.68e-1) 2.78e+0 (1.23e-1) − 2.42e+0 (6.07e-1) ≈ 2.74e+0 (4.93e-1) − 2.72e+0 (8.81e-2) − 2.71e+0 (1.06e-1) − 3.11e+0 (5.52e-2) − 2.73e+0 (7.47e-2) −

MaF12
3 4.17e-1 (7.98e-2) 5.48e-1 (8.34e-2) − 5.25e-1 (8.05e-2) − 4.91e-1 (7.91e-2) − 5.57e-1 (6.03e-2) − 5.72e-1 (8.61e-2) − 6.60e-1 (5.59e-2) − 6.23e-1 (7.39e-2) −
5 1.01e+0 (2.20e-1) 1.19e+0 (1.94e-1) − 1.19e+0 (2.60e-1) − 1.13e+0 (2.25e-1) − 1.53e+0 (2.70e-1) − 1.55e+0 (2.74e-1) − 1.77e+0 (2.79e-1) − 1.34e+0 (9.30e-2) −

10 4.07e+0 (8.51e-1) 4.76e+0 (7.79e-1) − 4.15e+0 (7.88e-1) ≈ 4.37e+0 (8.75e-1) ≈ 6.00e+0 (6.00e-1) − 6.25e+0 (6.35e-1) − 6.14e+0 (6.55e-1) − 4.08e+0 (5.54e-1) ≈
+/− / ≈ 0/32/7 2/28/9 0/26/13 3/29/7 3/28/8 3/35/1 1/31/7

1 Here +/− / ≈ indicates whether the compared algorithms are statistically significantly better, worse, or equivalent to RVMM.

and MaF6, the IGD+ achieved by RVMM is significantly better
than the seven compared algorithms. It is interesting to see
that HSMEA can also achieve competitive results in handling
degenerate problems such as DPF2, DTLZ5 and DTLZ6. Note
that in HSMEA, in order to obtain a set of well-converged
solutions, a local search is further conducted for each infilled
solution selected by two sets of predefined reference vectors.
The experimental results in Table I and Table II indicate
that HSMEA is able to obtain well-converged solutions in
handling degenerate problems while the performance on regular
problems such as DTLZ1-4 is not as competitive as RVMM,
which could be attributed to the fact that the local search in
HSMEA is merely based on the predicted mean value without
considering the uncertainty.

As shown in Table II, the performance of RVMM on handling
inverted problems (IDTLZ1, IDTLZ2, MaF1, and MaF4) and
discontinuous problems (MaF7 and MaF11) is also highly
competitive. Particularly, on inverted problems such as MaF1
and MaF4, and discontinuous problems such as MaF7 and
MaF11, the mean IGD+ of the solution set achieved by RVMM
is significantly better than the seven compared algorithms. As
can be further observed in Fig. 6, the solution set obtained
by RVMM is not only well converged but also evenly spread.
By contrast, as shown in Fig. 6, the solution sets obtained
some of the compared algorithms (e.g., K-RVEA, KTA2 and
EIMEGO) are not well spread. Note that in K-RVEA and KT2,
the convergence and diversity have already been considered in
the design of the acquisition function. The results indicate that

apart from the design of the acquisition function, the balance of
exploration and exploitation of multi-objectives of the search
process is also vital in order to achieve a set of well-converged
and well-diversified solutions.

In summary, RVMM is able to perform well on both regular
and irregular problems, indicating the robust performance of the
proposed reference vector assisted model management strategy.
In addition to the study of the performance of each algorithm,
the runtime is also important for SAEAs. Therefore, we add a
comparison of the runtime of each algorithm, and the results
are included in Section III of the Supplementary material.

D. Performance on medium-dimensional problems

To demonstrate that the proposed algorithm can also perform
well when the number of decision variables is increased,
we further conduct experiments on handling 50-dimensional
test instances with 3, 5, and 10 objectives. The maximum
number of fitness evaluations is set to 800. Since the training
of GP models is very time-consuming when the number
of training data is large, to save the computational cost
of RVMM on solving medium-dimensional problems, we
use the incremental GP [48] instead of original GP as the
surrogate model for solving 50-dimensional test instances.
RVMM is compared with EDN-ARMOEA [15], K-RVEA,
CSEA, MOEA/D-EGO and KTA2, and the results on handling
regular and irregular test instances are shown in Table SI
and Table SII, respectively, in the Supplementary material.
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TABLE II: The IGD+ vaues of solutions obtained by RVMM, K-RVEA, KTA2, AB-MOEA,MOEA/D-EGO, CSEA, HSMEA and EIM-EGO
on solving 10-dimensional irregular problems and the maximum fitness evaluations for 3-, 5- and 10-objective problems is set to 300.

Problem M RVMM K-RVEA KTA2 ABMOEA HSMEA CSEA MOEA/D-EGO EIMEGO

DPF1
3 2.72e+1 (7.74e+0) 6.90e+1 (1.86e+1) − 5.90e+1 (2.55e+1) − 8.75e+1 (3.32e+1) − 9.77e+1 (9.46e+0) − 1.06e+2 (2.65e+1) − 1.39e+2 (3.14e+1) − 1.51e+2 (2.95e+1) −
5 3.32e+1 (1.23e+1) 5.72e+1 (1.97e+1) − 5.56e+1 (1.73e+1) − 6.61e+1 (2.31e+1) − 9.94e+1 (7.16e+0) − 7.93e+1 (2.19e+1) − 1.09e+2 (1.54e+1) − 1.24e+2 (2.27e+1) −

10 2.61e+1 (1.21e+1) 3.94e+1 (1.28e+1) − 5.60e+1 (2.04e+1) − 3.73e+1 (1.15e+1) − 8.05e+1 (1.97e+1) − 5.04e+1 (1.56e+1) − 1.01e+2 (1.69e+1) − 9.85e+1 (1.58e+1) −

DPF2
3 4.02e-2 (1.13e-2) 1.87e-1 (5.85e-2) − 7.42e-2 (3.01e-1) − 3.22e-1 (1.39e-1) − 3.23e-2 (1.23e-2) + 6.48e+0 (5.69e+0) − 4.53e-1 (3.54e-1) − 4.50e-1 (2.10e-1) −
5 1.34e-1 (2.88e-2) 1.40e-1 (4.72e-2) ≈ 1.24e-1 (1.53e-1) + 1.71e-1 (4.81e-2) − 1.41e-1 (6.01e-2) ≈ 5.75e+0 (2.10e+0) − 1.13e+0 (5.59e-1) − 4.30e-1 (2.49e-1) −

10 1.62e+0 (1.17e+0) 9.59e-1 (2.64e-1) + 1.89e+0 (8.14e-1) ≈ 7.12e-1 (2.21e-1) + 8.49e-1 (2.33e-1) + 3.01e+1 (1.04e+1) − 4.94e+0 (2.33e+0) − 2.06e+0 (9.38e-1) −

DPF3
3 6.57e-2 (3.49e-2) 9.71e-2 (4.31e-2) − 1.01e-1 (4.17e-2) − 1.15e-1 (4.94e-2) − 9.31e-2 (3.77e-2) − 6.70e-2 (1.32e-2) ≈ 1.83e-1 (4.95e-2) − 1.64e-1 (3.93e-2) −
5 2.34e-1 (1.33e-1) 2.02e-1 (9.98e-2) ≈ 1.83e-1 (5.99e-2) ≈ 2.72e-1 (1.04e-1) ≈ 3.22e-1 (8.79e-2) − 2.00e-1 (4.91e-2) ≈ 5.55e-1 (9.47e-2) − 4.37e-1 (6.98e-2) −

10 5.07e-1 (1.04e-1) 3.28e-1 (6.41e-2) + 3.92e-1 (9.53e-2) + 3.73e-1 (7.76e-2) + 5.55e-1 (5.03e-2) ≈ 4.40e-1 (9.43e-2) + 7.99e-1 (5.54e-2) − 5.72e-1 (6.90e-2) −

DPF4
3 2.58e+4 (1.09e+4) 1.99e+4 (9.07e+3) + 1.32e+4 (7.83e+3) + 2.04e+4 (8.65e+3) ≈ 1.34e+4 (8.67e+3) + 1.31e+4 (6.59e+3) + 1.07e+4 (4.16e+3) + 1.20e+4 (5.94e+3) +
5 3.77e+4 (2.46e+4) 3.70e+4 (1.71e+4) ≈ 1.94e+4 (1.02e+4) + 3.49e+4 (1.81e+4) ≈ 2.94e+4 (1.78e+4) ≈ 2.64e+4 (1.08e+4) ≈ 2.83e+4 (8.61e+3) ≈ 4.09e+4 (1.22e+4) ≈

10 4.17e+4 (2.34e+4) 1.25e+4 (1.00e+4) + 1.21e+4 (5.74e+3) + 9.60e+3 (6.06e+3) + 2.43e+4 (1.08e+4) + 6.36e+3 (4.99e+3) + 2.81e+4 (1.02e+4) ≈ 2.51e+4 (1.02e+4) +

DPF5
3 7.79e-2 (1.38e-2) 1.27e-1 (3.48e-2) − 8.03e-2 (1.92e-2) ≈ 1.06e-1 (2.47e-2) − 6.51e-2 (1.08e-2) + 1.49e-1 (2.22e-2) − 2.38e-1 (2.66e-2) − 9.67e-2 (1.38e-2) −
5 1.45e-1 (1.26e-2) 1.61e-1 (2.14e-2) − 2.31e-1 (2.48e-2) − 1.39e-1 (1.90e-2) ≈ 1.72e-1 (2.41e-2) − 2.48e-1 (3.77e-2) − 3.40e-1 (3.20e-2) − 1.78e-1 (1.23e-2) −

10 2.01e-1 (6.54e-3) 2.78e-1 (4.78e-2) − 3.44e-1 (2.97e-2) − 2.21e-1 (2.42e-2) − 2.39e-1 (1.76e-2) − 3.98e-1 (2.38e-2) − 2.94e-1 (3.01e-2) − 2.14e-1 (4.28e-3) −

DTLZ5
3 2.18e-2 (3.14e-3) 6.85e-2 (1.57e-2) − 8.10e-3 (1.45e-3) + 3.84e-2 (5.16e-3) − 8.62e-3 (1.10e-3) + 9.18e-2 (2.90e-2) − 1.80e-1 (2.48e-2) − 6.21e-2 (1.39e-2) −
5 2.73e-2 (3.43e-3) 3.72e-2 (8.18e-3) − 5.87e-2 (1.73e-2) − 3.14e-2 (5.97e-3) − 2.23e-2 (3.24e-3) + 6.97e-2 (2.46e-2) − 1.25e-1 (2.26e-2) − 5.15e-2 (8.35e-3) −

10 9.59e-3 (9.17e-4) 6.14e-3 (9.75e-4) + 1.36e-2 (1.35e-3) − 7.20e-3 (1.06e-3) + 7.61e-3 (1.36e-3) + 5.52e-3 (1.19e-3) + 1.07e-2 (7.10e-4) − 8.55e-3 (9.51e-4) +

DTLZ6
3 1.07e+0 (5.41e-1) 3.32e+0 (3.27e-1) − 1.86e+0 (4.25e-1) − 3.14e+0 (5.31e-1) − 4.28e-1 (4.63e-1) + 5.09e+0 (5.35e-1) − 2.40e+0 (6.84e-1) − 1.54e+0 (2.26e-1) −
5 6.94e-1 (3.22e-1) 1.87e+0 (3.93e-1) − 1.63e+0 (3.65e-1) − 2.04e+0 (4.11e-1) − 3.41e-1 (4.08e-1) + 3.84e+0 (4.69e-1) − 1.92e+0 (7.24e-1) − 8.57e-1 (1.56e-1) −

10 2.48e-2 (1.03e-2) 2.31e-2 (8.66e-3) ≈ 6.16e-2 (4.68e-2) − 3.03e-2 (2.16e-2) ≈ 4.28e-2 (1.40e-2) − 9.34e-2 (1.40e-1) − 5.16e-2 (1.76e-2) − 7.79e-2 (2.64e-2) −

MaF6
3 7.62e-2 (1.59e-2) 8.70e-1 (3.07e-1) − 2.58e-1 (5.63e-1) ≈ 1.77e-1 (5.24e-2) − 6.77e-2 (1.54e-2) ≈ 5.36e+0 (2.80e+0) − 9.52e+0 (3.96e+0) − 1.89e+0 (1.03e+0) −
5 9.13e-2 (2.79e-2) 2.75e-1 (6.53e-2) − 6.26e-2 (1.84e-2) + 8.49e-2 (3.92e-2) ≈ 1.13e-1 (3.33e-2) − 1.89e+0 (1.41e+0) − 4.32e+0 (1.69e+0) − 8.55e-1 (3.68e-1) −

10 2.38e-2 (1.36e-2) 1.34e-2 (6.37e-3) + 1.65e-2 (5.21e-3) ≈ 8.01e-3 (2.24e-3) + 1.66e-2 (1.23e-2) ≈ 1.53e-2 (5.19e-3) ≈ 2.56e-2 (6.65e-3) ≈ 1.57e-2 (2.91e-3) ≈

WFG3
3 2.49e-1 (1.92e-2) 3.94e-1 (6.68e-2) − 2.97e-1 (8.21e-2) ≈ 3.01e-1 (4.93e-2) − 1.90e-1 (2.80e-2) + 4.69e-1 (6.84e-2) − 6.33e-1 (3.95e-2) − 3.67e-1 (3.37e-2) −
5 4.01e-1 (5.19e-2) 4.92e-1 (7.18e-2) − 6.34e-1 (7.13e-2) − 3.58e-1 (5.60e-2) + 2.71e-1 (3.63e-2) + 5.27e-1 (8.49e-2) − 8.13e-1 (5.71e-2) − 5.97e-1 (7.58e-2) −

10 4.73e-1 (6.41e-2) 5.74e-1 (9.61e-2) − 8.58e-1 (9.77e-2) − 6.03e-1 (7.49e-2) − 2.96e-1 (5.75e-2) + 4.19e-1 (8.63e-2) + 7.93e-1 (9.70e-2) − 6.27e-1 (6.32e-2) −

IDTLZ1
3 3.38e+1 (1.20e+1) 6.30e+1 (2.75e+1) − 4.53e+1 (1.85e+1) ≈ 7.16e+1 (3.05e+1) − 1.13e+2 (1.55e+1) − 1.01e+2 (2.82e+1) − 1.36e+2 (2.58e+1) − 1.52e+2 (3.99e+1) −
5 4.50e+1 (1.86e+1) 4.53e+1 (1.63e+1) ≈ 4.22e+1 (1.15e+1) ≈ 3.82e+1 (1.07e+1) ≈ 7.55e+1 (4.43e+1) ≈ 8.10e+1 (2.57e+1) − 1.20e+2 (2.21e+1) − 1.20e+2 (1.73e+1) −

10 1.26e-1 (1.08e-2) 1.88e-1 (2.65e-2) − 1.84e-1 (2.06e-2) − 1.98e-1 (1.82e-2) − 1.84e-1 (1.42e-2) − 5.70e-1 (5.64e-1) − 5.30e-1 (6.08e-1) − 2.06e-1 (1.68e-2) −

IDTLZ2
3 3.50e-2 (1.71e-3) 4.97e-2 (5.20e-3) − 9.24e-2 (1.48e-2) − 4.13e-2 (3.07e-3) − 4.73e-2 (3.90e-3) − 1.12e-1 (1.76e-2) − 1.95e-1 (2.40e-2) − 6.23e-2 (3.58e-3) −
5 1.04e-1 (2.09e-3) 1.17e-1 (5.26e-3) − 2.09e-1 (8.36e-3) − 1.12e-1 (4.41e-3) − 1.55e-1 (7.52e-3) − 2.00e-1 (2.27e-2) − 3.78e-1 (3.28e-2) − 1.09e-1 (3.65e-3) −

10 2.21e-1 (2.79e-3) 3.14e-1 (4.61e-2) − 3.21e-1 (1.25e-2) − 3.09e-1 (1.72e-2) − 2.46e-1 (4.60e-3) − 3.42e-1 (4.67e-2) − 4.91e-1 (3.32e-2) − 2.28e-1 (3.68e-3) −

MaF1
3 3.46e-2 (1.86e-3) 5.38e-2 (4.36e-3) − 3.41e-2 (4.29e-3) ≈ 4.26e-2 (2.22e-3) − 5.64e-2 (5.01e-3) − 1.47e-1 (2.36e-2) − 3.05e-1 (3.42e-2) − 6.32e-2 (4.46e-3) −
5 8.65e-2 (2.51e-3) 1.03e-1 (2.16e-2) − 1.17e-1 (1.20e-2) − 9.89e-2 (3.92e-3) − 1.28e-1 (5.42e-3) − 2.09e-1 (2.85e-2) − 4.04e-1 (4.51e-2) − 9.92e-2 (4.25e-3) −

10 1.65e-1 (3.62e-3) 2.67e-1 (1.62e-2) − 2.50e-1 (3.68e-2) − 3.13e-1 (1.31e-2) − 1.93e-1 (5.50e-3) − 2.27e-1 (2.04e-2) − 3.25e-1 (1.43e-2) − 1.72e-1 (3.96e-3) −

MaF4
3 1.92e+2 (9.73e+1) 7.10e+2 (1.69e+2) − 4.50e+2 (1.65e+2) − 8.59e+2 (2.49e+2) − 6.13e+2 (1.13e+2) − 6.00e+2 (2.14e+2) − 8.01e+2 (2.22e+2) − 9.60e+2 (2.55e+2) −
5 5.93e+2 (1.97e+2) 1.31e+3 (4.94e+2) − 7.55e+2 (3.50e+2) ≈ 9.09e+2 (3.55e+2) − 1.58e+3 (8.56e+2) − 1.31e+3 (3.27e+2) − 2.30e+3 (3.26e+2) − 2.15e+3 (5.31e+2) −

10 1.96e+1 (4.76e+0) 4.70e+1 (4.35e+1) − 4.46e+1 (1.57e+1) − 5.54e+1 (8.30e+1) − 3.44e+1 (4.46e+1) − 7.56e+1 (6.83e+1) − 1.47e+2 (1.22e+2) − 4.94e+1 (2.30e+1) −

MaF7
3 5.52e-2 (8.93e-3) 6.26e-2 (5.74e-3) − 9.51e-2 (9.17e-2) ≈ 1.57e-1 (7.29e-2) − 6.13e-2 (2.65e-2) ≈ 1.50e+0 (5.68e-1) − 3.64e-1 (1.05e-1) − 5.09e-1 (3.27e-1) −
5 2.74e-1 (5.24e-2) 3.44e-1 (4.95e-2) − 3.29e-1 (1.40e-1) ≈ 1.10e+0 (4.60e-1) − 3.72e-1 (5.99e-2) − 3.54e+0 (1.12e+0) − 7.29e-1 (8.65e-2) − 7.55e-1 (3.18e-1) −

10 1.17e+0 (2.05e-1) 1.06e+0 (4.95e-2) ≈ 1.25e+0 (2.30e-1) ≈ 1.40e+0 (2.85e-1) − 1.02e+0 (4.05e-2) + 1.89e+0 (3.95e-1) − 1.08e+0 (4.05e-2) ≈ 1.17e+0 (1.94e-1) ≈

MaF11
3 1.63e-1 (1.86e-2) 2.70e-1 (4.12e-2) − 2.06e-1 (4.51e-2) − 2.29e-1 (2.85e-2) − 4.23e-1 (1.49e-1) − 4.71e-1 (5.61e-2) − 6.04e-1 (7.70e-2) − 3.58e-1 (9.33e-2) −
5 2.45e-1 (2.45e-2) 3.29e-1 (4.87e-2) − 4.45e-1 (5.66e-2) − 2.82e-1 (3.36e-2) − 5.61e-1 (1.31e-1) − 8.09e-1 (3.44e-1) − 9.20e-1 (1.09e-1) − 5.11e-1 (3.29e-1) −

10 3.25e-1 (4.96e-2) 3.80e-1 (1.60e-1) ≈ 1.03e+0 (1.95e-1) − 6.15e-1 (3.15e-1) − 1.62e+0 (4.48e-1) − 2.30e+0 (1.03e+0) − 1.66e+0 (5.60e-1) − 1.68e+0 (9.08e-1) −

MaF2
3 1.96e-2 (1.05e-3) 2.61e-2 (1.34e-3) − 2.20e-2 (1.63e-3) − 2.40e-2 (1.04e-3) − 2.62e-2 (1.54e-3) − 4.68e-2 (2.93e-3) − 5.21e-2 (1.71e-3) − 1.58e-2 (3.71e-4) +
5 5.31e-2 (1.46e-3) 6.34e-2 (1.47e-3) − 5.80e-2 (1.02e-3) − 5.61e-2 (1.47e-3) − 6.42e-2 (1.37e-3) − 6.92e-2 (1.88e-3) − 7.08e-2 (1.26e-3) − 5.73e-2 (1.56e-3) −

10 1.15e-1 (4.33e-3) 1.63e-1 (6.38e-3) − 1.06e-1 (1.44e-3) + 1.47e-1 (9.13e-3) − 1.61e-1 (6.04e-3) − 1.72e-1 (7.32e-3) − 1.44e-1 (1.53e-2) − 1.06e-1 (2.44e-3) +
+/− / ≈ 6/35/7 8/27/13 6/35/7 14/27/7 5/39/4 1/43/4 5/40/3

1 Here +/− / ≈ indicates whether the compared algorithms are statistically significantly better, worse, or equivalent to RVMM.

Among the five algorithms, EDN-ARMOEA [15] is specially
designed for dealing with problems with many objectives
or medium-dimensional decision variables, where a dropout
neural network is adopted as the surrogate. The uncertainty
information in EDN-ARMOEA is provided by random dropout
of the weights in the neural network. Overall, RVMM has
achieved the best results on 69, 54, 53, 57, and 47 out of
87 test instances, by comparing with the K-RVEA, KTA2,
CSEA, EDN-ARMOEA and MOEA/D-EGO, respectively, as
shown in Table SI and Table SII in the Supplementary material,
indicating its promising scalability.

E. Ablation study of the amplified upper confidence bound

To validate the effectiveness of the amplified upper confi-
dence bound value, we perform an ablation study by replacing it
with the canonical upper confidence bound and the mean values
respectively, where the RVMM variants are termed as RVMM-
UCB and RVMM-mean. The Friedman’s test implemented in
the software tool KEEL [49] is used to rank RVMM and two
of its variants by solving all 10-dimensional test instances.
As shown in Fig. 7, the original RVMM performs the best,
followed by RVMM-UCB and RVMM-mean in terms of IGD+

performance indicator, demonstrating that the effectiveness of
the proposed amplified upper confidence bound.

F. Ablation study of the two optimization processes

To demonstrate whether the proposed AUCB with two sets
of adaptive reference vectors are beneficial for accelerating
convergence while maintaining diversity, we perform an
ablation study that compares four variants of the proposed
RVMM, namely an RVMM variant using one set of adaptive
reference vectors only with AUCB (RVMM-adaptive-AUCB), a
variant using a set of adaptive reference vectors and the original
UCB instead of AUCB (RVMM-adaptive-UCB), a variant using
a set of fixed reference vectors only with AUCB (RVMM-fixed-
AUCB), and a variant with a set of fixed reference vectors and
the original UCB (RVMM-fixed-UCB).

All variants of RVMM are compared on 10-dimensional
test instances with a maximum number of 300 real function
evaluations. The Friedman’s test implemented in the software
tool KEEL [49] is used to rank four variants of RVMM. The
average performance score obtained by the four variants in
terms of generational distance (GD) [50] and Spread [51] are
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(a)RVMM (b) K-RVEA (c) KTA2 (d) EIMEGO
Fig. 5: The non-dominated solution set obtained by RVMM, K-RVEA, KTA2 and EIMEGO on solving 10-dimensional and 3-objective
DTLZ1 (linear), and DTLZ2 (concave) when the maximum number of fitness evaluations is set to 300. The set with the median IGD+ value
out of 20 independent runs is plotted.

(a)RVMM (b) K-RVEA (c) KTA2 (d) EIMEGO
Fig. 6: The non-dominated solution set obtained by RVMM, K-RVEA, KTA2 and EIMEGO on solving 10-dimensional and 3-objective MaF1
(inverted), MaF7 (discontinuous) when the maximum number of fitness evaluations is set to 300. The set with the median IGD+ value out of
20 independent runs is plotted.

Fig. 7: The average performance score obtained by RVMM and two
of its variants, RVMM-UCB and RVMM-mean in terms of IGD+

values on all 10-dimensional test instances.

plotted in Fig. 8. GD and Spread performance indicator are
used to evaluate the convergence and diversity, respectively.
The smaller the GD or Spread is, the better the performance

Fig. 8: The average performance score obtained by four RVMM
variants, namely RVMM-adaptive-AUCB, RVMM-adaptive-UCB,
RVMM-fixed-AUCB, and RVMM-fixed-UCB, in terms of GD and
Spread values on all 10-dimensional test instances.

is. It can be seen that RVMM-adaptive-AUCB achieves the
best GD value among the four variants of RVMM, indicating
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that optimizing AUCB by using the set of adaptive reference
vectors can enhance convergence. Meanwhile, as shown in
Fig. 8, RVMM-fixed-AUCB, which only adopts the set of fixed
reference vectors, achieves the best Spread value among the
four variants, confirming that the use of the fixed reference
is helpful in promoting the diversity of the obtained solution
set. Therefore, we conclude that by optimizing AUCB with
two sets of reference vectors in parallel, RVMM is capable of
striking a better balance between convergence and diversity in
handling expensive MaOPs.

G. Ablation of the indicator based sampling

To study the effectiveness of the indicator based sampling
in the adaptive model management, we also conduct an
ablation study by replacing the indicator sampling with random
sampling, and the variant is termed as RVMM-RI. In RVMM-
RI, at each round of surrogate update, both the convergence
based sampling and the diversity based sampling share the equal
probability to be used to determine the next query point. In the
convergence based sampling and diversity based sampling, the
contribution of each solution to the convergence and diversity
is measured by the predicted objective value to the ideal point
and the cosine distance between the normalized predicted
solutions (the way of normalization is same as that in Line 11
in Algorithm 2), respectively.

By comparing RVMM with RVMM-RI, RVMM-adaptive-
AUCB and RVMM-fixed-AUCB, we can study whether both
the two optimization processes and the indicator based sampling
in the adaptive model management can contribute to the
competitive performance of RVMM. The IGD+ values achieved
by RVMM and its variants on solving 10-dimensional irregular
and regular test instances are shown in Table SIV and Table
SV in the Supplementary material, respectively. The average
performance score obtained by RVMM, RVMM-RI, RVMM-
fixed-AUCB and RVMM-adaptive-AUCB in terms of IGD+

values is 2.0805, 2.4598, 3.1264 and 2.3333, respectively. The
result shows that the performance of RVMM is deteriorated
when the two optimization processes or the indicator based
sampling is replaced.

H. Ablation study of infilling a batch of solutions

In this work, we propose to select one solution that either
contributes the most to convergence or diversity to be evaluated
by the real objective functions. This design can be certainly
extended to infill a batch of solutions. For comparisons,
we designed a new variant of RVMM, termed RVMM-BI,
that queries the top u (u is set to 5) solutions that either
contribute most to the convergence or diversity for real function
evaluations at each round of surrogate update. The condition
to determine whether convergence or diversity should be
prioritized is the same as that in RVMM for simplicity.

Infilling solutions one by one is expected to make the most
of the observed solutions, i.e., the solutions that have been
evaluated using real objective functions in terms of diversity

maintenance and convergence acceleration. Thus, it is expected
that infilling one solution at each round of the surrogate update
should be more effective than infilling a batch of solutions.
This has been confirmed by the results in Table SIV and
Table SV in the Supplementary material. Overall, compared to
RVMM-BI, RVMM wins on 40 out of 87 test instances and is
comparable to RVMM-BI on 42 test instances, demonstrating
the effectiveness of the strategy of infilling one solution in
RVMM.

In addition, we also present the IGD+ values achieved by
RVMM-BI and seven algorithms under comparison in Table
SVI and Table SVII in the Supplementary material. It is
observed that RVMM-BI is competitive on both irregular and
regular test instances. Therefore, we conclude that RVMM can
be extended to querying a batch of solutions at each round of
surrogate update.

I. Real-world applications

To further assess the performance of the proposed RVMM,
we also conduct the experiments on six real-world applications
used in the competition of online data-driven multi-objective
Optimization on CEC 2019 [52], including: car cab design
with 9 objectives (DDMOP1), structural optimization of the
frontal structure of vehicles for crashworthiness (DDMOP2), an
LTLCL switching ripple suppressor with two resonant branches
(DDMOP3), an LTLCL switching ripple suppressor (DDMOP4)
but with nine resonant branches and 10 objectives, reactive
power optimization problem with 3 objectives (DDMOP5),
and the portfolio optimization problem with 2 objectives
(DDMOP6). The detailed formulations of these problems can
be referred to [52].

The settings of decision variables and objectives are listed in
Table III. The maximum number of fitness evaluations is set to
500, 300, 600, 800, 500, and 400, respectively. The population
size is set to 210, 105, 105, 230, 105 and 100, respectively.
Among the compared algorithms, HSMEA is the winner in
the CEC 2019 competition. As shown in Table III, RVMM,
K-RVEA and AB-MOEA have achieved the best performance,
followed by EIM-EGO and KTA2, outperforming HSMEA,
CSEA and MOEA/D-EGO.

V. CONCLUSIONS

In this study, we have proposed a reference vector assisted
model management (RVMM) strategy, based on two sets of
reference vectors, one consisting a large number of fixed
and evenly distributed vectors in the objective space, and the
other is a small set of reference vectors adapted according
to the distribution of the solutions. The proposed RVMM
is capable of balancing convergence and diversity during
the search process, with the assistance of a new acquisition
function and a selection criterion. Comprehensive experiments
on a variety of benchmark test instances as well as a real-
world problem demonstrate the promising performance of the
proposed RVMM.
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TABLE III: The IGD+ indicator values of the solutions obtained by RVMM and its seven compared algorithms on solving six real world
applications.

Problem M D RVMM K-RVEA KTA2 ABMOEA HSMEA CSEA MOEA/D-EGO EIM-EGO

DDMOP1 9 11 1.34e+0 (1.36e-1) 9.30e-1 (4.91e-2) + 3.14e+0 (5.96e-1) − 8.16e-1 (5.21e-2) + 2.68e+0 (2.21e-1) − 6.01e+0 (2.46e+0) − 2.94e+0 (4.21e-1) − 1.46e+0 (2.48e-1) ≈
DDMOP2 3 5 3.21e-2 (2.41e-3) 8.07e-2 (7.67e-3) − 3.07e-2 (2.90e-3) ≈ 4.14e-2 (7.52e-3) − 4.70e-2 (1.43e-2) − 2.52e-1 (2.24e-1) − 1.85e-1 (4.55e-2) − 3.26e-2 (4.01e-3) ≈
DDMOP3 3 6 3.62e-1 (3.40e-1) 1.55e-4 (1.80e-5) + 1.50e-1 (1.38e-1) + 8.99e-5 (1.94e-5) + 4.08e-1 (3.91e-1) ≈ 4.14e-2 (5.12e-2) + 2.07e-1 (4.72e-1) + 6.10e-2 (1.43e-1) +
DDMOP4 10 13 1.92e+0 (1.61e+0) 6.70e-2 (1.84e-2) + 6.81e+0 (3.35e+0) − 6.81e-2 (7.84e-3) + 6.81e-1 (3.37e-1) + 2.78e+0 (9.40e-1) − 1.20e+1 (7.03e+0) − 1.92e+0 (9.55e-1) ≈
DDMOP5 3 11 2.40e-3 (5.17e-4) 6.10e-3 (7.75e-4) − 9.44e-3 (2.19e-3) − 7.00e-3 (2.17e-3) − 5.10e-3 (7.35e-4) − 6.89e-3 (1.41e-3) − 1.33e-2 (2.08e-3) − 6.75e-3 (8.62e-4) −
DDMOP6 2 20 7.48e-6 (1.85e-5) 5.68e-5 (5.76e-5) − 4.68e-5 (7.65e-5) ≈ 2.71e-4 (2.64e-4) − 6.37e-5 (5.99e-5) − 6.31e-4 (8.16e-5) − 5.57e-4 (1.47e-4) − 1.30e-4 (7.92e-5) −

+/− / ≈ 3/3/0 1/3/2 3/3/0 1/4/1 1/5/0 1/5/0 1/2/3

One potential limitation of the current work is that RVMM
only considers the similarity between solutions in the objective
space, assuming that there is regularity consistency between
the objective space and the decision space. In our future
work, we may consider the similarity between solutions in
both the decision space and the objective space for model
management [53]. Moreover, we may include local search as
in [54] in promising regions to further boost the performance
of RVMM on handling high-dimensional problems.
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