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a b s t r a c t
In multi/many-objective optimization, a decision maker (DM) may often be interested in examining
only a small set of solutions instead of the entire Pareto optimal front (PF). Such solutions are referred
to as solutions of interest (SOI) in some recent studies. A number of methods have been proposed to
identify SOIs in an offline or online setting using measures based on reflex angle, bend angle, expected
marginal utility, etc. However, these measures only account for the desirable trade-offs in the objective
space. On the other hand, the variable space information is often critical in practical scenarios as
it relates directly to the implemented design. For example, a DM may additionally require that the
obtained solutions are robust, i.e., insensitive to variable perturbations, or look significantly different
in the variable space, thereby offering multiple equivalent designs to achieve similar performance.
These require formulation of new measures and search strategies that simultaneously consider both
objective and variable spaces while identifying SOIs. In this paper, we develop an approach that can
identify a given number of SOIs for DM’s consideration for three different scenarios: (a) purely based
on objective space, (b) simultaneous consideration of objectives and robustness, and (c) simultaneous
considerations of objectives and equivalent designs. Towards this end, we first define the relevant
quantitative measures and illustrate their use for offline selection for a few 2–3 objective test problems.
Thereafter, we design an online algorithm that can identify the SOIs and bias the search towards the
SOIs based on the scenarios listed above. Lastly, we also present results on two practical examples: a
2-objective welded beam and a 5-objective wind-turbine design problem.
© 2022 Elsevier B.V. All rights reserved.

1. Introduction
Optimization involving multiple conflicting criteria is commonly encountered in a number of real-world problems in diverse domains such as engineering design 1[1], finance [2] and
operations research [3]. Formally, such problems are defined
as multi-objective optimization problems (MOPs). Given the research challenges involved in solving MOPs as well as their wide
applicability, MOPs are of significant interest to researchers and
practitioners. Consequently, a rich literature exists on the topic,
including a number of review papers [4–6].
Theoretically, the optimum of an MOP consists of a set of
trade-off solutions in the objective space, referred to as the
Pareto optimal front (PF). The corresponding solutions in the
∗ Corresponding author.
E-mail addresses: t.ray@adfa.edu.au (T. Ray), h.singh@adfa.edu.au
(H.K. Singh), k.rahi@student.adfa.edu.au (K.H. Rahi),
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1568-4946/© 2022 Elsevier B.V. All rights reserved.

variable space are referred to as the Pareto-optimal set (PS). For
an M −objective problem, the PF can be a manifold of up to M − 1
dimensions, comprising of an unlimited number of solutions.
When solving MOPs using metaheuristics such as evolutionary
algorithms (EAs), the goal is to achieve a good approximation
of the PF using a finite number (N) of solutions. The solutions
should exhibit good convergence (proximity to the PF) and good
diversity (uniform spread across the entire PF) [7]. Though N is
often a large number (few hundreds or thousands), for real-world
applications, only one or at most a few solutions are required [8].
Therefore, from a practical perspective, it is of interest to identify
only a few solutions, which have certain trade-off advantages
over the rest of the solutions in the PF, even though they may be
equivalent based on Pareto-dominance [9]. The concept of ‘‘knee’’
solutions was introduced in some of the seminal works (e.g. [10])
to characterize solutions with preferable trade-off properties over
others in the PF. The knee solutions were defined as those that
involve a large sacrifice in at least one of the objectives for a
small gain in the other objective. Geometrically, this occurs in the
convex regions of the PF that exhibit noticeable change in slope
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of the curve/surface in the objective space, resembling a knee. In
some of the more recent works [9,11,12], the term ‘‘solutions of
interest’’ (SOI) has been used to denote a small set of preferred
solutions in a generic sense, which may not resemble knee points
as per the conventional definition. As discussed in [9,12], the term
SOI can be used to refer to any solution preferred by the DM. Evidently, such preferences can vary depending on the scenario, and
cannot be captured by a universal rule. To cite some examples,
in [13], a scenario is considered where anticipated changes could
make a given design infeasible, and hence alternative designs are
sought which could provide similar performance in the (multi)objective space. In [9], the diversity of the solutions in the
objective space, along with their expected marginal utility was
considered to define a preferred set of solutions. In [14], the
DM prefers a solution that has the best net normalized gain.
That is, relative to the alternative solutions, the improvement in
the objectives of a selected solution outweigh the compromises
made in the other objectives. In [15], the preferred solution
was the one with the highest ‘‘convex bulge’’, likely to be (for
certain geometries) in the middle of the PF providing an equal
compromise between the objectives. The knee points can thus
be considered a category of SOIs [12], where it is required that a
small improvement in any objective must come at a large sacrifice
in the other(s). For a visualization of how these various types of
SOIs could look like on a PF, the readers are referred to the examples in [9,13–16] among others. A number of illustrations will
also be presented for the SOIs based on the metrics considered in
this study from Section 3 onward.
Furthermore, in many cases, it may not be possible for the DM
to provide explicit preferences in absence of problem knowledge.
A number of preference modeling and articulation approaches
have been therefore proposed in the literature, and a recent
review can be found in [17]. The range of available methods could
cater to different levels of DM involvement to identify a set of
SOIs. These methods can be broadly classified as a priori, a posteriori and interactive [14]. In a priori approaches, the preferences are
articulated in advance, for example through scalarization using
weighted sum of the objectives. In a posteriori (also referred to
as ‘offline selection’ approaches), multi-objective optimization is
conducted first and then a set of SOIs is selected from the PF
approximation [9]. In interactive methods (also known as ‘online selection’ approaches), the optimization is driven with a
bias towards potential SOIs [8]. The interactive methods may
involve human decision-makers (DM) in loop, or be driven by certain quantitative measures calculated based on current solutions
[10,18]. The advantage of the latter category of methods is that
it allows the identification of SOIs without inputs from the DM.
Therefore a number of such methods have been proposed, such
as those based on convex bulge [15], reflex/bend angles [19,20],
trade-off information [19,21], expected marginal utility (EMU)
[9,10], density [22], curvature [16], Manhattan distance [23–25],
etc.
Although a range of above-mentioned measures are available
to aid a decision maker by quantifying the trade-off information,
the selection of preferred solutions is derived from the objective space alone. However, in real-world problems, it could also
be of significant interest to a DM to additionally consider the
variable space since it captures the features of the candidate
designs [14]. This is relevant, for example, when a DM wants
multiple alternative designs that look very different to each other
but achieve similar performance in the objective space [8,13].
Another scenario could be where the design performance needs
to be robust to changes in the variables. That is, small variations in
the implemented design due to manufacturing tolerance or other
uncertainties should not significantly deteriorate its performance.
In this study, we aim to contribute towards the above research
gap by including variable space information in the multi-objective

search and selection of SOIs. This extends our previous study [14]
wherein we developed a mechanism based on L1 norm and
angle of influence (Φ ) to identify SOIs based on the objective
space only (referred to as Scenario-I subsequently). In this work,
we introduce additional measures (T 1, T 2) based on combined
variable and objective space analysis. The measures are used to
identify solutions incorporating the above-mentioned DM considerations around robustness and equivalent designs; referred
to as Scenarios-II and III subsequently. Moreover, the measures
are integrated in the ranking process to achieve high density of
solutions around the prescribed number of SOIs during the online
search.
Following this introduction, we discuss some of the prominent works in identification of SOIs in Section 2, followed by
the proposed approach in Section 3. The numerical experiments
are detailed in Section 4, followed by concluding remarks in
Section 5.
2. Related work
As mentioned previously, a number of quantitative measures
have been introduced in the literature to characterize knees or
SOIs in general. The methods can be broadly classified into two
categories: one is based on geometric characteristics of the PF,
while the other is based on trade-off information. Although the
eventual goal of SOI identification is to achieve superior tradeoff solutions, the former category of methods do not consider
trade-offs explicitly in their formulation. Instead, they analyze
the geometry of the PF to implicitly target such points. The latter
category uses the trade-offs in objective space more explicitly to
bias the search towards the SOIs. Some representative works from
each category are discussed below.
2.1. Geometry based SOI identification
Among the methods that identify SOIs based on geometry
of the PF, the method of ‘convex bulge’ is among the earliest
and most commonly used [15,18,26–28]. This method constructs
a hyperplane through the extremities of the PF and measures
the perpendicular distances of each point in the set to the hyperplane. The hyperplane divides the objective space in two
non-overlapping regions. One of the regions contains the ideal
point, while the other contains the nadir point. Then, among the
solutions that lie in the region containing the ideal point, the one
with the maximum distance from the hyperplane is considered as
the knee solution. The basic premise in this convex bulge method
is that a DM is likely to prefer a balanced trade-off in the central
portion of the PF rather than towards the extremities [15]. The
method is scalable for problems with more than two objectives,
but the reliability of finding the correct PF extremities reduces
due to geometric complexities in the shape of the PF in higher
dimensions [29]. Another common way to characterize SOIs is
to use the angle between the points in the PF. In [10], a reflex
angle was defined as the external angle formed by a given point
with its left and right neighbors on the non-dominated front
for a bi-objective problem. The solutions were ranked based
on descending order of reflex angle. The high-ranked solutions
were considered more likely to be the knee(s). The key issue
with the measure is that the reflex angle is highly sensitive to
the distribution of the solutions in the obtained non-dominated
front. To overcome this, a bend angle was suggested in [19],
where the angles with the extremities of the PF were used rather
than the neighbors. While these measures were restricted to biobjective problems, extensions based on angle dominance have
also been proposed to prune a non-dominated set [30] and drive
evolutionary search [20,31]. Another proposal to identify SOIs
3
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geometrically is by estimating local curvatures among the nondominated solutions in the objective space [16]. In [16], the
objective functions
∑M α fi ; i = 1 . . . M were locally fitted to a family
of curves
= 1, where M denotes the number of objeci fi
tives). Relatively lower values of α denoted proximity to the knee
regions. However, fitting the solutions in this manner implicitly
assumes that the PF is a continuous manifold. Consequently, the
approach is may not be suitable for problems with disconnected
PFs.

volve, for example, having a choice of several alternative designs
that are very different in the variable space, but achieve similar
performance (with desirable trade-offs) in the objective space.
Another consideration may be robustness, i.e., the performance
of the implemented design should not deteriorate significantly
under unavoidable uncertainties. In the preliminary study [14],
these cases were analyzed in an offline setting. However, the
quantitative measures and the online search for such solutions
were not incorporated within the multi-objective search itself. In
this work, we build upon these concepts to develop a method
that will bias the search towards the SOIs considering both the
objective and variable spaces. To achieve this, we complement
the previously proposed objective space measures (L1, Φ ) [14]
with newly proposed online measures (T 1, T 2) that consider
both objective and variable space information. Subsequently, we
construct search strategies to obtain the SOIs for three different
scenarios, and illustrate the performance of the method on a
range of benchmark problems and practical examples.

2.2. Trade-off based SOI identification
Some of the methods use trade-off information in the objective
space explicitly to determine the proximity of a solution to the
knee region. In [19], a trade-off approach was presented for
bi-objective optimization, where the aim was to find solutions
where a unit gain in f1 results in at least α sacrifice in f2 . Similarly, a unit gain in f2 should result in at least β sacrifice in f1 ;
where (α, β ) are user defined parameters. The scalability of the
approach for > 2 objectives is challenging, as it would involve
specifying several threshold values. A scalable approach was presented in [10], where a measure known as expected marginal
utility (EMU)
∑ was formulated.
∑ A linear utility function of the form
U(x, λ) =
λi fi ; where
λi = 1 was calculated for each point.
The EMU is calculated as the sacrifice in utility along a particular
direction if the individual with the best utility along that direction
becomes unavailable. A recursive application of EMU (EMUr ) was
further proposed in [9,11] to achieve complete ordering of the
solutions and deliver a given number of SOIs, especially when
dealing with higher number of objectives. In [23], a Minimum
Manhattan Distance (MMD) from the ideal point in the normalized objective space was used to identify the knee point, and was
further integrated in an online method EvoKneer in [25]. MMD
can also be classified under geometry based methods, but for
pairwise comparison it also directly represents the cumulative
trade-offs made in all objectives and hence included here in the
trade-off category. Along similar lines, net normalized gain along
with angle of influence (NNGA) was presented in [14]. In NNGA,
the reference for calculation of L1 norm and the angles was set
as the nadir point instead of the ideal point. This is because for
desirable trade-offs, the knees lie in convex regions as discussed
previously. The angles with nadir point as the origin map the
convex PFs more uniformly compared to ideal points [32,33],
hence the choice of nadir point in NNGA. The trade-off utility
approach in [21] also compares the solutions based on ‘kneedominance’, which considers the overall gain and deterioration
between the normalized objective values, akin to the methods
above.
There also exist some other approaches that may not directly
fit into the above two categories. For example, solution density
on a projected hyperplane was used [22] as a primary measure
for identifying knee regions. The concave regions are also considered to be of interest in the work [22]. In [9,11], diversity was
considered as a secondary criteria (in conjunction with EMUr ) to
identify the specified number of SOIs. Hypervolume contribution
was used as a criteria to characterize knee solutions in [34].
Apart from supporting decision making, knee solutions have
also been used to drive the search more efficiently, even where
the final aim was to achieve a better approximation of the full
PF rather than achieving a few SOIs [24,31,34–37]. Recently,
new problems have also been introduced for benchmarking the
algorithms which aim to find solutions/regions of interest [38].
In the methods discussed above, the identification of SOIs is
solely based on objective space considerations. However, often,
the decision-maker may benefit from the associated variable
space analysis and its incorporation into the measures can help
in locating more useful SOIs [14]. Such considerations could in-

3. Methodology
In this section, we briefly discuss the targeted scenarios and
label them as Scenarios I–III for ease of reference. Thereafter, we
discuss the quantitative measures for ranking the solutions to induce selection pressure towards the SOIs for the above scenarios.
Lastly, we discuss how these measures are incorporated in the
online search, so that the algorithm intensifies the search around
the given number of SOIs rather than the entire PF.
3.1. Target scenarios in this study
Inline with several works in the existing literature [9,11], we
assume that a small, fixed number Ns of SOIs is required to be
presented to a DM instead of the entire PF approximation. When
viewed in terms of online search, this would further imply that it
is desirable to have higher intensity of solutions around the SOIs,
rather than uniform distribution over the entire PF. The main
motivation behind doing so is to aid informed decision-making,
as past studies have shown that large number of solutions in
the presence of multiple criteria are not easy to process cognitively [9]. While searching for the given number of SOIs, we
consider the following three scenarios in this study:

• Scenario-I: The DM requires a small number of SOIs purely
based on the desirable trade-off properties in the objective
space. This is inline with the existing methods that only
consider the objective space.
• Scenario-II: The DM requires a small number of SOIs considering the performance in objective space as well as the
robustness of the recommended designs. The rationale behind such preferences is that under minor (often inevitable)
variations in implementing a design, the performance will
not change significantly. In practice, such situations are encountered frequently in many disciplines, particularly engineering [39,40].
• Scenario-III: The DM requires a small number of SOIs that
consider the performance in the objective space as well as
the variable space diversity. The latter implies the presence
of multiple equivalent designs for similar objective performance. Such solutions are of relevance to DMs involved in,
e.g., design of re-configurable product families [41,42]. It
is desirable to have options for replacing a given design
with another one to achieve similar performance in case the
former becomes infeasible/impractical..
It is relevant to mention that the Scenarios-II and III have some
commonalities with the field of multi-objective robust optimization [40,43] and multi-objective multimodal optimization [44],
4
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respectively. In multi-objective robust optimization [43], PF approximation(s) are sought that satisfy some criteria of robustness,
normally quantified using additional constraints/objectives based
on expected response values in presence of uncertainties. In multiobjective multi-modal optimization [44], the aim is to find all
designs in the variable space that correspond to each solution on
the obtained PF approximation; thus requiring convergence and
diversity in both objective and variable spaces. The main aspect in
which this work differs from the majority of the above-mentioned
literature is that the complete PF is not sought in this study.
Instead, the aim is only to focus the search around a selected
number of SOIs on the PF, where the definition of SOI implicitly
considers the robustness or multimodality. Also worth noting is
that there do exist other studies that incorporate preferences for
certain solutions instead of searching for the entire PF. For example, in [13], multiple alternative designs were sought in the search
space to deliver a similar performance in the multi-objective
space as that of a baseline design preferred by a DM. Thus, the
current study can be thought of as a preference-based search,
where the preferences specifically cover the above-mentioned
scenarios. Moreover, it is assumed that the scenarios are known,
but no explicit preference articulations or existing designs have
been provided a priori by the DM. The aim is thus to identify a
limited number of solutions for the above scenarios in an offline
or online manner for an informed decision-making.

Fig. 1. Illustration of L1 measure and angle of influence Φ . The L1 value for
each point in the given non-dominated set are shown using colorbar. Top four
solutions with the highest angle of influence are presented with red solid circles
whose sizes are proportionate to their Φ measure.

is important to take note that the reference vectors are used only
for DRS removal, unlike previous proposals (e.g. [9]) where they
were used for trade-off quantification. The generation of weight
vectors requires the spacing parameter (h). Any other form of DRS
removal can also be used instead of the above. In addition, to
avoid the degenerate cases specially when the estimated Z I and
Z N is same due to having only one solution in the non-dominated
set, we adopt the strategy proposed in [48]. Accordingly, solutions
from consecutive fronts are added to the non-dominated set until
the difference between ZiN and ZiI in each objective i is larger than
a predefined threshold (10−4 ).

3.2. Quantitative measures for SOI selection/ranking
For calculating the measures discussed in this section, the first
step involves normalization of the given solutions in the objective
and variable spaces. This is to avoid bias towards any particular objective(s)/variable(s) while calculating geometric measures
such as angles and Euclidean distances. For the variable space,
normalization is straightforward. Since the variable ranges are
known, the variables can simply be linearly mapped to [0,1] using
x−x
lower and upper variable bounds (xl , xu ) as x −xl . However, for
u
l
the objectives, since the limits of the PF are typically unknown
to start with, the normalization needs to be done based on the
estimates of the ideal point (Z I ) and nadir point (Z N ) from the
existing non-dominated set of solutions. In doing so, it is important to remove the dominance resistant solutions (DRS) from the
set. DRS solutions are those that are poor in some of the objectives (thus far from the PF), but remain in the non-dominated
set due to superior value(s) in at least one of the remaining
objectives [45]. The identification of DRS in itself is a challenging
and open problem in the field [46]. In this work, we employ
a relatively simple strategy to remove potential DRS. Firstly, all
solutions are normalized in the objective space using the ranges
of the current non-dominated set of solutions. To do so, the
coordinates of the ideal and nadir points (Z I , Z N ) are identified
using the minimum and maximum values, respectively, of each
objective. The normalized objective values are then calculated
as

fi −ZiI
ZiN −ZiI

3.2.1. L1 Norm and angle of influence (Φ )
These two measures operate on the information of the objective space alone, and have been inherited from the previous
work [14]. The details are provided here for completeness, in
particular since the measures are also used in the new scenarios
considered later in this study.
The first step is the normalization of the objective values of
the given non-dominated set of solutions. This proceeds in the
same manner as discussed in the previous section, but with the
DRS removed. In this normalized objective space, we calculate
L1 norm
∑M between a given solution x and the nadir vector as
L1 =
i 1 − fi (x). Here, fi (x) denotes the ith objective value, and
f(x) denotes the normalized objective vector corresponding to x.
This quantity can be interpreted as the normalized net gain of the
solution’s performance over the nadir point, since the gain in ith
objective is simply 1 − fi (x). An illustration of the L1 values for a
bi-objective DEB2DK4 problem [10] using a set of 100 solutions
on the PF is shown in Fig. 1. The solutions marked x1 and x2 have
the highest normalized net gain.
It is worth noting that if the Minimum Manhattan distance
(MMD) [25] from ideal point is used to select the point instead
of the proposed L1 measure, then the same solution x1 or x2
will be obtained. If only one SOI is required as the final output, then either of these solutions can be thought of as the
most preferred solution given that it exhibits the best tradeoff (i.e., maximum net normalized gain). However, if the number
of required SOIs (Ns ) is more than one, then an additional measure
is required to generate a complete preference order. We do this
using an angle of influence Φ . The calculation of the Φ (x) measure
for a solution x is outlined below.

; i = 1 . . . M, where M is the number of objectives. In

the normalized space, the coordinates of (Z I ) and (Z N ) map to
(0, 0, . . . , 0) and (1, 1, . . . , 1), respectively. Then, we generate a
set of uniformly distributed reference vectors using systematic
sampling [47] and attach the current solutions to these reference
vectors using a minimum angle assignment. Then, for each axial
reference vector (those for which all but one weight values are
0), we identify all the solutions attached to it. Among these
solutions, we pick the solution with the lowest Euclidean distance
to the ideal point (0, 0 . . . 0). A solution corresponding to each
axial vector is thus identified through the above process. The
maximum value corresponding to each objective in this set of
solutions yields the coordinates of the estimated nadir point. It
5
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Fig. 2. Illustration of proximity in objective and variable spaces used for calculation of T 1, T 2 measures around a given solution, for DEB3DK1 problem.

Fig. 3. PS and PF illustration for SYM-PART problem in (a) and (b).

Using the nadir point (1, . . . , 1) as the origin, we construct a
reference vector to the point under consideration. The reference
⃗ x . The same is
vector corresponding to solution x is denoted as R
done for all the solutions in the given non-dominated set. Then,
the angle of influence of x, i.e., Φ (x), is defined as the smallest
⃗ x and R⃗ xj , such that the solution xj has a higher
angle between R
L1 than solution x (if such a point exists). Mathematically, it
can be computed as shown in Eq. (1) (first condition), where Q
represents the non-dominated front in the normalized objective
space, and xj is the nearest solution with a higher L1 than x. If
there does not exist xj with a better L1 than x, then the angle of
influence is simply the largest angle that any xj ∈ Q makes with
x, as shown in Eq. (1) (second condition).

Φ (x) =

(
⎧
⎪
⎪
min
cos−1
⎪
⎪
⎨xj ∈Q ;L1(xj )>L1(x)
(
⎪
⎪
⎪
⎪
⎩max cos−1
xj ∈Q

R⃗x .R⃗ j
x

∥R⃗x ∥∥R⃗xj ∥

R⃗x .R⃗ j
x

∥R⃗x ∥∥R⃗xj ∥

)

if {xj ∈ Q ;
L1(xj ) > L1(x)} ̸ = ∅

)
otherwise
(1)

In Fig. 1, x1 and x2 have the equal highest L1 among all solutions. The corresponding Φ (x1 ) and Φ (x2 ) will be the largest as
well, and equal to the maximum angle formed by the respective
solutions with any other solution in the set. Now consider another
solution x3 shown in Fig. 1. For this solution, Φ (x3 ) is depicted in
Fig. 1.
6

ASOC: 108505

T. Ray, H.K. Singh, K.H. Rahi et al.

Applied Soft Computing xxx (xxxx) xxx

Fig. 4. Offline illustration of SYM-PART problem considering Scenario-I, II and III respectively. Blue dots show the archive of solutions. For Scenario-I, solutions with
the highest Φ is shown with a red star. For Scenario-II and III, the solutions non-dominated with respect to normalized L1 and T 1 (Scenario-II) and normalized L1
and T 2 (Scenario-III) are shown with red stars.

Note that based on the above definitions, L1(x1 ) > L1(x3 )
implies that L11−3 = (1 − f1 (x1 ) + 1 − f2 (x1 )) − (1 − f1 (x3 ) +
1 − f2 (x3 )) > 0, i.e., L11−3 = f1 (x3 ) − f1 (x1 ) + f2 (x3 ) − f2 (x1 ) > 0.
The quantity L11−3 can be interpreted as the net gain that the
solution x1 has over solution x3 .
Thus, to summarize the interpretation of the above process,
the selection of the solution x1 or x2 (with highest L1) asserts
that no other solution in the set will have a net positive gain in
the objectives over x1 or x2 . Similarly, for another solution x3 ,
there will exist no solution within its angle of influence Φ (x3 )
that will have net positive gain over x3 . Thus, if more than one SOI
is required, the remainder of the solutions can be selected as per
descending values of the angle of influence. Top four SOIs selected
based on the above scheme are presented in Fig. 1. The size of the

solid marker indicates the order of SOIs; with the largest markers
corresponding to x1 and x2 followed by solutions x3 and x4 .
3.2.2. T 1 And T 2 measures
In this section, we propose two new measures, T 1 and T 2,
which are designed to handle Scenarios-II and III respectively.
The main idea behind these measures is to quantify the spatial
distribution of the solutions in the objective and variable spaces.
Subsequently, the measures are used in the ranking of the solutions to induce higher preference for the solutions that align with
the given decision-making scenario.
The process of calculating the two measures is outlined in
Algo. 1. The steps involved can be more conveniently understood
using an example. For this illustration, we use the 2-variable
DEB3DK1 problem, so that the objective and variable spaces can
7
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Fig. 5. Offline selection of Ns = 1 solution for Scenario-I, II and III for SYM-PART problem.

• The set of solutions that are within ϵj distance from x in the

be both visualized in a scatter plot. Consider a series of increasing
Euclidean distance thresholds E = {ϵj ; j = 1, 2, . . . , Nϵ }. Here, we
use ϵj as 0.1 to 0.8 in uniform increments of 0.1. The main idea is
to divide the normalized objective and variable spaces using these
thresholds as radii, and count the number of solutions that exist
in the sub-spaces to estimate the distribution of the solutions.
For example, let us say that we are interested in finding the
T 1(x) measure for solution x, marked in red in Fig. 2(a). In the
variable space, the different thresholds are shown using circles
of increasing radii. Likewise, the normalized objective space is
presented in Fig. 2(b) with different colors indicating the different
regions that fall within the given thresholds.
For each threshold ϵj , we identify three interim sets of solutions:

normalized variable space. We denote this set as Sj,x≤ .

• The set of solutions that are beyond ϵj distance from x in the
normalized variable space. We denote this set as Sj,x> .
From the above sets, the solutions that are suitable for ScenarioII can be thought of as those that belong to both Sj,f and Sj,x≤ ;
since they are close to each other in both objective and variable
spaces relative to threshold ϵj . This set is denoted as Sj,T 1 . The
number of elements in the set (Nj,T 1 ) is shown in Fig. 2(c). It
is evident that the higher these numbers are, more options one
has in the vicinity of the given solution in the variable space to
find solutions with similar performance in the
∑Nϵobjective space.
Thus, a sum of these numbers, i.e., NT 1 (xi ) =
j=1 Nj,T 1 , can give
an overall indication of the robustness of the solution xi under
consideration. To capture this in a normalized form across the set
of solutions A, the final value of T 1 can be calculated as shown in

• The set of solutions that are within ϵj distance from f(x) in
the normalized objective space. We denote this set as Sj,f .
8
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Eq. (2). From this expression, T 1 varies between 0 and 1, with
a higher value indicating higher preference of a solution with
regards to Scenario-II.

Algorithm 2 Algorithmic framework for online identification of
SOIs
Input: Problem formulation, DM’s preferred Scenario (I, II or III), number of SOIs
Ns , algorithmic parameters: population size Np , Maximum evaluation count G,
Crossover, mutation probabilities (Pc , Pm ), Crossover, mutation index (Ic , Im )
Output: Solutions for DM corresponding to Scenarios I, II or III.
1: Initialize function evaluation count g = 0, archive of evaluated solutions
A = ∅, generation counter t = 1
2: Generate initial population P1 using LHS and evaluate it. Update g , A
3: Rank the archive A as per Scenario I, II or III as presented in Algo. 3.
4: while g < G do
5:
Generate child population Ct from Pt using evolutionary operators
6:
Evaluate the solutions in child population Ct . Update A (append evaluated
Ct to it), Update g.
7:
Rank the archive A as per Scenario I, II or III as presented in Algo. 3.
8:
Keep the top Np solutions from ranked A as members of the parent
population of the next generation.
9:
t =t +1
10: end while
11: Output the top Ns solutions from the A as the SOIs.

NT 1 (x ) − min (NT 1 (x))
i

T 1(xi ) =

x∈ A

(2)

max (NT 1 (x)) − min (NT 1 (x))
x∈A

x∈A

On the other hand, the solutions suitable for Scenario-III are
those that belong to both Sj,f and Sj,x> , since they are close in the
objective space but far in the variable space, relative to threshold
ϵj . This set is denoted as Sj,T 2 . The number of elements in the
set (Nj,T 2 ) are shown in Fig. 2(d). In this case, higher numbers
would imply that a DM has more diverse options (equivalent
designs) that are far apart in the variable space that have similar
performance in the objective
∑Nϵ space. If we denote ithe sum of these
numbers as NT 2 (xi ) =
j=1 Nj,T 2 for a solution x , then T 2 can be
calculated in a similar way as T 1, as shown in Eq. (3). A higher
value of T 2 indicates a higher preference for solutions sought in
Scenario-III.
NT 2 (xi ) − min (NT 2 (x))
x∈ A

i

T 2(x ) =

max (NT 2 (x)) − min (NT 2 (x))
x∈A

using binary tournament, and recombined using simulated binary
crossover (SBX) and polynomial mutation (PM) [49]. The unique
offspring solutions with respect to the existing archive A are
then fully evaluated. Thereafter, the evaluated child solutions are
added to the archive A. The solutions in A then undergo a ranking
process as outlined in Algo. 3.

(3)

x∈A

Algorithm 1 Calculation of T 1 and T 2 metrics for a given
(normalized) solution set A
Input: Set of solutions (archive) A, Threshold values E = {ϵi ; i = 1, 2, . . . Nϵ }
Output: T 1, T 2 measures for each solution in the archive A
1: for i = 1 to |A| do
2:
xi = A[i];
▷ ith solution in the archive
3:
for j = 1 to Nϵ do
4:
Sj,f = {x|{x ∈ A; x ̸ = xi &||f(x) − f(xi )|| ≤ ϵj }
▷ Solutions within ϵj in
objective space
5:
Sj,x≤ = {x|x ∈ A; x ̸ = xi &||x − xi || ≤ ϵj }
▷ Solutions within ϵj in
variable space
6:
Sj,x> = {x|x ∈ A&||x − xi || > ϵj } ▷ Solutions further than ϵj in variable
space
7:
Sj,T 1 = Sj,f ∩ Sj,x≤ ; Nj,T 1 = |Sj,T 1 |;
8:
Sj,T 1 = Sj,f ∩ Sj,x> ; Nj,T 2 = |Sj,T 2 |
9:
end for ∑
∑Nϵ
Nϵ
10:
NT 1 (xi ) =
NT 2 (xi ) =
j=1 Nj,T 1 ;
j=1 Nj,T 2
11: end for
12: for i = 1 to |A| do
13:
xi = A[i];
14:

T 1(xi ) =

NT 1 (xi )−min(NT 1 (x))
x∈A
max(NT 1 (x))−min(NT 1 (x))
x∈A
x∈A

;

T 2(xi ) =

Algorithm 3 Scheme for complete ordering of feasible solutions
Input: Set of solutions/archive A, spacing parameter (h) for DRS removal; number
of SOI required (Ns )
Output: Ordered list of solutions.
1: Order solutions based on non-dominated sorting in the objective space. ▷
Q denotes solutions in the first front
2: Normalize objective values of A using Ideal and Nadir points (Z I , Z N with
DRS removed)
Phase 1: Identification of a set of So containing Ns solutions for Scenario-I
3: if |Q | ≥ Ns then
4:
Compute L1 and Φ for all solutions in Q .
5:
Select Ns solutions from Q in So in the descending order of Φ .
6: else
7:
Select all solutions of Q in So .
8:
Select the remainder of Ns − |Q | solutions from the subsequent fronts
progressively using sparse selection [50] to obtain total Ns solutions in So .
9: end if
10: The set So of Ns solutions is sent to Phase 2.
Phase 1: Identification of a set of So containing Ns solutions for Scenario-II
and III
11: Find the non-dominated set Q ′ of L1 and T 1 (for Scenario-II) or L1 and
T 2 (for Scenario-III) among the solutions in the non-dominated solution set
Q.
12: if |Q ′ | > Ns then
13:
Use sparse selection [50] to choose top Ns solutions from Q ′ . The set is
denoted as So .
14: else
15:
Select all solutions of Q ′ in So .
16:
Select the remainder of Ns − |Q ′ | solutions from the subsequent fronts
progressively using sparse selection [50] to obtain total Ns solutions in So .
17: end if
Phase 2: Ranking of the remaining solutions
18: For each solution in A \ So , identify its closest point in So based on Euclidean
distance in the normalized objective space.
19: Sort the above solutions in the ascending order of the minimum Euclidean
distance computed.
20: Identify extreme solutions (minimum in each objective) Qe ∈ Q
21: Construct the final order as: [So > Qe > order based on line 19] .

NT 2 (xi )−min(NT 2 (x))
x∈A
max(NT 2 (x))−min(NT 2 (x))
x∈A
x∈A

15: end for

3.3. Online identification of SOIs
Having illustrated various quantitative measures offline to
rank a given set of solutions, we now construct an algorithmic
framework to identify the SOIs and intensify search within an
online setting. That is, we attempt to bias the search by incorporating these measures so that it intensifies the density of the
solutions around the SOIs instead of trying to cover the entire PF
uniformly.
The overall framework is presented in Algo. 2. The inputs to
the algorithm include the problem details, the scenario specified by the DM and the algorithmic parameters such as population size, function evaluation budget and evolution/variation
parameters.
The algorithm begins with the generation of an initial set of
Np solutions using Latin Hypercube Sampling (LHS) design. The
objectives and constraint(s) are evaluated for each of these solutions using the given problem formulation. An archive (A) of all
evaluated solutions so far is maintained and updated whenever a
new solution is evaluated. The current population then uses the
variation operators (crossover, mutation) to generate Np offspring
solutions. The parents are selected from the current population

The principle of ordering solutions is at the core of the online
search process and comprises of two phases: Phase 1 which
selects the required number of Ns solutions and Phase 2 where
the remaining solutions are ordered. In Scenario-I, if Q ≥ Ns ,
then Ns solutions are identified from Q in the descending order of Φ (Algo. 3 line 5). In case Q < Ns , then all solutions
in Q are included in the selected set. The remaining Ns − |Q |
9
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Fig. 6. Trade-off solutions obtained during online identification of SOIs for SYM-PART problem for Scenario-II and III. Blue dots show the archive of solutions explored
during the search. The red stars denote the non-dominated solutions with respect to L1 and T 1 (Scenario-II) and L1 and T 2 (Scenario-III).

solutions are selected from the subsequent fronts progressively
by applying a sparse selection technique called distance-based
subset selection (DSS) [50] (Algo. 3 line 8).
For Scenario-II and III, the non-dominated set of solutions Q ′
with respect to L1 and T 1 or L1 and T 2 is first identified (line
11); where Q ′ ⊆ Q . Then, Ns solutions are identified from Q ′
using sparse selection (line 13) in L1 − T 1 or L1 − T 2 space.
Note that DSS is a sequential process which starts by selecting the
solution with best value of each objective considered. When we
apply it for selection in L1 − T 1 space (for Scenario-II) or L1 − T 2
space (for Scenario-III), we start with the selecting the best T 1 or
best T 2 respectively instead of the best L1 (line 13). This order
affects the outcome only if Ns = 1. In effect, it is assumed that if
Ns = 1 and best L1 solution is desired, then the chosen scenario
will be Scenario-I. Once the set of Ns solutions, denoted as So , has
been identified in Phase-1, the next step is to order the remaining
solutions. The process relies on ensuring that solutions close to So
are ranked higher than the ones that are far away from these. For
a given solution, this proximity is calculated using its Euclidean
distance to the closest solution in So in the objective space.
In the final ordering (line 21), the Ns solutions are given
the first priority, since they need to be promoted as the SOIs.
The next priority is given to the extreme solutions in the nondominated front, identified as those that have the lowest value in
any objective. This is done in order to maintain a good estimate
of the range of the PF approximation for normalization during
the search. Following that are all the remaining solutions, ordered
based on proximity as discussed above.
Last but not the least, practical problems often involve constraints, and hence the solutions undergoing ranking may consist
of both feasible and infeasible solutions. If infeasible solutions
are present, we adopt the widely used parameter-less feasibilityfirst scheme [49] to handle them. Under this scheme, the feasible

and infeasible solutions are first segregated. The feasible solutions
undergo the ranking process as discussed above (Algo. 3), while
the infeasible solutions are ranked simply based on their constraint violations. In the overall ranking, the ranked list of feasible
solutions appear above the ranked list of infeasible solutions.
For research and benchmarking, the code for the above method
can be obtained from the authors’ website: http://www.mdolab.
net/Ray/Research-Data/ASOC2021SOICode.zip.
4. Numerical experiments
4.1. Simple illustrative example
We use the multi-modal multi-objective optimization test
problem referred to as SYM-PART [51] to highlight the solutions that would be delivered by the proposed algorithm for the
different scenarios considered. SYM-PART is a two-variable, twoobjective problem with a convex PF spanning [0,4] in both the
objectives. The corresponding Pareto set (PS) in the variable space
has 9 segments. Importantly, the solutions in any one of these
segments are sufficient to generate the entire PF. The PF and PS
of the problem are shown in Fig. 3.
We start with the offline identification first. A set of Pareto
optimal solutions is first constructed by generating 45 points
uniformly generated in each of the 9 segments of the PS, which
translates to a total of 405 solutions on the PF. For Scenario-I,
the solutions are ordered based on angle of influence. There are
9 solutions with the equal highest value of Φ , shown in Figs. 4(a)
and 4(b). For Scenario-II and Scenario-III, since there are two
measures involved, we first present the set of non-dominated
solutions in L1 and T 1 (Scenario-II) and L1 and T 2 (Scenario-III)
in Figs. 4(c) to 4(f).
10
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Fig. 7. Online identification of Ns = 1 solution for Scenario-I, II and III for SYM-PART problem.

If the DM is interested in Ns = 1 solution for ScenarioI, the solution identified by the proposed approach is marked
with a red star in Fig. 5(a) in variable space and Fig. 5(b) in
objective space, respectively. It is important to take note that the
proposed algorithm (for Scenario-I), EvoKneer [25] or EMUr [9]
would all identify the same solution in the objective space for this
scenario. However, since none of them consider variable space,
the corresponding variable values could be from any of the 9
corresponding solutions in the PS.
If the DM is interested in Scenario-II, the solution in PS would
come from the central segment as shown in Figs. 5(c) and 5(d),
since it has the best L1 and is also the most robust based on
T 1 measure (as seen from Fig. 4(b)). Note that due to this,
the solution selected for Scenario-I and Scenario-II will be the
same (Figs. 5(b), 5(d)). For scenario-III, there is a trade-off between L1 and T 2 (as seen from Fig. 4(e)) and the solution with the
best T 2 will be selected as shown in Fig. 5(e) and Fig. 5(f). In this

case, the intent was that the selected designs be very different in
the variable space.
For online search with Ns = 1, the non-dominated solutions in
L1 − T 1 space for Scenario-II and L1 − T 2 space for Scenario-III are
presented in red in Figs. 6(a)–6(d). The final solution identified
using the proposed online approach is shown in red in Fig. 7.
The online method for Scenario-I identified the solution with x =
(10, 0), which is one among 9 possible solutions with the highest
Φ in the objective space. For Scenario-II, the solution in the center
of the variable space is identified inline with the observations in
Fig. 4(c). Similarly, for Scenario-III, one of the solutions close to
the one presented in Fig. 4(e) is identified, as shown in Fig. 7(e).
Note that the range of non-dominated solutions (in terms of
L1 − T 2) is different in Fig. 4(e) and Fig. 6(d) due to different
sampling (limited sampling precisely on the PS for offline case
vs scattered large number of solutions for the online search). The
selected solution (in Fig. 7(e)) is the one that has best T 2 out of
11
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Fig. 8. Offline identification of Ns = 2 solutions for DO2DK (a–c) two SOIs and trade-off solutions identified for Scenarios-I, II and III respectively shown in the
original objective space, (d) trade-off solutions between normalized L1 and T 1 (e) trade-off solutions between normalized L1 and T 2.

the red solutions shown in Fig. 6(d). Additionally, it can be seen
that there is a high density of solutions around the chosen SOI;
i.e., the best L1 (Φ ), T 1 and T 2 solution for Scenario-I, II and III
respectively. The observations confirm that the proposed online
and offline selection delivers solutions as per the expectations for
different scenarios. Additional observations regarding SYM-PART
problem are provided in Section 3 of the supplementary material.

through external means (e.g. conventional multi-objective algorithms) and the main intent is to help make an informed decision
regarding the final design(s) to be implemented.
To illustrate the identification of SOIs, we consider one-variable
versions of the two-objective problems (DO2DK with Ns = 2
and DEB2DK4 with Ns = 4), and two-variable version of threeobjective problems (DEB3DK1 with Ns = 1 and DEB3DK4 with
Ns = 4). For the one-variable problems, we sample 1000 solutions
uniformly in the variable space, while for the two-variable problems we sample 10201 solutions uniformly in the variable space
to construct the PF approximation. Given these sets of solutions,
we proceed to identity the SOIs in an offline setting.
One can observe from Fig. 8(a) that the approach correctly
identified two SOIs for the DO2DK problem for Scenario-I. The
trade-off set of solutions for Scenario-II and III are presented in
Figs. 8(b) and 8(c) respectively, of which the selected 2 SOIs are
shown in red. The shift in the selection relative to Scenario-I is

4.2. Offline identification of SOIs for benchmark problems
Having illustrated the working principles using SYM-PART, we
now present the results obtained for offline identification of SOIs
for a few benchmark problems. This is to assess the ability of the
proposed measures in identifying the prescribed number of SOIs
from a given set of solutions for each of the scenarios. This is
relevant when the PF approximation has been already obtained
12
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Fig. 9. Offline identification of Ns = 4 solutions for DEB2DK4 (a–c) four SOIs and trade-off solutions identified for Scenarios-I, II and III respectively shown in the
original objective space, (d) trade-off solutions between normalized L1 and T 1 (e) trade-off solutions between normalized L1 and T 2.

subset selection measures such as those proposed in [52] can also
be explored for potential improvements.
For the three-objective test case (DEB3DK1 with Ns = 1), the
solutions identified are shown in Fig. 10 for each of the scenarios.
Similarly for DEB3DK4, Ns = 4, the solutions identified for all
scenarios and the trade-off solutions between L1 − T 1 and L1 − T 2
are shown in Fig. 11. It is also important to take note that the
above observations are for a set of solutions that are uniformly
distributed over the variable space. Since the measures are setbased, the locations of SOIs may vary if a different distribution of
the solutions is used.

evident here, emphasizing that the inclusion of variable space
information will result in a different SOI compared to the conventional approaches wherein only the objective space is considered. One can observe that the solution with the best T 1
measure (Scenario-II) lies in between the two SOIs (ScenarioI), while the solution with the best T 2 measure (Scenario-III) is
located close to (but not exactly on) the second SOI of Scenario-I.
The trade-offs between L1 − T 1 and between L1 − T 2 measures
are presented in Figs. 8(d) and 8(e) respectively. Similar and
consistent observations as above can also be derived for DEB2DK4
with Ns = 4 from Fig. 9. Another notable observation from
Fig. 9(d) is that some of the selected solutions are relatively
closer to each other than others. This type of distribution can
occur when an even number of solutions are selected using DSS.
This limitation has been recently discovered in [52] and some
advanced approaches to improve the DSS have been proposed
that involve additional optimization of diversity criteria. While
we have used DSS for the study presented herein, alternative

4.3. Online identification of SOIs for benchmark problems
Having demonstrated the offline selection, we now move on
to the results obtained using the proposed approach for online
identification of SOIs. This is relevant when the PF approximation
is not available a priori and the aim is to bias the search to obtain
13
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Fig. 10. Offline identification of Ns = 1 solution for DEB3DK1 (a) SOI for Scenario-I (b) SOI selected and trade-off solutions between normalized L1 and T 1 for
Scenario-II (c) SOI selected and trade-off solutions between normalized L1 and T 2 for Scenario-III.

As for the next problem, i.e. DEB2DK4 (Ns = 4), the results for
Scenario-I, II and III are presented in Fig. 14. All four SOIs are identified correctly for Scenario-I in the objective space (Fig. 14(a)).
Four SOIs obtained for Scenario-II and III are shown in Figs. 14(b)–
14(c). For Scenario-III, the solution with the best L1 is also the one
with the best T 2.
It is worth noting that the number of knee points in a PF
is usually not known a priori, and the number specified by DM
may differ from it. For example, in this case there are four knee
points by design, but the Ns specified may be different. For completeness, we have included further results in the supplementary
material for the cases of Ns = 2, 3, 5, 6, for DEB2DK4 to illustrate
the SOIs identified (both offline and online search in Figs. 2 to 9).
Moreover, even if a higher Ns is desired in certain practical
scenarios, the expected outputs from the proposed approach can
be similarly visualized from the trade-offs between L1 − T 1 or
L1 − T 2, since the Ns solutions will be identified using sparse
selection from them.
For the three-objective problem DEB3DK1, the results are presented in Fig. 15. The observations are consistent with those from
the two-objective examples.

the SOIs and a high density of solutions around them rather than
searching for the entire PF.
For all illustrations of online search, a population size of
Np = 100 was used and the computational budget was set to
G = 10,000 function evaluations for the evolutionary search. The
probability of simulated binary crossover was set to Pc = 1.0
and the probability of polynomial mutation was set to Pm =
0.1. The distribution indices of crossover (Ic ) and mutation (Im )
were both set to 20. For DO2DK and DEB2DK4 problems, the
number of variables is set as 30 and problem-specific parameters
K and s are set to {4, 1} and {4, 0} respectively. These settings
correspond to Ns = 2 and 4 knee points by design, respectively.
Likewise, we use number of variables as 30 for the three-objective
problems (DEB3DK1). Its parameters K and s are set to {1, 0},
which correspond to Ns = 1 knee point by design. For the
welded beam design problem [7] and the wind turbine design
optimization problem [53], Ns was set to 1. The spacing parameter
used for generation of the weight vectors were set as 99, 21
and 15 for two-, three- and five-objective optimization problems,
respectively.
For DO2DK, the approach delivered the correct set of SOIs for
Scenario-I as presented in Fig. 12(a). The trade-off set of solutions for Scenario-II and III along with the selected Ns solutions
with best L1, T 1 and T 2 measure are presented in Fig. 12(b)
and Fig. 12(c) respectively. Furthermore, the trade-offs between
L1, T 1 and L1, T 2 are shown in Figs. 13(a)–13(b), and the corresponding distributions of solutions around the best L1 − T 1 and
L1 − T 2 are shown in Figs. 13(c)–13(d). It can be noted that the
solution with the best L1, T 1 and T 2 are different solutions and
in particular the solution with the best L1 measure has a poor
T 2 measure. This effectively means that if the DM selects best
L1 solution for implementation, there are no other equivalent
designs that are significantly different in the variable space as can
be seen from Fig. 13(d).

4.4. Practical examples
While we have presented the performance of the approach for
a number of unconstrained benchmark optimization problems, in
this section we present its performance on two practical problems with constraints. These are the welded beam design and [54]
and wind turbine design optimization problems [53].
The evolutionary search parameters for online search were
kept the same as those for the benchmark problems in the previous section. The only change was for the case of wind turbine
design optimization problem [53] for which the population size
was set to 330 as suggested in [14].
14

ASOC: 108505

T. Ray, H.K. Singh, K.H. Rahi et al.

Applied Soft Computing xxx (xxxx) xxx

Fig. 11. Offline identification of solutions for DEB3DK4 (Ns = 4) (a–c) four SOIs and trade-off solutions identified for Scenarios-I, II and III respectively shown in the
original objective space, (d) trade-off solutions between normalized L1 and T 1 (e) trade-off solutions between normalized L1 and T 2.

4.4.1. Welded beam design
The first problem is the welded beam design optimization
problem which has previously been used for performance and
robust optimization studies [54]. The problem involves four variables, two objectives and four constraints. The results obtained
for all the three scenarios are presented in Fig. 16. The solution
identified for Scenario-I in our study is in-line with solution
identified in past studies [54]. Some of the previous studies have
reported that the robust solutions for this problem lie in the
dominated region [54]. In the current context however, the solutions for Scenario-II are selected from within the non-dominated
front. Therefore, the obtained solution lies on the non-dominated
front in Fig. 16(b). It is also important to take note that since
the approach has the ability to intensify search around certain
solutions during the course of search, robustness of such solutions
can be intrinsically computed without the need for additional

sampling and design evaluations to estimate the expected values. This offers an advantage over other robust optimization
strategies that employ neighborhood sampling to estimate robustness of solutions. The solution with the best T 2 measure on
the non-dominated front is shown in Fig. 16(c).
4.4.2. Wind turbine design optimization
Next, we investigate the performance of the approach using a
practical wind turbine design optimization problem. This problem
was made available as part of a competition (Third Evolutionary Computation Competition 2019) by the Japanese Society of
Evolutionary Computation (JSEC)), the detailed version of which
can be found on competition website [53]. This five-optimization
problem involves 32 variables and 22 constraints. For evaluating
the objectives and constraints of the problem, multiple simulation
15
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Fig. 12. Online identification for Ns = 2 solutions for DO2DK (a) Scenario-I, (b) Scenario-II and (c) Scenario-III.

Fig. 13. Online identification of Ns = 2 solutions for DO2DK contd. (a) trade-offs between normalized L1 and T 1, (b) trade-offs between normalized L1 and T 2, (c)
distribution of solutions in the archive around the solutions with best L1 and best T 1 (Scenario-II), (d) distribution of solutions in the archive around the solutions
with best L1 and best T 2 (Scenario-III).
16
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Fig. 14. Online identification of Ns = 4 solutions for DEB2DK4 (a–c) four SOIs and trade-off solutions identified for Scenarios-I, II and III respectively shown in the
original objective space, (d) trade-off solutions between normalized L1 and T 1 (e) trade-off solutions between normalized L1 and T 2 (trade-off consists of only one
solution in this case and therefore three SOIs are selected from subsequent fronts).

tools such as ‘WISDEM’, ‘OpenMDAO’ are used. The design constraints involve the aspects such as material strength and natural
frequency of the body parts, ground clearance and maximum
blade deflection, noise restrictions, production and transportation
constraints, etc. It takes about three seconds to evaluate one
candidate design, and therefore it takes more than eight hours
to complete one optimization run; making the problem computationally expensive. For this problem, the performance of the
solution with the best L1 measure is presented in Fig. 17(a). The
distribution of the solutions around this solution is presented in
Figs. 17(b) and 17(c), which is used for computing its T 1 and T 2
measures.
For Scenario-II, the spider plot of the solution with best L1 and
T 1 is presented in Fig. 18(a). For Scenario-III, the spider plot of the
solution with best L1 and T 2 measure is presented in Fig. 18(b).
While the solution with the best L1 obtained for Scenario-II and
Scenario-III are not identical, they have similar nature and such

variations are expected due to stochastic nature of the underlying
optimization algorithm.
5. Summary and future work
This paper presents a study towards identifying solutions of
interest based on different scenarios that a decision-maker might
be interested in. Unlike majority of existing works that consider only objective space while suggesting potential SOIs, this
work considers three different scenarios. The Scenario-I seeks
prescribed number (Ns ) of solutions based on the normalized net
gain L1 and angle of influence Φ in the objective space. Next,
to incorporate variable space information in decision-making,
we proposed new measures T 1 and T 2. These measures were
targeted towards situations where the DM is interested in Ns
solutions with a preference for robustness (Scenario-II) or finding
diverse equivalent designs in the variable space (Scenario-III).
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Fig. 15. Online identification of Ns = 1 solution for DEB3DK1 (a–c) Solutions obtained for Scenarios-I–III, (c) trade-off set of solutions between T 1 and normalized
L1 for Scenario-II, (d) trade-off set of solutions between T 2 and normalized L1 for Scenario-III.

a number of areas for further development. For example, robustness in industry is often represented using sigma levels (e.g. six
sigma) and while T 1 measure resembles it in a simplified form,
there is an opportunity for closer alignment of the T 1 measure
with sigma levels. The levels 0.1 through to 0.8 in the normalized
space has been used to represent variations in both variable
and objective spaces which can be mapped to sigma levels for
easier comprehension and interpretation. Likewise, further improvements could be made in the T 2 measure by considering
other density estimation methods. Secondly, the use of axial
weight vectors to remove DRS in the current form inherently
assumes the trade-off surfaces are of a particular form and the
scheme also requires the number of weight vectors as an input.
Both of these choices can affect the performance as the L1 measure relies on normalized objective vectors. The sparse selection
could also be improved by using more advanced versions recently proposed [52] that overcome some limitations of DSS [50].

The working principles of the above measures were demonstrated using offline identification of Ns solutions from a large set
of solutions sampled on the PF/PS for range of benchmark problems. Moreover, using these measures as the basis, an algorithmic
framework was constructed for online search for SOIs. The results
on a number of benchmark problems demonstrated the capability
of the proposed approach to identify SOIs as per the chosen
scenario and intensify the search around them. Since real-world
problems often involve constraints, we further demonstrated
the performance of the proposed algorithm for such classes of
problems. To this end, we solved a two-objective constrained
welded beam design problem and a five objective wind turbine
design optimization problem with twenty-two constraints using
simulation-based evaluations.
While this work has introduced an approach to identify SOIs
with both objective and variable space considerations, there are
18
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Fig. 16. Online identification of Ns = 1 solution for the welded beam design problem (a) Scenario-I (b) Scenario-II (c) Scenario-III.

Fig. 17. Wind turbine design problem for Scenario-I (a) objective values (normalized) of best L1 solution (b–c) distribution of solutions around the best L1 solution
to calculate its T 1 and T 2.
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Fig. 18. Wind turbine design problem (a) objective values (normalized) of best L1 and T 1 solutions for Scenario-II (b) objective values (normalized) of best L1 and
T 2 solutions for Scenario-III.
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