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Solution Set Augmentation for Knee Identification
in Multiobjective Decision Analysis

Guo Yu, Member, IEEE, Yaochu Jin, Fellow, IEEE, Markus Olhofer, Qiqi Liu, Wenli Du

Abstract—In multiobjective decision-making, most knee iden-
tification algorithms implicitly assume that the given solutions
are well distributed and can provide sufficient information for
identifying knee solutions. However, this assumption may fail
to hold when the number of objectives is large or when the
shape of the Pareto front is complex. To address the above
issues, we propose a knee-oriented solution augmentation (KSA)
framework that converts the Pareto front into a multimodal
auxiliary function whose basins correspond to the knee regions
of the Pareto front. The auxiliary function is then approximated
using a surrogate and its basins are identified by a peak detection
method. Additional solutions are then generated in the detected
basins in the objective space and mapped to the decision space
with the help of an inverse model. These solutions are evaluated
by the original objective functions and added to the given solution
set. To assess the quality of the augmented solution set, a
measurement is proposed for verification of knee solutions when
the true Pareto front is unknown. The effectiveness of KSA is
verified on widely used benchmark problems and successfully
applied to a hybrid electric vehicle controller design problem.

Index Terms—Knee point identification, solution augmenta-
tion, inverse modeling, peak detection, multiobjective optimiza-
tion.

I. INTRODUCTION

IN the real world, multiobjective optimization problems
(MOPs) are very common and often involve multiple

conflicting objectives [1]. Many multiobjective evolutionary
algorithms (MOEAs) have been proposed to solve the MOPs
[2]–[4], aiming to find a representative solution set of the
Pareto optimal front (PoF) with a good balance between the
convergence and diversity [5]. Different from these MOEAs,
the preference-driven methods only seek to find segments
of the PoF that satisfy the users’ preferences [6]. The past
decades have witnessed rapid research progresses of both
approaches to multiobjective optimization in different areas
such as the multicriteria decision making (MCDM) [7] and
evolutionary multiobjective optimization (EMO) [8], [9].

However, several concerns have been raised regarding the
preference-driven approach [10]. First, explicit preferences
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may be hard to be articulated beforehand, if the decision-
maker (DM) does not have sufficient a priori knowledge of
the problem. Second, it is not straightforward to articulate the
preferences during the optimization, and interactively tuning
the preferences during the optimization may be arduous and
sometimes intractable. Third, it is resource-intensive in the a
posterior approach to acquire a representative solution set over
the whole PoF, especially when the number of objectives is
large and the shape of the PoF is highly complex.

Accordingly, the search of naturally preferred solutions such
as the knee points becomes attractive when the DM does
not have sufficient a priori knowledge of the problems. The
knee points are the solutions on the PoF, which need a large
compromise in at least one objective to achieve a small amount
of enhancement in other objectives [11]. It has also been
shown that knee solutions contribute to a larger hypervolume
in comparison with other Pareto optimal solutions [12]. In
addition, knee points have been successfully used to deal with
a wide range of problems, such as self-adaptive software [13],
dynamic optimization [14], [15], many-objective optimization
problems [16], sparse reconstruction [17], driving strategy for
electric vehicles [18], compressing deep neural networks [19],
subspace learning [20] and community detection [21].

Several methods for knee solution identification have been
proposed. Branke et al. [11] apply the reflex angle to describe
the convexity of the solutions along the PoF, and the solution
with the largest reflex angle is regarded as the knee point.
Based on the reflex angle, Deb and Gupta [22] propose a
bend angle to characterize the knees. Following that idea,
different angle-based methods are proposed [23], [24]. Another
effective way for knee identification is to find out solutions
having the maximum distance to the hyperplane constructed
by the extreme points [12], [25], [26]. Branke et al. [11]
define the expected marginal utility (EMU) with a set of
weight vectors and the solutions with the highest utility
are regarded as the knee candidates. An extension of EMU
reported in [27] recursively uses the EMU to find the best knee
candidates in the knee regions. In [28], [29] the dominance
relationship is modified to search for the knee regions. The
methods in [30], [31] use the min-max utility to find out knee
candidates, where the solution in the knee region possesses the
largest improvement per unit degradation. Other utility driven
identification methods [32] have also been reported. Besides, a
niching-based method [33] has been proposed to identify both
convex and concave knee regions in two- or three-dimensional
objective spaces. In addition, the research presented in [34]
adopts a decomposition-based framework for approximating
the knee solutions.
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Existing identification methods may have good performance
in characterizing the knee candidates among a large number
of solutions when the given solution set is well converged and
well distributed in the knee regions. However, it is challenging
to acquire a sufficiently large set of solutions to represent the
entire PoF for problems having a large number of objectives
due to the limited computing resources [10]. Accordingly,
the performance of most knee identification algorithms will
seriously degrade if the given solution set has a very small
number of solutions distributed in a knee region.

Another challenge is how to verify the knee candidates in
real-world optimization problems, whose PoFs is unknown and
may be highly complex. To the best of our knowledge, no
measurement has been proposed to verify the obtained knee
candidates when the true Pareto front is unknown, although
different identification methods have been proposed to acquire
the knee candidates among solution sets.

The contributions of this paper are summarized as follows.
1) A framework consisting of auxiliary function construc-

tion, peak detection, and inverse mapping is proposed
to augment a given solution set by generating additional
promising solutions in the knee regions, thereby improv-
ing the quality of the identified knee solutions.

2) A novel method assisted by boxplots is suggested for
verification of the knee candidates when the true Pareto
front is unknown.

The rest of the paper is organized as follows. Section II
presents the related definitions. The motivation and details
of the proposed framework for augmenting the solution set
are presented in Section III. Section IV demonstrates the
effectiveness of the framework on a number of test instances
and a real application. Finally, Section V concludes the paper.

II. RELATED DEFINITIONS

In this section, related definitions of multiobjective opti-
mization, knee point, and multimodal optimization are given.

Definition 1 (Multiobjective optimization problem) With-
out loss of generality, a multiobjective optimization problem
(MOP) can be formulated as the minimization of m objectives:

minimize F(x) = (f1(x), · · · , fm(x))T ,

s.t. x ∈ X, F ∈ Y,
(1)

where x = (x1, · · · , xn) is the decision vector. X ⊆ Rn is
the decision space, and n is the number of decision variables.
F : X→ Y consists of m objectives. Y ⊆ Rm is the objective
space.

Definition 2 (Knee point) A knee point of a PoF is defined
as the solution having the maximum distance to the convex
hull of individual minima (CHIM) [25] constructed by the
extreme points.

x = arg max
x

d(F(x), S). (2)

where CHIM is defined as follows. Let xi
∗ be the global

minimum of fi(x). Let Φ be an m ∗ m matrix whose ith

column is fi(xi
∗) − fi(z

∗), i = 1, . . . ,m, where z∗ is the
ideal point. Let B = {β : β ∈ Rm,

∑m
i=1 βi = 1, βi ≥ 0},

f1

f2

Knee point

A

B

C

PoF

Extreme point

d

S

Fig. 1. An example of a knee point (A) of a PoF. Points B and C are the
extreme points. d is the distance from point A to the hyperplane S constructed
by the extreme points.

then the set of points in Rm that are convex combinations
of fi(xi

∗) − fi(z
∗), i.e., {Φβ : β ∈ B}, is referred to as

the convex hull of individual minima (CHIM). The reader is
referred to [25] for more details.

In Fig. 1, solution A is the knee as it has the largest distance
d to the hyperplane S.

Definition 3 (Multimodal optimization problem) Without
loss of generality, a multimodal single-objective optimization
problem (MMOP) involving multiple minimums can be for-
mulated as the minimization of an objective function:

minimize f(x),

s.t. x ∈ X,
(3)

where f(x) is the objective function, and x = (x1, · · · , xn)
is the decision vector, and n is number of decision variables.

III. PROPOSED FRAMEWORK

In this section, the motivation of the paper is introduced.
Then a novel knee solution augmentation (KSA) framework
is proposed for augmenting solutions for given a set of approx-
imated Pareto optimal solutions, followed by a description of
the main components of KSA.

A. Motivation

Conventional MOEAs aim to find a solution set to represent
the PoF with a good balance between the convergence and
diversity. After that, the DM is asked to select his or her
preferred solutions among the given solution set. However,
sometimes it is challenging to require the DM to explicitly
specify his or her preferences when the DM does not have
sufficient a priori knowledge about the distribution of the
Pareto optimal solutions. Therefore, it is of practical interest
to identify the naturally preferred solutions such as the knee
solutions in such situations.

However, several factors may prevent the acquisition of a
well distributed representative solution set of the PoF, due to,
e.g., a limited size of population, the very large number of
the objectives of the MOPs, the complexity of the PoF, and
a limited amount of computing resources [10]. Unfortunately,
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(a) (b)
Fig. 2. An example illustrating the motivation of the work. (a) The obtained
Pareto optimal solutions denoted by dots and the Pareto front denoted by the
curve. (b) Two augmented solutions denoted by diamonds, which are helpful
for identifying knee points of the PoF.

most research implicitly assumes that the given solution set is
able to provide sufficient information for identifying all knee
solutions, which is not always true. For example, six solutions
are evenly distributed on the PoF in Fig. 2 (a), but none of
them are good knee candidates. In this situation, even a diverse
solution set on the PoF is not necessarily able to provide
high-quality knee solutions. However, a priori knee-oriented
methods are not always effective in finding knee candidates,
especially on problems having discontinuous PoF and are
multimodal, as empirically demonstrated in Section I of the
Supplementary material. This motivates us to enhance the
quality of the given solution set by generating new solutions
in the promising knee regions according to the information
provided by the given solutions. Typically we can allocate a
certain amount of computing budget for targeting solutions in
the promising knee regions rather than achieving an evenly
distributed solution set of the whole PoF. For example, Fig. 2
(b) shows that two new solutions (denoted by the diamonds)
can be generated to augment the solution set that are most
beneficial for knee identification.

To augment the solution set by generating new candidate
knee solutions, a meta-model that approximates the auxiliary
function may be helpful, now that an analytical form of the
auxiliary function is unavailable. Note that meta-models have
been widely used in evolutionary optimization, in particular
in surrogate-assisted evolutionary optimization of expensive
problems [35], [36], or more generally, in data-driven evo-
lutionary optimization [37]. Surrogates may be adopted to
directly approximate the expensive objective functions [38],
scalarizing functions [39], [40], or the hypervolume contribu-
tion of a solution [41]. Alternatively, surrogates may also be
used as a classifier to distinguish dominated or non-dominated
solutions [42], learn the rank of the solutions [43], [44], or
learn the dominance relationship between the solutions [45],
[46]. Interestingly, Giagkiozis and Fleming [47], [48] build
an inverse model that maps the PoF to PoS to generate
non-dominated solutions from the PoF. Cheng et al. [49]
decompose a multivariate inverse model into a number of
univariate inverse models to replace the genetic operators to
generate solutions. In the present work, we also introduce an
inverse model to help generate solutions in potential knee
regions, in addition to the meta-model approximating the

auxiliary function.

B. Knee solution augmentation

The main framework of knee solution augmentation (KSA)
is presented in Algorithm 1. We assume that a Pareto op-
timal (or non-dominated) solution set P is obtained by an
MOEA. Then, KSA starts a repeated procedure for solution
augmentation. The procedure consists of the following main
steps. First, normalize the population P according to Eq. 4.
Then, an inverse model that builds a functional map from
the objective space to the decision space is trained based
on the existing solution set. Afterwards, KSA transforms the
approximated Pareto (non-dominated) front into a multimodal
auxiliary function, whose minimums of the basins correspond
to the knee points and the basins to the knee regions of the
Pareto front. This transformation makes it possible for KSA to
employ any peak detection algorithm [50] to efficiently locate
knee regions or knee points of the Pareto front by finding
the minimums or basins of the multimodal auxiliary function.
Note, however, that the true auxiliary function is not available
and therefore a surrogate model must be built based on the
given solutions to approximate the auxiliary function. Hence,
the next step is to build a meta-model to approximate the
auxiliary function. In this work, Kriging model [51] is adopted
as the meta-model. A peak detection algorithm [50] is then
adopted to find solutions in the potential knee regions, i.e.,
the basins of the approximated auxiliary function. The last
step is to update the population with the obtained potential
knee candidates.

The main components of KSA as listed in Algorithm 1 will
be detailed in the following and the analysis of computational
complexity is provided in Section VI of the Supplementary
material.

Algorithm 1 Knee-oriented solution augmentation (KSA)
Input : Given solution set: P ,number of objectives: m.
Output: Output solution set: P

1 while Termination condition is not satisfied do
2 Normalization: Get the normalized objective values

F̄ = (f̄1, . . . , f̄m) of each solution x in P .
3 Inverse Model Training: Train an inverse model (e.g.,

RBFNNs [47]) mapping the normalized objective val-
ues (F̄ ) to the decision vectors (x) of P .

4 Multimodal Auxiliary Function Transformation: Do
multimodal transformation on P to transform the
solutions from P into the points on a multimodal
auxiliary function.

5 Meta-model Building: Build meta-model to fit the
multimodal auxiliary function.

6 Peak Detection based Knee Search: Apply the peak
detection based knee search to find the minimums (Q)
of the estimated auxiliary function.

7 Update: Get the decision vectors x
′

of Q via RBFNNs
and evaluate Q by the true objective functions: Q =
F(x

′
), then update P with Q.

8 end
9 Return P
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C. Inverse model

Before the construction of the inverse model, the solu-
tions are normalized. The normalized objective values F̄ =
(f̄1, . . . , f̄m) of a solution x in P are obtained as follows.

f̄i(x) =
fi(x)− f imin
f imax − f imin

. (4)

where fi(x) and f̄i(x) are the i-th objective and normalized
objective values of solution x, f imin = min∀x∈P {fi(x)}, and
f imax = max∀x∈P {fi(x)}.

Given a normalized solution set X and its normalized
objective values F̄ = (f̄1(X), · · · , f̄m(X)) in Eq. 4, an
inverse model [47] is trained on the solution set to learn the
functional mapping from the objective space to the decision
space.

The procedure of the inverse modeling is given as follows.
Step 1:Do orthographic projection on F̄ to get its pro-

jection F̃ on a hyperplane F̄E , i.e., F̃ =
F̄ F̄TE , where F̄E = H(HTH)−1HT , and H =
(e1 − 1/m, . . . , em−1 − 1/m). m-1 unit vectors
are acquired like {e1, . . . , em−1}, where ei =
(0, . . . , 0, 1, 0, . . . , 0), and one is set in the i-th
position. m is the number of objectives.

Step 2:Normalize F̃ with the similar operation in Step 1.
Step 3:Build radial basis function neural networks

(RBFNNs) using the Gaussian basis function
[52], where the input and output are F̃ and X ,
respectively.

After the training of the inverse model, the value of decision
vectors of a solution can be obtained, when its objective values
are given.

D. Multimodal auxiliary function transformation

The multimodal auxiliary function transformation aims to
transform a PoF into a multimodal function (in Eq. 3).
According to the definition of the knee in [25], the knee is
characterized with the local maximum distance from solution
to the hyperplane constructed by the extreme points. Each
convex hull of individual minima (CHIM) is correlated to
a valley of a multimodal function, termed auxiliary function
here, in which the independent variables of the function are
the objective functions, and dependent variable is the negative
distance from the solutions to the hyperplane constructed by
the extreme points.

Specifically, transformation of the PoF into the auxil-
iary function is achieved as follows. The normalized ob-
jective values of a solution p can be obtained by Eq. 4,
(f̄1(p), · · · , f̄m(p)), and is then transformed into the fitness
value (FV (p)) of the multimodal auxiliary function in the
following way

FV (p) =
f̄1(p) + · · ·+ f̄m(p)− 1

|−→n |
, (5)

where −→n = (1, . . . , 1) is the normal vector of the hyperplane
S : f̄1 + · · ·+ f̄m = 1.

Fig. 3 presents an illustrative example of a Pareto front
and the corresponding transformed auxiliary function, showing

(a) (b)
Fig. 3. (a) The PoF of DEB2DK [11] is presented and the corresponding
fitness curve of the PoF is obtained after the multimodal transformation. (b)
The transformed multimodal function, whose minimums correspond to the
knee points of PoF.

that the minimums of the multimodal auxiliary function that
correspond to the knee points of the PoF.

Algorithm 2 Peak detection based knee search
Input : Transformed solution set: P : [p1, · · · , pN ],

corresponding fitness values: {FV }, the Kriging
model: Mmodel, number of objectives: m.

Output: Output solution set: Q

10 Q = ∅
11 Find knee candidates (i.e., Peaks) by peak detection (PD)

[50] in terms of FV .
12 foreach l = 1 : |Peaks| do
13 Ibest = findIndex(Peaks(l)) // find the index of

Peaks(l) from P and assign it to Ibest.
14 foreach i = 1 : N do
15 pv = pIbest + F · (pr1 − pr2)
16 jrand = randi([1,m])
17 offspring(i) = pi

18 foreach j=1:m do
19 if rand <= CR||j = jrand then
20 offspring(i).fj = pv.fj
21 end
22 end
23 [µ(offspring(i)),s(offspring(i))] = Mmodel(offspring(i))

LCBi = µ(offspring(i)) - ωs(offspring(i))
24 end
25 index = Sort(LCB,‘ascend’);
26 Q = Q∪offspring(index(1))
27 end
28 Return Q

E. Meta-model
After the transformation of the population, discrete points

of the multimodal auxiliary function are acquired. Hence, a
meta-model is built to fit the multimodal auxiliary function by
using the transformed solutions and estimate the FV value.
The Kriging model [51] is chosen as the meta-model, mainly
because the Kriging model is able to provide uncertainty
information for the estimated values.

Given a solution q in the objective space, the FV value of
q is approximated by the Kriging model:

FV (q) = µ(q) + s2(q), (6)
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where µ(q) is the prediction value of a stochastic pro-
cess. s(q) is a zero mean stationary Gaussian distribution.
N(µ(p), s2(p)) is regarded as a predictive distribution for
FV (p) on the basis of training data (Q,FV ). This work
adopts the DACE toolbox [53] to train the Kriging model.

F. Search of knees based on peak detection

The peak detection based knee search is proposed to gen-
erate solutions in the possible knee regions and search for
the knee candidates, after the training of the meta model.
In this approach, the differential evolution (DE) operators
[54] assisted by a peak detection [50] are applied for gen-
erating solutions with the help of the approximated multi-
modal auxiliary function, and the candidate knee solutions
are selected according to the lower confidence bound (LCB)
[55], LCB(p) = µ(p) − ω s(p), where µ(p) is the expected
objective value of solution p, s(p) is the uncertainty level
of the estimated objective value, and ω is a hyperparameter.
Following [55], [56], ω is set to 2 in this work. Note that LCB
is adopted as the acquisition function to measure the quality
of a new solution p, mainly because it can take into account
the balance between exploitative search in promising regions
with a low µ(p) and exploratory search with a high s(p).

The peak detection based knee search is detailed in Algo-
rithm 2. In Line 11, peak detection [50] is adopted to find
the knee candidates (peaks) in the current solution set P ,
where the peaks are the knee candidates among P . After
that, Lines 14 – 24 describe the generation of solutions (a
set of offspring) and Lines 25 – 26 the selection of potential
knee candidates in the offspring set. During the generation
of solutions, the mutation and crossover operators in DE are
adopted to generate solutions around the peak solutions or
in potential knee regions. Specifically, a peak solution pIbest

is introduced into the mutation in Line 15, and pr1 and pr2

are two randomly selected solutions from P . As a result, the
base solution pv is obtained and F ∈ (0, 2] is a scaling factor.
After the operation of mutation, then the crossover operation is
conducted on the base solution as shown from Lines 18 – 22.
If the condition rand <= CR||j = jrand is satisfied, the jth
objective value of the offspring will be replaced with that of
the base solution and j = 1, · · · ,m. CR ∈ [0, 1] is a constant
crossover rate. Following [54], both F and CR are set to 0.8.
Once new solutions are generated, they are forwarded to the
Kriging model (Line 23) to get their LCB values (in Line 23).
Finally, the new solutions will be sorted according to the LCB
values in an ascending order (Line 25) and the best one with
the smallest LCB value will be added into the output solution
set (Line 26). Accordingly, the new solutions with a smaller
LCB value will be selected with a higher priority. Note that
there may be three situations in which solutions have a small
LCB value. 1) The solutions are located close to the minimums
of the multimodal auxiliary function, and as a result, they have
a small expected FV value (s). 2) The solutions are located
in a knee region but far away from the knees, because they
have a small LCB value that combines the expected FV value
(µ) with the uncertainty (s). 3) The solutions are located in an
unexplored knee region, resulting in a large uncertainty level

(s). Thus, it is helpful to use the LCB as the criterion for
identification of knee solutions.

G. Update operation

After the operation of solution generation, the selected
promising solutions are used to update the given solution set.

The details of the update operation are presented in Algo-
rithm 3. For each solution q from the new solution set Q, it
is forwarded to the pre-trained inverse model (RBFNNs) to
get its decision vector values x(q) as shown in Line 30. Once
the decision variable values of the new solutions are obtained,
they are evaluated by using the objective functions (in Line
31). After that, the obtained solution set Q is merged with the
given solution set P via the Pareto dominance relationship,
as described in Lines 33. Specifically, only the non-dominated
solutions are kept in the updated solution set P .

Algorithm 3 Update operation
Input : Selected promising solution set: Q, the given

population and corresponding decision vectors
(P , D), the pre-trained inverse model: RBFNNs.

Output: P

29 foreach q ∈ Q do
30 Get values of the decision variables x via RBFNNs.
31 Get objective values of q by F(x) in Eq. 1.
32 end
33 Update P with Q.
34 Return P

IV. EXPERIMENTS AND DISCUSSIONS

A. Experimental settings

To test the effectiveness of the proposed framework and
identification method, widely used knee-oriented benchmark
problems are adopted for empirical studies in this work,
including DO2DK [11], DEB2DK [11], CKP [33], DEB3DK
[11], and the PMOP test suite1 [57] with six diverse knee
functions which control the features of the knee regions.
The settings of the problems are presented in Table I, where
‘asymmetric’ and ‘symmetric’ denote whether the PoF is
asymmetrical or not. Nondifferentiable means that the knee
is nondifferentiable. Unimodal and multimodal describe the
difficulty in convergence. Discontinuous means that the PoF
is disconnected. Basic shapes are the PoFs which the knee
functions are embedded into to create the knee regions [57].
The allowed maximum number of generations and fitness
evaluations are the stopping criterion for the optimizer and
the proposed framework (KSA)2, respectively.

Peak detection (PD) in [50] is originally designed to find
the maximums of maximization multimodal problems. In this
study, we adopt PD for knee identification (PD-KI) on solution
sets with the help of the multimodal auxiliary function trans-
formation proposed in subsection III-D. Three representative
knee identification methods are taken into account in the

1https://github.com/GYResearch/PMOPs-Benchmark.
2https://github.com/GYResearch/KSA-test.
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comparative studies, including the KnEA [12], EMUr [27],
TKR [30]. Specifically, KnEA identifies the knees based on
the distance to hyperplane constructed by the extreme points,
where the parameter ‘rate’ is suggested to set to 0.5 for
knee identification [12]. EMUr recursively uses the expected
marginal utility to search for the knee candidates, where the
number of weight vectors is set to 100, 105, 126, and 156 for
two-, three-, five- and eight-objective problems, respectively.
TKR searches for knees by using a ratio between the gain
and deterioration when the objectives of two solutions are
exchanged, where a parameter ε is set to 0.001 as suggested
in [30] for removing the duplicated solutions.

Two knee-driven indicators are applied for the evaluation of
the results obtained by the proposed framework and knee iden-
tification methods, i.e., the knee-driven inverted generational
distance (KIGD) [57] and the knee-driven dissimilarity (KD)
[57]. In the comparative experiments, the Wilcoxon rank sum
test (a significance level is set as 0.05) is adopted to analyze
the KIGD and KD results (obtained by 20 independent runs),
where “+”, “-”, and “≈” indicate that the result is significantly
better, significantly worse and statistically comparable to the
solutions obtained by PD-KI, respectively. All experiments
are conducted on the platform for evolutionary multiobjective
optimization (PlatEMO) [58].

Given a set of reference points R in the knee regions, and
a set of true knee points K, the KIGD and KD values of the
obtained knee candidate set P are achieved as follows.
• The knee-driven inverted generational distance (KIGD) is

defined as follows:

KIGD =
1

|R|

|R|∑
ι=1

dist(rι,P), (7)

where dist(rι,P) denotes the shortest Euclidean distance
from reference point rι ∈ R to the solution set P .

• The knee-driven dissimilarity (KD) is presented as fol-
lows:

KD =
1

|K|

|K|∑
ι=1

dist(kι,P), (8)

where dist(rι,P) denotes the shortest Euclidean distance
from knee point rι ∈ K to the solution set P .

The KIGD indicator evaluates both the proximity and the
diversity of the obtained solution set covering the knee regions.
KD mainly evaluates the accuracy and completeness of the
obtained solution set by checking whether it contains at least
one distinctive solution close to each true knee points.

Note that the reference points in the knee regions are
generated in the following way as reported in [57]. The first
step is to randomly sample a large number of Pareto optimal
points and then use the k-nearest neighbor method introduced
in SPEA2 [59] to remove the most crowded points one by
one until the required size of reference points is left. Once
a uniform set of reference points on the PF is obtained, the
second step is to locate the feasible knee points and define
a knee region for each knee point using a predefined radius.
Finally, the reference points within the knee regions are kept
as the final reference points. The reader is referred to [57] for
the definition of the radius.

(a) DEB2DK (b) CKP

(c) DEB2DK (d) CKP

(e) DEB2DK (f) CKP
Fig. 4. Examples on DEB2DK [11] and CKP [33] problems to show the
results based on KSA, random sampling, or genetic operators, where the given
solutions are highlighted in green dots, and the new solutions are denoted by
the blue diamonds.

Another indicator (denoted as increment) is adopted to
evaluate the increment of the KIGD or KD values of the
solution sets obtained before and after the augmentation by
KSA.

Increment =
Vbefore − Vafter

Vbefore
(9)

where Vbefore and Vafter are the indicator values (KIGD or
KD values) of the obtained solution sets before (or without)
and after (or with) the augmentation by KSA, respectively.
A positive increment value means the augmented solution set
has better performance than the solution set before (or without)
the augmentation of KSA. The larger the increment, the better
performance is achieved by KSA.

B. Pilot studies on KSA

In KSA, the inverse model based knee search is conducted
to generate promising solutions in the potential knee regions.
Here, a pilot study investigating the performance of KSA
without the inverse model is conducted. Instead of using
the inverse model, KSA uses random sampling or genetic
operators to generate solutions around the potential peaks
of DEB2DK [11] and CKP [33] under the condition that a
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MOP Solution
set P

Solution
set A

Solution
set B

Max. Gens

Optimizer

KSA

Optimizer
Max. Evas

Fig. 5. An illustration of the experimental design, where Max.Gens and
Max.Evas are the maximum number of generations and evaluations, respec-
tively.

maximum of 25 fitness evaluations is allowed to augment
the given solution set. Random sampling means to sample
solutions around the peak solutions with Gaussian noise of
zero mean and a standard deviation of 0.05 in the decision
space. The genetic operators are the simulated binary crossover
[60] and polynomial mutation [61] with the same distribution
indexes of 20.

Figures 4 (a) and (b) present the results obtained by KSA
on the two test problems. In these figures, most new solutions
(denoted by blue diamonds) are located closer to the knees
(red stars) than the given solutions (green dots) on different
PoFs. Furthermore, some new solutions are generated in the
unexplored knee region where the value of f2 is around 4.0 in
Fig. 4 (b). Clearly, the quality of the solution set has been
greatly improved. The result indicates that KSA can learn
the structure of the PoF and is able to generate solutions in
potential knee regions.

Figures 4 (c) and (d) plot the new solutions generated by
random sampling. The results show that only two and six non-
dominated solutions, respectively, are generated for DEB2DK
and CKP. Besides, most solutions have poor convergence since
they are located far away from the PoF. These results indicate
that random sampling fails to effectively generate promising
solutions in the potential knee regions, even if the Gaussian
noise is small.

The augmented solutions obtained by random sampling and
genetic operators are given in Figs. 4 (e) and (f). The results
show that the new solutions are located close to the given
solutions and very few of them are close to the true knees.
These results show that the the genetic operators are incapable
of producing good solutions in the potential knee regions.

In summary, KSA outperforms random sampling and the
genetic operators in producing promising solutions around the
potential knee regions.

C. Comparative experiments on KSA and PD-KI

An illustration of the experimental design is given in Fig.
5. For a fair comparison, all experiments are conducted with
the same number of evaluations. Both solution sets (A and
B) are taken from the same parent solution set P , where
P is obtained by running RVEA for a maximum number of
generations. However, A and B are generated in different
ways. Specifically, A is obtained by KSA, while solution
set B is generated by further optimizing P using RVEA
with the same number of fitness evaluations used by KSA.

During the comparison, PD-KI identifies the knee candidates
in the solution set A. Other identification methods follow
the conventional framework to search the knee candidates in
solution set B.

1) Analysis on KIGD results: In this section, the analysis
on the KIGD results are presented in terms of Table II and
Table III.

Table II exhibits the KIGD results on 32 instances. The best
results highlighted in grey show that PD-KI ranks the first
with 20 best records, followed by KnEA and EMUr with 7
and 5 best records, respectively. Moreover, PD-KI outperforms
others on most problems in terms of the rank sum values.
Specifically, TKR loses on 29 out of 32 instances. EMUr

loses its advantages on 23 instances and wins on 9 out of 32
instances. Similar results can be seen on KnEA. Especially,
PD-KI is competitive in identifying the knee regions on CKP,
DO2DK, DEB2DK, PMOP1, PMOP7 and PMOP10 problems.
Since these problems are relatively easier to be optimized,
hence the inverse model can get more accurate estimation of
the structure of the Pareto front. In other words, the results
indicate that KSA is able to improve the performance of
the solution set on most instances. However, PD-KI loses
its advantages on multimodal problems such as PMOP3 and
PMOP4 with many asymmetrical knee regions, which are hard
to knee identification by PD. Hence, KSA performs worse
on these problems. Overall, PD-KI performs better in terms
of diversity than other identification methods given the same
number of evaluations.

Table III shows the KIGD indicator values and correspond-
ing increment values obtained by the identification methods
based on the augmented solution set (A) provided by KSA.
Specifically, the first column of the increment values in Table
III shows how much the improvement of the KIGD values of
the solution sets (A) obtained by KSA over the solution set
(B) obtained by the optimizer (RVEA). The results indicate
that the increment is positive (↑) in 28 out of 32 test cases,
suggesting that the compared knee identification algorithms
are able to achieve more diverse solutions in the knee regions
from the solution sets augmented by KSA. For example, KnEA
has achieved the best result on 14 test instances and improved
results on 20 instances compared to those in Table II without
data augmentation. The overall performances of EMUr and
TKR are also improved, as both achieved better results on
23 out of 32 test instances. From the above results, we can
conclude that KSA can improve the performance of other
identification methods by providing more diverse solutions in
the knee regions, which is also verified in Section IV of the
Supplementary material.

However, some increment values in Table III are nega-
tive. The negative values of the performance indicators of
the solution sets mainly occur on PMOP4, which is highly
multimodal and has a complex asymmetrical PoF. In Section
III of the Supplementary material, we also present some
additional experimental results showing that an increase of
the proximity of the population will improve the performance
of KSA in producing promising knee candidates in the knee
regions. When KSA fails to produce promising solutions in the
knee regions, i.e., the augmented solutions are in the non-knee
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TABLE I
EXPERIMENTAL SETTINGS.

Instances No. of No. of Size of Max. Parameters: Characteristics No. of convex knees Max. Evaluationsobjectives (m) variables (n) Population (N ) Generations K, (A,B, s, p, l)

DO2DK 2 30 20 1000 K = 3, 4 Asymmetric, unimodal K 100
DEB2DK 2 30 20 500 K = 4, 5 Symmetric, unimodal K 100

CKP 2 30 20 500 K = 4, 5 Symmetric, discontinuous, unimodal K 100
DEB3DK 3 30 50 500 K = 2, 3 Symmetric, discontinuous, unimodal K2 100
PMOP1 2,3,5,8 m+ 9 20,50,50,100 500,500,1000,1000 (4,1,-1,1) Linear basic shape, symmetric, discontinuous, unimodal dA

2
em−1 150,150,150,200

PMOP3 2,3,5,8 m+ 9 20,50,50,100 500,500,1000,1000 (4,1,2,1) Convex basic shape, symmetric, multimodal dA
2
em−1 150,150,150,200

PMOP4 2,3,5,8 m+ 9 50,50,50,100 1000,1000,2000,2000 (6,1,-1,1) Concave basic shape, asymmetric, nondifferentiable, discontinuous, multimodal bA+1
3
cm−1 150,150,150,200

PMOP6 2,3,5,8 m+ 9 20,50,50,100 500,500,1000,1000 (2,1,2,1) Convex basic shape, symmetric, discontinuous, multimodal (A− 1)m−1 150,150,150,200
PMOP7 2,3,5,8 m+ 9 20,50,50,100 500,500,1000,1000 (4,1,2,1) Linear basic shape, symmetric, discontinuous, multimodal dA

2
em−1 150,150,150,200

PMOP10 2,3,5,8 m+ 9 50,50,50,100 1000,1000,2000,2000 (1,1,2,1,12) Linear basic shape, asymmetric, multimodal (2 ∗A)m−1 150,150,150,200

TABLE II
THE KIGD VALUES (AVERAGE VALUES, VARIANCE VALUES) OF THE CANDIDATE SOLUTION SETS OBTAINED BY THE IDENTIFICATION METHODS.

Instances K EMUr TKR KnEA PD-KI

CKP 4 2.436E+00 ( 2.600E-05 )− 3.220E+00 ( 3.257E-01 )− 6.570E-01 ( 4.272E-03 )− 1.351E-01 ( 1.009E-03 )
5 2.422E+00 ( 2.400E-05 )− 2.655E+00 ( 8.034E-01 )− 4.767E-01 ( 3.057E-03 )− 1.427E-01 ( 5.100E-03 )

DO2DK 3 1.073E+00 ( 1.562E-01 )− 2.414E+00 ( 7.791E-01 )− 8.621E-01 ( 1.514E-01 )+ 9.037E-01 ( 1.564E-01 )
4 9.801E-01 ( 1.245E-01 )− 1.631E+00 ( 9.174E-02 )− 8.049E-01 ( 1.572E-01 )+ 8.113E-01 ( 1.556E-01 )

DEB2DK 4 6.002E-01 ( 8.624E-02 )− 3.127E+00 ( 2.128E-03 )− 6.349E-01 ( 9.889E-02 )− 1.544E-01 ( 2.968E-03 )
5 1.122E+00 ( 4.369E-02 )− 2.473E+00 ( 2.885E-01 )− 6.818E-01 ( 1.092E-02 )− 2.041E-01 ( 5.325E-03 )

DEB3DK 2 4.243E+00 ( 2.234E-03 )− 2.753E+00 ( 5.992E-01 )− 2.159E+00 ( 2.280E+00 )− 1.908E+00 ( 1.032E+00 )
3 3.941E+00 ( 5.560E-04 )− 2.176E+00 ( 5.298E-01 )− 3.267E+00 ( 4.026E+00 )− 1.910E+00 ( 4.182E-01 )

Instances Obj. EMUr TKR KnEA PD-KI

PMOP1

2 8.011E-02 ( 0.000E+00 )− 5.736E-01 ( 0.000E+00 )− 5.895E-02 ( 0.000E+00 )− 5.233E-02 ( 8.000E-06 )
3 3.597E-01 ( 3.600E-05 )− 7.137E-01 ( 0.000E+00 )− 2.441E-01 ( 0.000E+00 )+ 3.057E-01 ( 1.998E-03 )
5 2.654E+00 ( 1.651E-02 )− 1.657E+00 ( 5.718E-02 )− 1.161E+00 ( 1.000E-06 )− 1.033E+00 ( 4.103E-02 )
8 4.474E+00 ( 3.449E-01 )− 2.867E+00 ( 6.506E-01 )− 7.201E+00 ( 1.941E+00 )− 2.151E+00 ( 8.985E-02 )

PMOP3

2 7.939E-01 ( 7.362E-01 )− 2.196E+00 ( 1.836E+00 )− 7.927E-01 ( 7.579E-01 )− 1.621E+00 ( 1.028E+00 )
3 3.470E-01 ( 6.521E-03 )+ 1.079E+00 ( 3.293E-02 )− 3.336E-01 ( 9.126E-03 )+ 9.267E-01 ( 5.173E-02 )
5 6.027E-01 ( 3.080E-03 )+ 9.168E-01 ( 1.405E-03 )+ 5.163E-01 ( 1.474E-02 )+ 2.150E+00 ( 2.375E-01 )
8 7.229E-01 ( 5.448E-03 )+ 9.034E-01 ( 1.515E-03 )+ 7.570E-01 ( 2.800E-01 )+ 4.942E+00 ( 1.071E+00 )

PMOP4

2 2.986E+00 ( 2.794E+00 )− 3.160E+00 ( 3.209E+00 )− 1.842E+01 ( 4.971E+03 )− 2.936E+00 ( 3.158E+00 )
3 4.321E+00 ( 5.875E+00 )+ 4.429E+00 ( 5.448E+00 )+ 3.846E+01 ( 8.940E+03 )+ 4.636E+00 ( 5.016E+00 )
5 1.242E+00 ( 1.302E-02 )+ 2.086E+00 ( 2.538E-01 )− 1.305E+01 ( 2.441E+03 )+ 1.462E+00 ( 1.210E-01 )
8 2.845E+00 ( 3.891E-02 )+ 5.392E+00 ( 1.657E+00 )− 3.848E+01 ( 9.908E+03 )− 3.547E+00 ( 1.535E+00 )

PMOP6

2 6.917E-01 ( 1.296E+00 )+ 2.254E+00 ( 4.626E+00 )− 6.711E-01 ( 1.323E+00 )+ 7.361E-01 ( 1.526E+00 )
3 1.917E-01 ( 4.600E-04 )+ 6.612E-01 ( 3.149E-02 )− 2.662E-01 ( 9.899E-02 )+ 3.330E-01 ( 2.915E-02 )
5 5.116E-01 ( 4.669E-03 )+ 7.529E-01 ( 7.299E-03 )− 7.942E-01 ( 5.275E-01 )− 5.787E-01 ( 3.037E-02 )
8 1.178E+01 ( 1.199E-01 )− 1.478E+01 ( 1.439E+00 )− 1.799E+01 ( 4.957E+01 )− 9.572E+00 ( 1.872E+00 )

PMOP7

2 8.657E-01 ( 1.924E-01 )− 1.629E+00 ( 8.924E-02 )− 1.179E+00 ( 1.319E-01 )− 2.464E-01 ( 2.188E-02 )
3 7.257E-01 ( 1.340E-02 )− 7.746E-01 ( 7.529E-03 )− 6.664E-01 ( 8.441E-02 )− 2.361E-01 ( 5.430E-03 )
5 6.237E-01 ( 2.056E-03 )− 5.304E-01 ( 2.274E-02 )− 9.383E-01 ( 4.901E-02 )− 3.250E-01 ( 1.261E-03 )
8 5.923E-01 ( 3.986E-03 )− 5.637E-01 ( 1.105E-02 )− 6.962E-01 ( 5.020E-02 )− 3.587E-01 ( 4.313E-03 )

PMOP10

2 1.543E+00 ( 1.145E-02 )− 2.946E+00 ( 1.032E+01 )− 1.877E+01 ( 4.407E+02 )− 1.168E+00 ( 2.363E-01 )
3 1.381E+00 ( 4.538E-02 )− 3.758E+00 ( 2.305E+01 )− 2.905E+00 ( 1.103E+01 )− 1.234E+00 ( 1.360E+00 )
5 1.323E+00 ( 2.443E-02 )− 1.846E+00 ( 2.594E+00 )− 4.728E+00 ( 1.108E+02 )− 1.125E+00 ( 8.833E-02 )
8 1.112E+00 ( 3.647E-03 )− 2.253E+00 ( 1.184E+01 )− 3.118E+01 ( 2.060E+03 )− 9.489E-01 ( 8.608E-03 )

Sum (‘+’/ ‘−’ / ‘≈’) 9/23/0 3/29/0 10/22/0 −

‘+’, ‘−’ and ‘≈’ indicate that the result is significantly better, significantly worse and statistically similar to that obtained by PD-KI, respectively.

TABLE III
THE KIGD VALUES OF THE CANDIDATE SOLUTION SETS OBTAINED BY KNEE IDENTIFICATION ALGORITHMS FROM THE AUGMENTED SOLUTION SETS

ACQUIRED BY KSA TOGETHER WITH THEIR CORRESPONDING INCREMENT VALUES.

Instances K Increment EMUr increment TKR increment KnEA increment PD-KI

CKP 4 42.56% ( 4.583E-03 )↑ 2.437E+00 ( 3.000E-05 )− -0.02% ( 0.000E+00 )↓ 3.853E-01 ( 5.123E-02 )− 87.17% ( 8.524E-03 )↑ 6.150E-01 ( 5.780E-04 )− 5.46% ( 1.105E-02 )↑ 1.351E-01 ( 1.009E-03 )
5 8.97% ( 3.298E-03 )↑ 2.409E+00 ( 4.690E-04 )− 0.14% ( 6.500E-05 )↑ 6.201E-01 ( 6.441E-02 )− 74.92% ( 1.431E-02 )↑ 5.960E-01 ( 7.900E-04 )− 1.02% ( 1.019E-02 )↑ 1.427E-01 ( 5.100E-03 )

DO2DK 3 2.52% ( 8.487E-03 )↑ 1.052E+00 ( 1.585E-01 )− 2.31% ( 5.274E-03 )↑ 1.173E+00 ( 2.580E-01 )− 51.51% ( 2.112E-02 )↑ 8.584E-01 ( 1.706E-01 )+ 2.52% ( 8.487E-03 )↑ 9.037E-01 ( 1.564E-01 )
4 4.12% ( 1.139E-02 )↑ 9.202E-01 ( 1.403E-01 )− 7.67% ( 1.042E-02 )↑ 1.102E+00 ( 4.023E-01 )− 34.39% ( 8.056E-02 )↑ 7.790E-01 ( 1.548E-01 )+ 4.71% ( 1.253E-02 )↑ 8.113E-01 ( 1.556E-01 )

DEB2DK 4 46.76% ( 1.899E-02 )↑ 3.955E-01 ( 1.212E-02 )− 23.78% ( 6.778E-02 )↑ 3.060E-01 ( 2.657E-02 )− 90.25% ( 2.600E-03 )↑ 3.902E-01 ( 8.743E-02 )− 39.00% ( 8.624E-02 )↑ 1.544E-01 ( 2.968E-03 )
5 12.14% ( 3.114E-03 )↑ 7.877E-01 ( 2.743E-02 )− 33.05% ( 2.645E-02 )↑ 5.180E-01 ( 5.598E-03 )− 78.88% ( 1.840E-03 )↑ 7.414E-01 ( 1.604E-02 )− 0.73% ( 2.207E-02 )↑ 2.041E-01 ( 5.325E-03 )

DEB3DK 2 5.74% ( 1.453E-03 )↑ 4.244E+00 ( 2.291E-03 )− -0.03% ( 0.000E+00 )↓ 1.745E+00 ( 7.689E-01 )+ 30.76% ( 1.629E-01 )↑ 1.671E+00 ( 1.379E+00 )+ -7.08% ( 9.483E-01 )↓ 1.908E+00 ( 1.032E+00 )
3 5.30% ( 1.368E-03 )↑ 3.943E+00 ( 6.310E-04 )− -0.05% ( 3.000E-06 )↓ 1.784E+00 ( 3.132E-01 )+ 11.92% ( 9.569E-02 )↑ 1.421E+00 ( 1.722E+00 )+ 17.26% ( 1.615E+00 )↑ 1.910E+00 ( 4.182E-01 )

Instances Obj. Increment EMUr increment TKR increment KnEA increment PD-KI

PMOP1

2 19.74% ( 3.190E-04 )↑ 8.039E-02 ( 1.100E-05 )− -0.35% ( 1.639E-03 )↓ 8.222E-02 ( 1.530E-04 )− 85.67% ( 4.660E-04 )↑ 4.731E-02 ( 1.000E-06 )+ 19.74% ( 3.190E-04 )↑ 5.233E-02 ( 8.000E-06 )
3 32.89% ( 1.260E-03 )↑ 3.214E-01 ( 1.045E-03 )− 10.67% ( 7.153E-03 )↑ 3.088E-01 ( 2.384E-03 )− 56.73% ( 4.684E-03 )↑ 1.803E-01 ( 2.880E-04 )+ 26.15% ( 4.832E-03 )↑ 3.057E-01 ( 1.998E-03 )
5 22.62% ( 1.290E-03 )↑ 1.747E+00 ( 8.500E-03 )− 34.10% ( 1.396E-03 )↑ 1.264E+00 ( 2.015E-02 )− 21.68% ( 3.225E-02 )↑ 1.631E+00 ( 5.578E-02 )− -40.47% ( 4.121E-02 )↓ 1.033E+00 ( 4.103E-02 )
8 15.45% ( 6.733E-03 )↑ 3.854E+00 ( 2.467E-01 )− 13.52% ( 5.084E-03 )↑ 2.815E+00 ( 1.763E-01 )− -3.45% ( 6.768E-02 )↓ 5.274E+00 ( 4.830E+00 )− 25.38% ( 9.427E-02 )↑ 2.151E+00 ( 8.985E-02 )

PMOP3

2 10.29% ( 6.317E-02 )↑ 8.026E-01 ( 8.378E-01 )+ 3.93% ( 6.440E-02 )↑ 1.575E+00 ( 1.547E+00 )+ 28.33% ( 1.474E-01 )↑ 7.621E-01 ( 8.542E-01 )+ 2.41% ( 2.748E-01 )↑ 1.621E+00 ( 1.028E+00 )
3 4.63% ( 1.376E-02 )↑ 3.230E-01 ( 5.753E-03 )+ 5.83% ( 2.601E-02 )↑ 9.501E-01 ( 5.999E-02 )− 11.97% ( 2.611E-02 )↑ 2.957E-01 ( 4.896E-03 )+ 8.12% ( 4.274E-02 )↑ 9.267E-01 ( 5.173E-02 )
5 18.80% ( 2.225E-02 )↑ 5.058E-01 ( 8.568E-03 )+ 15.84% ( 2.004E-02 )↑ 9.212E-01 ( 1.873E-03 )+ -0.55% ( 2.122E-03 )↓ 3.964E-01 ( 6.922E-03 )+ 21.07% ( 3.815E-02 )↑ 2.150E+00 ( 2.375E-01 )
8 4.30% ( 4.893E-03 )↑ 6.687E-01 ( 7.557E-03 )+ 6.72% ( 2.103E-02 )↑ 9.020E-01 ( 1.330E-03 )+ 0.09% ( 1.139E-03 )↑ 5.367E-01 ( 3.412E-03 )+ 18.92% ( 3.232E-02 )↑ 4.942E+00 ( 1.071E+00 )

PMOP4

2 -1.20% ( 6.116E-03 )↓ 3.120E+00 ( 3.278E+00 )− -1.91% ( 1.222E-02 )↓ 3.058E+00 ( 3.261E+00 )− 6.18% ( 2.620E-02 )↑ 3.077E+00 ( 3.525E+00 )− -35.26% ( 1.083E+00 )↓ 2.936E+00 ( 3.158E+00 )
3 -6.41% ( 8.521E-03 )↓ 4.456E+00 ( 5.584E+00 )+ -6.52% ( 2.464E-02 )↓ 4.510E+00 ( 5.535E+00 )+ -2.76% ( 1.084E-02 )↓ 4.706E+00 ( 5.219E+00 )− -8.87% ( 2.866E-01 )↓ 4.636E+00 ( 5.016E+00 )
5 0.67% ( 4.040E-03 )↑ 1.209E+00 ( 3.048E-03 )+ 2.01% ( 6.296E-03 )↑ 2.211E+00 ( 2.069E-01 )− -9.09% ( 6.602E-02 )↓ 1.071E+00 ( 7.975E-02 )+ 37.46% ( 1.441E-01 )↑ 1.462E+00 ( 1.210E-01 )
8 -0.23% ( 1.567E-03 )↓ 2.771E+00 ( 5.138E-03 )+ 2.24% ( 3.455E-03 )↑ 5.456E+00 ( 1.361E+00 )+ -2.67% ( 1.949E-02 )↓ 2.823E+00 ( 9.109E-01 )+ 54.91% ( 1.365E-01 )↑ 3.547E+00 ( 1.535E+00 )

PMOP6

2 24.46% ( 8.785E-01 )↑ 7.580E-01 ( 1.494E+00 )− -8.90% ( 5.657E-01 )↓ 1.421E+00 ( 7.419E+00 )+ 58.85% ( 3.581E-01 )↑ 7.286E-01 ( 1.538E+00 )+ 24.47% ( 8.785E-01 )↑ 7.361E-01 ( 1.526E+00 )
3 8.33% ( 9.742E-03 )↑ 1.738E-01 ( 5.430E-04 )+ 8.54% ( 1.929E-02 )↑ 4.659E-01 ( 6.300E-02 )− 26.19% ( 1.715E-01 )↑ 1.231E-01 ( 1.016E-03 )+ 22.09% ( 9.317E-02 )↑ 3.330E-01 ( 2.915E-02 )
5 9.23% ( 1.334E-02 )↑ 4.986E-01 ( 1.469E-02 )+ 2.49% ( 4.033E-02 )↑ 7.188E-01 ( 1.475E-02 )− 3.09% ( 4.308E-02 )↑ 3.377E-01 ( 2.399E-03 )+ 30.61% ( 1.110E-01 )↑ 5.787E-01 ( 3.037E-02 )
8 17.96% ( 1.387E-02 )↑ 1.177E+01 ( 1.625E-01 )− 0.06% ( 4.880E-04 )↑ 1.525E+01 ( 6.785E+00 )− -3.11% ( 1.870E-02 )↓ 1.319E+01 ( 1.342E+01 )− 20.20% ( 4.883E-02 )↑ 9.572E+00 ( 1.872E+00 )

PMOP7

2 11.59% ( 1.151E-02 )↑ 3.669E-01 ( 1.950E-02 )− 48.69% ( 5.400E-02 )↑ 2.912E-01 ( 2.979E-02 )− 82.34% ( 8.470E-03 )↑ 9.282E-01 ( 1.648E-02 )− 17.95% ( 2.236E-02 )↑ 2.464E-01 ( 2.188E-02 )
3 18.46% ( 5.048E-03 )↑ 6.423E-01 ( 1.925E-02 )− 10.76% ( 2.640E-02 )↑ 2.821E-01 ( 2.610E-02 )− 62.94% ( 5.005E-02 )↑ 7.034E-01 ( 1.622E-01 )− -20.43% ( 9.220E-01 )↓ 2.361E-01 ( 5.430E-03 )
5 2.36% ( 4.310E-04 )↑ 6.157E-01 ( 2.301E-03 )− 1.27% ( 9.490E-04 )↑ 3.896E-01 ( 1.408E-02 )− 21.19% ( 9.282E-02 )↑ 1.136E+00 ( 2.486E-01 )− -38.82% ( 1.216E+00 )↓ 3.250E-01 ( 1.261E-03 )
8 1.89% ( 1.208E-03 )↑ 5.919E-01 ( 4.241E-03 )− 0.07% ( 4.080E-04 )↑ 4.077E-01 ( 7.016E-03 )− 24.93% ( 5.060E-02 )↑ 1.977E+00 ( 7.234E-01 )− -192.34% ( 1.481E+00 )↓ 3.587E-01 ( 4.313E-03 )

PMOP10

2 9.30% ( 1.004E-01 )↑ 1.417E+00 ( 8.761E-02 )− 7.95% ( 3.554E-02 )↑ 3.455E+00 ( 1.482E+01 )− -14.7% ( 1.224E+00 )↓ 7.618E+00 ( 1.321E+02 )− 54.85% ( 1.107E-01 )↑ 1.168E+00 ( 2.363E-01 )
3 2.90% ( 5.920E-02 )↑ 1.193E+00 ( 1.575E-01 )+ 12.38% ( 9.630E-02 )↑ 2.254E+00 ( 7.716E+00 )− 23.55% ( 1.122E-01 )↑ 3.114E+00 ( 1.167E+01 )− -85.77% ( 1.979E+00 )↓ 1.234E+00 ( 1.360E+00 )
5 -1.88% ( 1.254E-02 )↓ 1.308E+00 ( 2.791E-02 )− -0.04% ( 2.583E-02 )↓ 3.327E+00 ( 2.055E+01 )− -70.29% ( 3.791E+00 )↓ 8.282E+00 ( 1.338E+02 )− -151.64% ( 1.006E+00 )↓ 1.125E+00 ( 8.833E-02 )
8 1.85% ( 1.991E-03 )↑ 1.115E+00 ( 3.985E-03 )− -0.28% ( 1.037E-03 )↓ 5.544E+00 ( 6.574E+01 )− -178.89% ( 2.301E+01 )↓ 3.719E+01 ( 2.052E+03 )− -46.87% ( 1.515E+00 )↓ 9.489E-01 ( 8.608E-03 )

sum(‘+’/‘−’ /‘≈’) − 10/22/0 − 8/24/0 − 15/17/0 − −
Sum (‘↑’ / ‘↓’ ) 28/4 − 23/9 − 23/9 − 20/10 −

‘+’, ‘−’ and ‘≈’ indicate that the result is significantly better, significantly worse and statistically similar to that obtained by PD-KI, respectively. ‘↑’ (or ‘↓’) indicates that the increment is positive or negative.
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regions, the increment values become negative. The results
investigating the influences of the distribution of the solutions
and the limitations of KSA are presented in Section II and
Section III of the Supplementary material, respectively.

In summary, the results in Tables II and III show that PD-
KI outperforms the compared methods in identifying knee
regions on most instances, and KSA is able to improve the
performance of knee identification algorithms in the search
of knee solutions according to the KIGD and the increment
values.

2) Analysis of KD results: In this section, an analysis of
the KD results presented in Table IV and Table V is given.

Table IV presents the KD values of all methods. According
to the best values, PD-KI performs the best with 20 best
records, followed by EMUr with 10 best records out of 32
instances. According to the rank sum values, PD-KI outper-
forms others in identifying knee solutions on most instances.
Specifically, PD-KI wins on 22, 30, and 26 out of 32 instances
in comparison with EMUr, TKR, and KnEA, respectively. The
better performance of PD-KI can be attributed to the solution
set augmented by KSA. Overall, PD-KI outperforms others on
most instances according to the KD values.

Table V presents the KD values and corresponding incre-
ment values obtained by the identification methods based on
the augmented solution set provided by KSA. The increment
values in the first column show that KSA is able to generate
promising candidates close to the true knee points on most
instances because there are 26 wins against 6 losses. The
results also show that the performances of the identification
methods under comparison have also improved on most in-
stances. For example, the performances of EMUr, TKR, and
KnEA are enhanced on 21, 22, and 19 instances in terms of the
sum of ↑, respectively. According to the rank sum values, the
performances of KnEA and EMUr are greatly improved, since
both have obtained 13 better results than PD-KI. Especially,
KnEA achieves the best result on 13 instances while PD-KI
achieves the best results on 15 instances. Therefore, KSA is
also able to improve the performance of existing methods in
search for knee solutions. However, some increment values in
Table V are negative. This happens mainly on problems such
as PMOP4, which is hard for an EA to converge due to its
strong multimodality and complicated asymmetry of its PoF.
Since the solutions are poorly converged, KSA may fail to
produce promising solutions in the knee regions.

In summary, the results in Tables IV and V confirm that
PD-KI is competitive in identifying knee regions on most test
instances, and KSA is able to enhance the performance of knee
identification algorithms in terms of KD and the increment
values. More analyses on KSA are presented in Sections V
and VII of the Supplementary material.

D. Results on hybrid electric vehicle controller management

1) Problem description: Here, we apply the proposed
method to a hybrid electric vehicle (HEV) management con-
troller design problem [62]. Fig. 6 illustrates the general
architecture of HEV controller management system. Espe-
cially, the controller provides the vehicles with the propulsion

Fig. 6. The general architecture of the HEV, where the fuel and battery are
the power sources to the internal combustion engine (ICE) and electric motor
(EM), respectively; the battery can be charged from the electricity grids or
recharged during the braking; the request speed from the driver determines
the torque generated by the electric motor; the HEV energy management
controller controls the internal combustion engine by switching the operation
point in terms of the state-of-change (SOC) and current speed v(t).

by a combination of an internal combustion engine (ICE)
and an electric motor (EM), and the energy management
controller is required to maximize the required performance
by switching the power sources between the ICE and EM
during different driving scenarios [63]. The HEV controller
operates by tuning 11 parameters under a set of rules to
minimize seven objectives, i.e., the fuel consumption (FC),
battery stress (BS), operation changes (OC), emission, noise,
urban operation (UO), and battery state of change (SOC). The
interested readers are referred to [62] for more details of the
hybrid electric vehicle management controller design problem.

2) Knee-oriented augmentation on HEV controller manage-
ment: In order to test the performance of KSA, a solution set
with 66 non-dominated solutions is obtained by RVEA [62]
on the HEV controller design problem, as shown in Fig. 7 (a).
Fig. 7 (b) plots the augmented results with 83 non-dominated
solutions (under the condition of 200 fitness evaluations). The
normalized hypervolume (HV) [64] values of the solution sets
in Figs. 7 (a) and (b) are 7.81E-3 and 7.94E-3, respectively.
With data augmentation by KSA, the performance is improved
by 1.67% in terms of the HV value, indicating that KSA is
able to improve the quality of the solution set.

3) Proposed measurement for knee verification: Here we
examine whether the knee solutions obtained by four knee
identification methods on the basis of the solution set plotted
in Figs. 7 (a) and (b) are really knee solutions.

To the best of our knowledge, no measure has been proposed
for the verification of the knee candidates when the PoF of
the problem is unknown. Accordingly, a verification method
assisted by the boxplot is introduced to further investigate the
acquired solutions whether they are true knee candidates or
not. According to the definition of the knee point in Eq. 2,
the knee points are the solutions with largest distances to the
hyperplane, in comparison with their neighboring solutions.
In this study, the number of solutions in the neighborhood of
each obtained solution is set to 5, 10, and 15. Taking Fig. 9
as an example, the y-axis value closer to 5, 10, and 15 means
that the obtained knee candidates have larger distance to the
hyperplane than their 5, 10, and 15 neighboring solutions. In
other words, the solutions from the obtained solution set are
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TABLE IV
THE KD VALUES OF THE CANDIDATE SOLUTION SETS OBTAINED BY THE IDENTIFICATION METHODS.

Instances K EMUr TKR KnEA PD-KI

CKP 4 2.255E+00 ( 2.700E-05 )− 3.226E+00 ( 2.590E-01 )− 7.684E-01 ( 7.111E-03 )− 1.281E-01 ( 2.133E-03 )
5 2.236E+00 ( 2.500E-05 )− 2.700E+00 ( 7.257E-01 )− 5.618E-01 ( 4.137E-03 )− 1.313E-01 ( 4.895E-03 )

DO2DK 3 1.150E+00 ( 2.152E-01 )− 2.656E+00 ( 7.618E-01 )− 9.262E-01 ( 1.589E-01 )− 9.636E-01 ( 1.725E-01 )
4 1.066E+00 ( 1.294E-01 )− 1.881E+00 ( 9.395E-02 )− 8.557E-01 ( 1.672E-01 )+ 8.599E-01 ( 1.693E-01 )

DEB2DK 4 5.510E-01 ( 1.175E-01 )− 3.134E+00 ( 2.070E-03 )− 6.295E-01 ( 1.343E-01 )− 1.283E-01 ( 3.685E-03 )
5 1.149E+00 ( 5.292E-02 )− 2.468E+00 ( 2.763E-01 )− 7.565E-01 ( 1.917E-02 )− 1.592E-01 ( 8.890E-03 )

DEB3DK 2 4.109E+00 ( 2.477E-03 )− 2.955E+00 ( 6.847E-01 )− 2.257E+00 ( 1.553E+00 )− 2.119E+00 ( 1.148E+00 )
3 3.673E+00 ( 5.700E-04 )− 2.376E+00 ( 7.200E-01 )− 2.999E+00 ( 2.821E+00 )− 1.992E+00 ( 4.540E-01 )

Instances Obj. EMUr TKR KnEA PD-KI

PMOP1

2 8.436E-02 ( 0.000E+00 )− 5.612E-01 ( 0.000E+00 )− 8.436E-02 ( 0.000E+00 )− 7.009E-02 ( 1.800E-05 )
3 2.727E-01 ( 0.000E+00 )− 7.030E-01 ( 0.000E+00 )− 2.727E-01 ( 0.000E+00 )− 2.517E-01 ( 4.626E-03 )
5 2.675E+00 ( 2.418E-02 )− 1.501E+00 ( 7.554E-02 )− 9.060E-01 ( 5.000E-06 )− 1.028E+00 ( 1.647E-02 )
8 4.714E+00 ( 3.004E-01 )− 2.516E+00 ( 9.321E-01 )− 6.980E+00 ( 2.223E+00 )− 2.351E+00 ( 1.145E-01 )

PMOP3

2 7.762E-01 ( 7.611E-01 )+ 2.323E+00 ( 1.882E+00 )− 8.204E-01 ( 7.794E-01 )+ 1.084E+00 ( 9.416E-01 )
3 2.805E-01 ( 1.147E-02 )+ 1.064E+00 ( 3.556E-02 )− 2.938E-01 ( 1.335E-02 )+ 8.159E-01 ( 1.061E-01 )
5 6.918E-01 ( 5.486E-03 )− 9.501E-01 ( 1.468E-03 )− 5.456E-01 ( 1.531E-02 )+ 6.106E-01 ( 5.044E-02 )
8 7.656E-01 ( 4.171E-03 )+ 9.400E-01 ( 1.656E-03 )− 8.127E-01 ( 2.698E-01 )+ 8.228E-01 ( 1.154E-02 )

PMOP4

2 2.996E+00 ( 2.809E+00 )− 3.160E+00 ( 3.218E+00 )− 1.844E+01 ( 4.971E+03 )− 2.945E+00 ( 3.205E+00 )
3 4.356E+00 ( 5.932E+00 )+ 4.441E+00 ( 5.440E+00 )+ 3.848E+01 ( 8.939E+03 )− 4.680E+00 ( 5.038E+00 )
5 1.226E+00 ( 1.043E-02 )+ 1.958E+00 ( 2.082E-01 )+ 1.295E+01 ( 2.443E+03 )− 1.475E+00 ( 8.058E-02 )
8 2.753E+00 ( 2.832E-02 )+ 4.853E+00 ( 1.330E+00 )− 3.802E+01 ( 9.936E+03 )− 3.348E+00 ( 1.152E+00 )

PMOP6

2 6.829E-01 ( 1.361E+00 )+ 2.272E+00 ( 4.672E+00 )− 6.931E-01 ( 1.361E+00 )+ 7.402E-01 ( 1.580E+00 )
3 1.545E-01 ( 5.296E-03 )+ 6.537E-01 ( 4.399E-02 )− 2.760E-01 ( 1.021E-01 )− 2.612E-01 ( 3.526E-02 )
5 3.131E-01 ( 3.093E-02 )+ 5.452E-01 ( 1.759E-02 )− 7.161E-01 ( 6.341E-01 )− 4.002E-01 ( 4.253E-02 )
8 9.209E-01 ( 2.044E-01 )+ 3.216E+00 ( 8.191E+00 )− 8.824E+00 ( 9.946E+01 )− 1.634E+00 ( 3.363E-01 )

PMOP7

2 8.175E-01 ( 2.441E-01 )− 1.627E+00 ( 9.665E-02 )− 1.227E+00 ( 1.255E-01 )− 2.281E-01 ( 2.504E-02 )
3 6.863E-01 ( 1.540E-02 )− 8.237E-01 ( 9.087E-03 )− 6.937E-01 ( 8.446E-02 )− 1.959E-01 ( 6.229E-03 )
5 5.608E-01 ( 2.396E-03 )− 5.286E-01 ( 3.729E-02 )− 9.987E-01 ( 5.524E-02 )− 2.967E-01 ( 2.190E-03 )
8 5.452E-01 ( 5.577E-03 )− 5.107E-01 ( 1.118E-02 )− 7.233E-01 ( 5.313E-02 )− 3.239E-01 ( 6.819E-03 )

PMOP10

2 1.543E+00 ( 1.100E-02 )− 2.946E+00 ( 1.033E+01 )− 1.878E+01 ( 4.407E+02 )− 1.171E+00 ( 2.316E-01 )
3 1.376E+00 ( 4.486E-02 )− 3.755E+00 ( 2.307E+01 )− 2.917E+00 ( 1.095E+01 )− 1.241E+00 ( 1.360E+00 )
5 1.323E+00 ( 1.635E-02 )− 1.787E+00 ( 2.618E+00 )− 4.704E+00 ( 1.117E+02 )− 1.122E+00 ( 8.908E-02 )
8 1.163E+00 ( 1.239E-02 )− 2.244E+00 ( 1.185E+01 )− 3.113E+01 ( 2.059E+03 )− 9.852E-01 ( 4.654E-03 )

Sum (‘+’/ ‘−’ / ‘≈’) 10/22/0 2/30/0 6/26/0 −
‘+’, ‘−’ and ‘≈’ indicate that the result is significantly better, significantly worse and statistically similar to that obtained by PD-KI, respectively.

TABLE V
THE KD VALUES OF THE CANDIDATE SOLUTION SETS OBTAINED BY THE IDENTIFICATION METHODS IN TERMS OF THE AUGMENTED SOLUTION SET

ACQUIRED BY KSA, AND THEIR CORRESPONDING INCREMENT VALUES.

Instances K Increment EMUr increment TKR increment KnEA increment PD-KI

CKP 4 49.42% ( 3.600E-02 )↑ 2.256E+00 ( 3.200E-05 ) − -0.02% ( 0.000E+00 )↓ 4.053E-01 ( 4.909E-02 )− 86.92% ( 6.375E-03 )↑ 7.118E-01 ( 8.800E-04 )− 6.11% ( 1.583E-02 )↑ 1.281E-01 ( 2.133E-03 )
5 38.50% ( 6.295E-02 )↑ 2.233E+00 ( 3.040E-04 )− 0.12% ( 4.600E-05 )↑ 5.461E-01 ( 6.961E-02 ) − 78.21% ( 1.245E-02 )↑ 5.129E-01 ( 1.806E-03 )− 7.80% ( 1.179E-02 )↑ 1.313E-01 ( 4.895E-03 )

DO2DK 3 1.91% ( 7.845E-03 )↑ 1.130E+00 ( 2.105E-01 ) − 1.72% ( 4.087E-03 )↑ 1.224E+00 ( 3.018E-01 ) − 54.41% ( 2.464E-02 )↑ 9.237E-01 ( 1.797E-01 )+ 1.91% ( 7.845E-03 )↑ 9.636E-01 ( 1.725E-01 )
4 4.61% ( 1.508E-02 )↑ 9.882E-01 ( 1.610E-01 )− 9.88% ( 2.202E-02 )↑ 1.157E+00 ( 4.638E-01 )− 40.28% ( 7.685E-02 )↑ 8.221E-01 ( 1.626E-01 )+ 5.44% ( 1.782E-02 )↑ 8.599E-01 ( 1.693E-01 )

DEB2DK 4 30.48% ( 3.710E-02 )↑ 3.076E-01 ( 1.983E-02 )− 29.18% ( 9.385E-02 )↑ 2.528E-01 ( 3.848E-02 )− 91.98% ( 3.782E-03 )↑ 3.920E-01 ( 1.244E-01 )− 38.83% ( 1.374E-01 )↑ 1.283E-01 ( 3.685E-03 )
5 44.59% ( 3.708E-02 )↑ 4.654E-01 ( 8.223E-02 )− 60.09% ( 4.784E-02 )↑ 2.538E-01 ( 1.430E-02 )− 89.34% ( 2.973E-03 )↑ 7.381E-01 ( 2.248E-02 )− -0.48% ( 5.817E-02 )↓ 1.592E-01 ( 8.890E-03 )

DEB3DK 2 0.29% ( 9.910E-04 )↑ 4.110E+00 ( 2.533E-03 )− -0.03% ( 0.000E+00 )↓ 1.896E+00 ( 9.010E-01 )+ 29.19% ( 1.807E-01 )↑ 1.873E+00 ( 1.279E+00 )+ -3.05% ( 6.625E-01 )↓ 2.119E+00 ( 1.148E+00 )
3 5.13% ( 2.207E-03 )↑ 3.676E+00 ( 6.630E-04 )− -0.07% ( 4.000E-06 )↓ 1.927E+00 ( 4.215E-01 )≈ 10.77% ( 1.426E-01 )↑ 1.536E+00 ( 1.833E+00 )+ 15.53% ( 1.345E+00 )↑ 1.992E+00 ( 4.540E-01 )

Instances Obj. Increment EMUr increment TKR increment KnEA increment PD-KI

PMOP1

2 18.52% ( 1.548E-03 )↑ 6.874E-02 ( 1.100E-05 )+ 18.52% ( 1.548E-03 )↑ 7.921E-02 ( 1.770E-04 )− 85.88% ( 5.630E-04 )↑ 6.874E-02 ( 1.100E-05 )+ 18.52% ( 1.548E-03 )↑ 7.009E-02 ( 1.800E-05 )
3 29.54% ( 6.448E-03 )↑ 2.126E-01 ( 1.104E-03 )+ 22.04% ( 1.486E-02 )↑ 2.668E-01 ( 3.576E-03 )− 62.04% ( 7.241E-03 )↑ 1.927E-01 ( 5.200E-04 )+ 29.31% ( 7.003E-03 )↑ 2.517E-01 ( 4.626E-03 )
5 15.60% ( 2.662E-03 )↑ 1.757E+00 ( 9.045E-03 )− 34.14% ( 2.083E-03 )↑ 1.191E+00 ( 4.055E-02 )− 16.84% ( 7.800E-02 )↑ 1.411E+00 ( 3.940E-02 )− -55.68% ( 4.753E-02 )↓ 1.028E+00 ( 1.647E-02 )
8 8.06% ( 1.778E-03 )↑ 3.859E+00 ( 1.213E-01 )− 17.49% ( 7.438E-03 )↑ 2.737E+00 ( 3.305E-01 )− -18.68% ( 1.503E-01 )↓ 5.074E+00 ( 4.653E+00 )− 25.68% ( 9.360E-02 )↑ 2.351E+00 ( 1.145E-01 )

PMOP3

2 -1.57% ( 1.490E-01 )↓ 8.046E-01 ( 8.534E-01 )+ -4.08% ( 1.262E-01 )↓ 1.645E+00 ( 1.663E+00 )− 29.53% ( 1.438E-01 )↑ 7.823E-01 ( 8.505E-01 )+ -5.64% ( 3.932E-01 )↓ 1.084E+00 ( 9.416E-01 )
3 -4.46% ( 3.198E-02 )↓ 2.763E-01 ( 8.833E-03 )+ -2.24% ( 4.711E-02 )↓ 9.303E-01 ( 6.354E-02 )− 12.72% ( 2.721E-02 )↑ 2.751E-01 ( 5.727E-03 )+ -0.53% ( 7.353E-02 )↓ 8.159E-01 ( 1.061E-01 )
5 26.10% ( 5.341E-02 )↑ 5.452E-01 ( 1.858E-02 )+ 20.50% ( 4.185E-02 )↑ 9.537E-01 ( 2.074E-03 )− -0.44% ( 2.031E-03 )↓ 4.208E-01 ( 1.390E-02 )+ 21.21% ( 5.470E-02 )↑ 6.106E-01 ( 5.044E-02 )
8 5.04% ( 1.067E-02 )↑ 7.131E-01 ( 8.492E-03 )+ 6.48% ( 1.576E-02 )↑ 9.389E-01 ( 1.512E-03 )− 0.06% ( 1.114E-03 )↑ 6.400E-01 ( 2.009E-03 )+ 11.61% ( 2.879E-02 )↑ 8.228E-01 ( 1.154E-02 )

PMOP4

2 0.61% ( 2.150E-02 )↑ 3.133E+00 ( 3.293E+00 )− -2.04% ( 1.189E-02 )↓ 3.067E+00 ( 3.274E+00 )− 6.29% ( 3.211E-02 )↑ 3.089E+00 ( 3.545E+00 )− -36.35% ( 1.317E+00 )↓ 2.945E+00 ( 3.205E+00 )
3 -6.90% ( 1.192E-02 )↓ 4.494E+00 ( 5.653E+00 )+ -6.48% ( 2.467E-02 )↓ 4.513E+00 ( 5.538E+00 )+ -2.31% ( 1.036E-02 )↓ 4.752E+00 ( 5.240E+00 )− -9.43% ( 2.770E-01 )↓ 4.680E+00 ( 5.038E+00 )
5 0.93% ( 3.156E-03 )↑ 1.202E+00 ( 5.971E-03 )+ 1.54% ( 5.552E-03 )↑ 2.072E+00 ( 1.708E-01 )− -8.66% ( 5.931E-02 )↓ 1.104E+00 ( 6.732E-02 )+ 34.18% ( 1.470E-01 )↑ 1.475E+00 ( 8.058E-02 )
8 -1.25% ( 1.828E-03 )↓ 2.676E+00 ( 9.252E-03 )+ 2.53% ( 3.047E-03 )↑ 4.928E+00 ( 1.058E+00 )− -3.37% ( 2.641E-02 )↓ 2.739E+00 ( 8.394E-01 )+ 53.00% ( 1.357E-01 )↑ 3.348E+00 ( 1.152E+00 )

PMOP6

2 16.22% ( 1.689E+00 )↑ 7.402E-01 ( 1.580E+00 )≈ 16.22% ( 1.689E+00 )↑ 1.397E+00 ( 7.588E+00 )− 63.12% ( 3.664E-01 )↑ 7.402E-01 ( 1.580E+00 )≈ 16.22% ( 1.689E+00 )↑ 7.402E-01 ( 1.580E+00 )
3 1.97% ( 9.550E-04 )↑ 1.445E-01 ( 4.865E-03 )+ 5.62% ( 1.168E-02 )↑ 4.138E-01 ( 8.629E-02 ) − 33.43% ( 2.174E-01 )↑ 1.382E-01 ( 4.624E-03 )+ 15.26% ( 1.100E-01 )↑ 2.612E-01 ( 3.526E-02 )
5 0.63% ( 2.533E-03 )↑ 3.816E-01 ( 5.652E-02 )+ -40.37% ( 1.447E+00 )↓ 5.368E-01 ( 2.241E-02 ) − -3.90% ( 1.372E-01 )↓ 2.645E-01 ( 8.495E-03 )+ 24.55% ( 1.489E-01 )↑ 4.002E-01 ( 4.253E-02 )
8 -0.15% ( 1.416E-02 )↓ 9.333E-01 ( 2.303E-01 )+ -1.46% ( 2.626E-02 )↓ 3.905E+00 ( 1.711E+01 ) − -55.51% ( 1.868E+00 )↓ 2.648E+00 ( 2.355E+01 )− 5.26% ( 1.865E+00 )↑ 1.634E+00 ( 3.363E-01 )

PMOP7

2 10.31% ( 2.239E-02 )↑ 2.689E-01 ( 2.972E-02 )− 58.66% ( 5.926E-02 )↑ 2.839E-01 ( 3.628E-02 )− 82.94% ( 1.005E-02 )↑ 1.006E+00 ( 1.276E-02 )− 14.65% ( 2.292E-02 )↑ 2.281E-01 ( 2.504E-02 )
3 2.76% ( 2.751E-03 )↑ 6.014E-01 ( 2.136E-02 )− 11.55% ( 2.997E-02 )↑ 2.922E-01 ( 3.239E-02 )− 63.96% ( 5.349E-02 )↑ 7.321E-01 ( 1.606E-01 )− -20.62% ( 9.030E-01 )↓ 1.959E-01 ( 6.229E-03 )
5 0.72% ( 5.310E-04 )↑ 5.557E-01 ( 2.248E-03 )− 0.86% ( 5.850E-04 )↑ 4.025E-01 ( 1.958E-02 )− 13.86% ( 1.782E-01 )↑ 1.196E+00 ( 2.400E-01 )− -36.62% ( 1.043E+00 )↓ 2.967E-01 ( 2.190E-03 )
8 1.48% ( 2.346E-03 )↑ 5.440E-01 ( 5.720E-03 )− 0.22% ( 2.650E-04 )↑ 3.861E-01 ( 1.108E-02 )− 21.72% ( 6.385E-02 )↑ 2.011E+00 ( 7.242E-01 )− -186.65% ( 1.388E+00 )↓ 3.239E-01 ( 6.819E-03 )

PMOP10

2 9.44% ( 9.398E-02 )↑ 1.424E+00 ( 8.061E-02 )− 7.39% ( 3.427E-02 )↑ 3.457E+00 ( 1.483E+01 )− -14.78% ( 2.143E-01 )↓ 7.617E+00 ( 1.322E+02 )− 55.00% ( 1.101E-01 )↑ 1.171E+00 ( 2.316E-01 )
3 3.33% ( 6.176E-02 )↑ 1.181E+00 ( 1.574E-01 )+ 12.88% ( 9.891E-02 )↑ 2.245E+00 ( 7.691E+00 )− 23.66% ( 1.091E-01 )↑ 3.104E+00 ( 1.169E+01 )− -80.54% ( 1.922E+00 )↓ 1.241E+00 ( 1.360E+00 )
5 -0.10% ( 1.151E-02 )↓ 1.317E+00 ( 2.945E-02 )− -0.37% ( 2.442E-02 )↓ 3.276E+00 ( 2.089E+01 )− -71.08% ( 4.026E+00 )↓ 8.175E+00 ( 1.343E+02 )− -163.53% ( 1.522E+00 )↓ 1.122E+00 ( 8.908E-02 )
8 1.47% ( 1.667E-03 )↑ 1.170E+00 ( 1.156E-02 )− -0.68% ( 9.180E-04 )↓ 5.572E+00 ( 6.554E+01 )− -189.74% ( 2.545E+01 )↓ 3.710E+01 ( 2.054E+03 )− -45.45% ( 1.554E+00 )↓ 9.852E-01 ( 4.654E-03 )

Sum (‘+’/‘−’/ ‘≈’) − 13/18/1 − 2/29/1 − 14/17/1 − −
Sum (‘↑’ / ‘↓’ ) 26/6 − 21/11 − 22/10 − 19/13 −

‘+’, ‘−’ and ‘≈’ indicate that the result is significantly better, significantly worse and statistically similar to that obtained by PD-KI, respectively. ‘↑’ (or ‘↓’) indicates that the increment is positive or negative.

(a) Before (b) After
Fig. 7. (a) The solution set obtained by RVEA before the augmentation by KSA. (b) The solution set augmented by KSA. The lines are denoted by the
solutions.
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(a) EMUr (b) TKR (c) KnEA (d) PD-KI

(e) EMUr (f) TKR (g) KnEA (h) PD-KI
Fig. 8. Plots (a) - (d) show the knee candidates obtained by EMUr , TKR, KnEA, and PD-KI on Fig. 7 (a). Plots (e) - (h) present the knee candidates obtained
by the four methods on Fig. 7 (b).

(a) EMUr (b) TKR (c) KnEA (d) PD-KI

(e) EMUr (f) TKR (g) KnEA (h) PD-KI
Fig. 9. Plots (a) - (d) show the boxplots of the knee candidates obtained by EMUr , TKR, KnEA, and PD-KI, respectively, where all results are based on
Fig. 7 (a). Plots (e) - (h) present the boxplots of knee candidates acquired by the four methods in terms of Fig. 7 (b). The x-axis represents the number
of solutions in the neighborhood (5, 10, and 15). The y-axis shows the number of solutions whose distances to the hyperplane are smaller than that of the
achieved solutions.

more likely to be the true knee solutions. On the contrary, the
value closer to 0 denotes that the solutions from the solution
set may be isolated or close to the boundary because they are
closer to the hyperplane.

The solutions obtained by the compared algorithms shown
in Fig. 8 are replotted in Fig. 9 using boxplots. Specifically,
the results in Figs. 9 (a) - (d) are based on the solution set
without augmentation (Fig. 7 (a)), while those in Figs. 9 (e) -
(h) are based on the augmented solution set (Fig. 7 (b)). From
Figs. 9 (a) - (d), we observe PD-KI and KnEA show better
performance, because their median values of the boxplots are
larger than that of other methods. This means the provided
solutions are more likely the true knee candidates. However,
PD-KI identifies more diverse knee candidates than KnEA,

as shown in Figs. 8 (c) and (d). Figs. 9 (a) - (d) also show
that all methods have found at least one true knee candidate
of the solution set, because the maximum y-axis value of the
boxplot is 5, 10, and 15. However, Figs. 9 (a) and (b) also
contain isolated solutions whose y-axis value is approximately
0, because these two methods favor the boundary points during
the selection.

Figs. 9 (e) - (h) show that KnEA has the best performance
with the largest median value, followed by PD-KI and EMUr.
But PD-KI and EMUr provide more diverse knee candidates
than KnEA. PD-KI, KnEA and EMUr have found the true
knee candidates of the augmented solution set, while TKR
did not find any true knee solutions since the maximum y-
axis value is not equal to 5, 10, and 15. Notably, EMUr and



12

TKR also identify isolated solutions or boundary solutions,
whose minimum y-axis value equals 0, 0, and 0 on different
x-labels (5, 10, and 15), respectively.

In summary, the results on the HEV controller design prob-
lem demonstrate that KSA is able to enhance the quality of the
solution set, and PD-KI is effective in the search for diverse
knee solutions and able to provide promising knee candidates
rather than the isolated solutions or boundary points.

V. CONCLUSION

Identification of knee points from a set of approximated
solutions is non-trivial if no sufficient solutions are available
around the knee points, in particular when the number of
objectives becomes large.

To address the above challenge, this paper proposes a
framework that augments the given solution set for knee
identifications by generating promising solutions in the knee
regions. By transforming the non-dominated front into a
multimodal auxiliary function and building an inverse model,
the proposed knee-oriented solution augmentation algorithm
is able to generate well distributed solutions around the
potential knee points, thereby making it much easier for a
knee identification algorithm to more effectively detect the
knee points. For verification of knee solutions without the
knowledge of the true Pareto front, this paper also proposes a
boxplot assisted method for the verification of knee candidates.
A set of experiments is conducted on 32 benchmark problems
and on a hybrid electric vehicle controller design problem. The
experimental results demonstrate that the proposed solution
augmentation method is effective in enhancing the quality of
the identified knee points of all knee identification algorithms
investigated in this study.

One topic of future research is to improve the effectiveness
in generating high-quality solutions when the knee regions
are complex, especially in a high-dimensional objective space.
Another interesting yet challenging topic is to develop new
methods that can more effectively deal with multiobjective
optimization problems having many local Pareto fronts. Fi-
nally, inverse modeling will become increasingly hard when
the number of decision variables becomes large. In this case,
random grouping or other dimension reduction methods may
be helpful.
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