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Abstract- The combination of evolutionary algorithms
and neural networks for the purpose of structure opti-
mization has frequently been discussed. In this paper
we apply an indirect encoding method, the recursive en-
coding combined with a gradual growth process of the
network structure, to the problem of time series predic-
tion and modelling. Modularity of the network structure,
the optimization of the encoding parameters on a larger
time-scale, i.e. a meta-evolutionary process and the choice
of encoding dependent search operators to enhance the
strong causality of the search process will be discussed.

1 Introduction

Demanding modularity for the design of distributed informa-
tion processing systems, especially neural networks, is desir-
ably for a number of reasons. Finding an appropriate struc-
ture for a complex problem without imposing any constraints
is likely to be a formidable task due to the high-dimensional
and multi-modal search space. Furthermore, using a modu-
lar approach it is possible to obtain a growing neural network
both with respect to the network complexity and the difficulty
of the task. That is, the network can solve simplified prob-
lems even at an early developmental stage [1]. More gener-
ally speaking, a modular network design is a first step towards
an automated problem decomposition and therefore to an hi-
erarchical solution of a given task. In the evolutionary opti-
mization of neural networks a modular approach is strongly
connected to an indirect encoding of the network structure.
Several proposals for the design of such an encoding have
been put forward in the literature, e.g. [2, 3, 4]. In [3] a mod-
ular structure is imposed on the network from a-priori knowl-
edge of the problem decomposition. This is questionable
since it relies on the availability of sufficient knowledge about
the problem to be able to design the optimization process ac-
cordingly. In [5] the modular network structure relies on the
concept of automated function definition in genetic program-
ming. The recursive encoding used in our work (Section 2) is
an extension of the grammar encoding by Kitano [2], which
inherently favours a modular network structure, but which at
the same time can equally code for a complete random struc-
ture. In addition, the recursive encoding method provides the
initialization of the network weights. In each generation each
network is trained for a number of cycles using standard back-
propagation. The encoding itself is variable and optimized on

a larger time-scale. We introduce an extension of the recur-
sive encoding which accomplishes a gradual growth process
of the network structure during ontogeny. One of the aims of
this work is to observe the development of modularity of the
network structure and of the encoding parameters during op-
timization for two qualitatively different problems from the
domain of time series prediction. In evolutionary algorithms
the search operators must be chosen according to the encod-
ing in order to meet the different constraints for a successful
optimization process. In Section 3, we define specific muta-
tion and crossover operators that enhance the strong causal-
ity (see e.g. [6, 7]) of the search process, which represents
one of these constraints. In addition, the performance of the
optimized networks is compared to randomly chosen neural
structures which are averaged over several weight initializa-
tions.

2 Outline of the encoding

2.1 The recursive encoding method

In the recursive encoding, the connection matrix of a feed-
forward network without a layered structure is developed
in different stages. The elements of the connection matrix
define the initial weights between neurons; in the case of a
zero element the neurons are not connected. Since the matrix
is feed-forward, only the upper triangular part is needed for
the specification of the network. The diagonal elements de-
fine the threshold values for each neuron. The developmental
process of the matrix is specified by a mapping from a first
vector SC (small chromosome) with integer elements to a
second vector LC (large chromosome), also with integer
elements. In each step, each element of the connection matrix
is replaced by a 2 × 2 matrix of new elements, starting with
the first element of SC which is replaced by the first four
elements of LC . In Figure 1 the growth of the connection
matrix is shown. The following notation will be used for the
recursive encoding:

ak
µν element at position (µ, ν) of the connection matrix in

the kth recursion step. If the element is non-zero, it
represents the initial weight between neuron µ and ν

(ak
µν ∈ {0, . . . , Nsym})

R the number of recursion steps
k the recursion step, (k = 1, . . . , R)
Nsym maximum integer number permitted in (SC , LC)
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Figure 1: Scheme of the recursive development of the con-
nection matrix up to a size of 8× 8.
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Figure 2: One element is replaced by four elements in one
step in the recursive encoding.

N(ak
µν) the index of the first element in SC , which is identical to

ak
µν

dSC
, dLC

dimension of the vector SC , LC (small,large chromo-
some)

si, li elements of the vector SC and LC

At each recursion step k, the index N(ak
µν) of the first

element in SC , which is identical to the connection ma-
trix element ak

µν , is determined; for example, index
N(ak

µν = 7) = 3 in Figure 2. The element is then replaced
by the four elements at the positions

(

4 · (N(ak
µν)− 1) + 1, 4 · (N(ak

µν)− 1) + 2,

4 · (N(ak
µν)− 1) + 3, 4 · (N(ak

µν)− 1) + 4
)

(1)

in the large chromosome LC . Figure 2 shows the replace-
ment of an element ak

µν = 7 by the four elements (3, 6, 9, 1)

at the positions (9, 10, 11, 12). Should ak
µν not be identical to

any element of SC , it is replaced by four so-called terminal
symbols (in the notation of integer strings, the most conve-
nient choice is zero). The terminal symbol (zero) denotes that
no connection exists between neuron µ and ν. The terminal
symbol is in turn always replaced by another four terminal
symbols in a recursion step. Finally, the connection matrix is
simplified by deleting all neurons which do not contribute to
the network output. Thus, the main components of the recur-
sive encoding are:

. In each step, each element of the connection matrix is
replaced by a 2×2 matrix whose elements are specified
by equation (1).

. If the element is not identical to any entry of SC , the
elements of the 2× 2 matrix are given by (0, 0, 0, 0).

. In each step, 0 is replaced by (0, 0, 0, 0).

. R steps are carried out.

The recursive encoding has several advantages:

. The development of the connection matrix with integer
numbers allows the initialization of the weights without
the need of further extensions.

. The interpretation of the encoding as a mapping be-
tween two vectors makes theoretical analysis possible
[8].

. The encoding scheme C is governed by the set of three
parameters

C = (R, dSC
, Nsym), (2)

the number of recursion steps R, the dimension of
the small chromosome dSC

and the maximum inte-
ger number permitted Nsym. Thus, the encoding itself
can be subjected to evolution on a larger time-scale.
The evolution of the encoding (the genotype-phenotype
map in biological terms) in evolutionary algorithms has
recently attracted attention.

. At every step, the connection matrix can be used to de-
fine a neural network. In this way, it is possible to cou-
ple dynamically the developmental process, which is
determined by the genetic information, with the learn-
ing process, see [1].

In its simplest form the recursive encoding devel-
ops a connection matrix from a vector SC with ele-
ments si ∈ {1, . . . , Nsym} and a vector LC with elements
li ∈ {1, . . . , Nsym} with the described mapping. The con-
nection matrix is then translated into a neural network in the
following way. If aR

µν = 0, neuron µ and neuron ν are not
connected. All other integer values aR

µν ∈ {1, . . . , Nsym}
are mapped to an interval [−δ, δ]. These values constitute the
initial weight values for the connection between neuron µ and
neuron ν. In the final step, neurons, which are not connected
to any other neurons and which do not serve as output neu-
rons, are removed. If the system, which is modelled by the
neural network, is of the form ~y = ~f(~x) with ~x ∈ IRn and
~y ∈ IRm, then the first n neurons in the connection matrix
are input neurons and the last m neurons are output neurons.
The threshold function of each neuron is tanh(x). Thus, the
output of neuron ν (initially) is given by (xν and wν denote
the input and input weights, respectively. a′

R
µν are the matrix

elements mapped to the interval.):

yν = tanh

(

ν−1
∑

µ=1

a′
R
µνyµ + a′

R
νν

)

, ν > n (3)

yν = tanh

(

ν−1
∑

µ=1

a′
R
µνyµ + wνxν + a′

R
νν

)

, ν ≤ n.(4)

This basic scheme has been successfully applied to net-
work optimization for time series prediction by Sendhoff and



Kreutz [9]. However, it is not complete, i.e. not all possible
network structures can be coded for. In order to guarantee
completeness, it is sufficient to permit the terminal symbol 0
in LC , li ∈ {0, . . . , Nsym}. The drawback, however, is that
the encoding length can in the worst case exceed the encod-
ing length of the direct encoding. The alternative is to allow
elements in SC and LC which are not terminals but also code
for a no connection entry between neurons in the connection
matrix. This can be achieved by extending the set of possible
elements in SC and LC to

si, li ∈ {−Nneg
sym, . . . ,−1, 1, . . . , Nsym}, (5)

where all negative numbers are set to zero (no connection)
in the final matrix. During the developmental steps, the neg-
ative integers are replaced in the same way as the positive
integers. Further details of the completeness analysis of the
recursive encoding con be found in [8]. Both variants remove
some of the appealing simplicity of the recursive encoding.
Although the question whether completeness is important for
structure optimization cannot be answered, some remarks can
however be made. If the purpose is to analyze modularity in
the framework of information processing in systems like neu-
ral networks, completeness is unlikely to play a major role.
On the other hand, it is likely that for any problem, which is to
be solved by artificial neural networks, several structures are
available which show similar performance, especially for ex-
tended systems. In the experiments carried out by the authors,
the extensions of the recursive encoding method showed the
best performance on all time series prediction problems and
the results shown in Section 4 have been achieved with the
extended scheme.

2.2 Gradual network growth in the recursive encoding

In order to highlight the growth process of the neural struc-
ture and to make the matrix replacement more gradual,
thereby enhancing the strong causality [7] of the developmen-
tal phase, a variation of the original replacement scheme is
introduced. The matrix at step (k − 1) is divided into four
equally sized quadratic matrices. Only the elements from the
matrices, which form the lower triangular part of the connec-
tion matrix at step (k − 1), are used for the mapping. These
define, via the recursive mapping, the elements of the three
matrices which form the lower triangular part of the connec-
tion matrix at step k. Each of these has the same dimension
as the whole matrix at step (k − 1). The upper left matrix is
built by copying the whole connection matrix of step (k− 1).
The replacement scheme is visualized in Figure 3. An alter-
native albeit very similar method is to copy the network ma-
trix from one developmental step before onto the upper left
part of the connection matrix at the current step. Both meth-
ods coincide when no neurons of the network are removed.
If neurons are removed, the copying process guarantees that
the whole network structure of the previous step is included.
In the experiments this growth process will be used, however,
both methods hardly show any difference both with respect to

Figure 3: Left: The replacement scheme of the basic recur-
sive encoding. Right: The extension to a more gradual growth
process of the matrix. The matrix at step (k−1) is transferred
to the first quadrant of the matrix at step k, only the elements
of the lower triangular matrix at step (k − 1) are used in the
mapping.

the resulting network structure and to the performance. In or-
der to investigate the combination of learning and genetically
determined development, it is necessary to further extend the
replacement scheme, by including weights which have been
learned in previous steps, details can be found in [8].

3 Controlled genotype variations in structure
optimization

The concept of strong causality [6, 7] relates distances on the
genotype space to distances on the phenotype space in evo-
lutionary algorithms. The claim is that the neighbourhood
structure in genotype space should be conserved under the
mapping from genotype to phenotype space, thus it repre-
sents a condition which the encoding and the mutation op-
erator should fulfil. The causality condition can therefore
be expressed as follows: Small variations on the genotype
space due to mutation imply small variations in the phenotype
space. In [7] it was quantified using a definition of distances
on the genotype space, which is dependent on the mutation
operator. The standard versions of the genetic algorithm and
the evolution strategy for parameter optimization were ana-
lytically examined with respect to the causality condition in
[8]. The recursive encoding method in general does not fulfil
this condition, it is therefore necessary to examine whether
changes to the operators can enhance the degree to which
strong causality is fulfilled. In the following, we will em-
pirically analyze (with respect to the performance and the dy-
namics of the search process) specific mutation and crossover
operators, which have been shown to increase quantitatively
the degree of causality [7].

Operator set A: The mutation probability for the chromo-
somes SC and LC is position independent, the values are
given in Table 1. Uniform crossover has been applied to both
chromosomes, that is, each element has an equal and inde-
pendent probability of being inherited from either of the par-
ents. If the vectors have different dimensions, the remaining
positions are copied from the longer vector. If the offspring
vector dimension is larger than that of either of its parents,
the remaining positions are drawn uniformly from the set of
symbols.



parameter value parameter value
learning rate 0.01 momentum factor 0.5
max. dSC

50 max. Nsym 50
max. R 5 min. net size 6
weight interval [0.8,−0.8] max net size 64
pm(SC) 2 · (dSC

)−1 pc(SC) 0.75
pm(LC) 2 · (dLC

)−1 pc(LC) 0.75
pm(C) 0.05 pc(C) 0.1

Table 1: Parameter values for the experiments A & B to an-
alyze the influence of the changes in the mutation and the
crossover operator.

Operator set B: The mutation probability is position and
symbol dependent, based upon the values specified in Table
1. Since the first four symbols in SC and in LC have a strong
influence on the encoding, their mutation probability is re-
duced to pm(B) = p2

m(A). Furthermore, the mutation prob-
ability of symbols which occur more than once is increased,
since they do not influence the encoding. If a symbol occurs
n times in the chromosome SC , the mutation probability is
given by pm(B) = n ·pm(A), with a cut-off at pm(B) = 0.9.
The crossover on LC is uniform with respect to four-tuples
of elements, that is, for each set of four elements it is deter-
mined only once from which parent the symbols are copied.
This reflects the functional unity of four-tuples representing
2× 2 matrices in the recursive encoding.

In order to analyze the influences of these changes two experi-
ments A & B have been carried out predicting the Lorenz time
series, see Section 4, one step ahead. Deterministic selection
was employed with (µ, λ) = (20, 60) over 150 epochs. The
parameters for the encoding, the network and the learning
algorithm, which is a standard back-propagation algorithm
are shown in Table 1. pm and pc denote the mutation and
crossover probability of the different chromosomes, note that
C contains all values of the encoding; see equation (2). The
initial weight values were fixed by the evolutionary algorithm
and mapped to the interval [−0.8, 0.8]. Experiment A uses
the standard operator set A and experiment B the operator
set B, as described above. For each epoch the differences in
the fitness values, the genotype and the phenotype structures
were recorded using the following measures. Since genotypes
and phenotypes have variable length, equations (9,10) look
slightly confusing, however they only measure the average
difference. All quantities were averaged over the whole pop-
ulation in each epoch. Let s

p1,p2

i , so
i , l

p1,p2

i and loi denote the
genotype vector components for the parents and the offspring,
ap1,p2

µν and ao
µν the matrix entries of the phenotype and f p1,p2

and fo the fitness values. Let

d
min(k)
l,s,a = min(dpk

l,s,a, do
l,s,a) (6)

d
max(k)
l,s,a = max(dpk

l,s,a, do
l,s,a) (7)

be the minimal and maximal vector dimensions and the min-
imal and maximal matrix dimension, respectively. The set

Mno(k) contains all indices of the matrix entries which do
not overlap in the parent and offspring matrices. The matrix
entries are denoted by a

no(k)
µν and refer to the parent or off-

spring matrix entries depending on which one has the larger
dimension. The notation for the genotype vectors is analogue
s

no(k)
i , l

no(k)
i .

Dfit =
1

2

�
|fp1 − fo|

fp1
+

|fp2 − fo|

fp2 � (8)

Dpheno =
1

2 �� d
min(1)
a�

µν

|ap1
µν − a

o
µν | +

�
µν∈Mno(1)

|ano(1)
µν |

+

d
min(2)
a�

µν

|ap2
µν − a

o
µν | +

�
µν∈Mno(2)

|ano(2)
µν | �� (9)

Dgeno =
1

2 ��� d
min(1)
s�
i=0

|sp1
i − s

o
i | +

d
max(1)
s �

i=d
min(1)
s

|s
no(1)
i |

+

d
min(1)
l �
i=0

|lp1
i − l

o
i | +

d
max(1)
l �

i=d
min(1)
l

+1

|l
no(1)
i | +

d
min(2)
s�
i=0

|sp2
i − s

o
i |

+

d
max(2)
s �

i=d
min(2)
s +1

|s
no(2)
i | +

d
min(2)
l �
i=0

|lp2
i − l

o
i | +

d
max(2)
l �

i=d
min(2)
l

+1

|l
no(2)
i | �	��

(10)

The results are shown in Figure 4 (a)–(e). Firstly, it can
be seen that the operator set B clearly shows better results
with respect to the performance of the algorithm both for the
best individual (a) and the average fitness (b). The fitness is
given by the rms error averaged over the test data set. The
task is, therefore, to minimize the fitness. The overall con-
clusion from the recorded genotype, phenotype and fitness
differences is that the operator set B allows smaller steps in
all spaces. This is most profound in the genotype space for
which changes are directly influenced by the mutation op-
erator. Dgeno assumes distinctly smaller values, especially
between epochs 40–80. This also corresponds to a drop in
both Dpheno and Dfit, although less clearly than in the case
of the genotype differences. However, the differences be-
tween experiments A and B for Dfit are greatest between
epochs 40–80. This corresponds to the course of the fitness,
for which both the best and the average values in exp. A stag-
nate from epoch 40 onwards. Whereas in simulation B, the
fitness evolves towards better values between epochs 40–80
and beyond epoch 80 or 90 it remains unchanged. Opera-
tor set B was used for the experiments performed in the next
section.

4 Time series prediction and modelling

We applied the evolutionary algorithm (based on experiment
B last section) with the proposed encoding to the problem
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Figure 4: The best fitness values (a) and the average fitness
values (b) for both simulations. Figures (c)–(e): the genotype
differences,Dgeno, equation (10), the phenotype differences,
Dpheno, equation (9) and the fitness differences, Dfit, equa-
tion (8) for each epoch averaged over the whole population.
The best and the average fitness (f) for a third simulation with
higher mutation rate.

of one step prediction (experiment B1) and five step iteration
(experiment B2) of the chaotic Lorenz system [10]:

dx(t)

dt
= −y(t)2 − z(t)2 − a x(t) + a F (11)

dy(t)

dt
= x(t) y(t) − b x(t) z(t)− y(t) + G (12)

dz(t)

dt
= b x(t) y(t) + x(t) z(t)− z(t). (13)

The differential equation system (11–13) was solved numeri-
cally with the Runge-Kutta 4th order method with an integra-
tion step ∆t = 0.05 for 10000 time steps for the parameter
setting (a = 0.25, b = 4.0, F = 8.0, G = 1.0). The attractor
dimension for this setting is dA ≈ 2.5. The one-step predic-
tion task is a straightforward function approximation problem

for which neural networks have been frequently applied suc-
cessfully.

The five step iteration task requires that neural networks
capture some of the dynamics of the system. The model
receives the system state ~x(t) at time t as input and iter-
ates for five or more general for m time steps. During the
iteration, the network uses the prediction ~̂x(t0 + n ∆t) of
the systems state as input for the prediction at step n + 1,
~̂x(t + (n + 1) ∆t). The iteration task is very difficult for the
neural network, since there are two sources of error. Firstly,
during the iteration the model itself constitutes a dynamical
system. If the dynamic of the model is very different (this can
be the case even if the one step prediction shows very good
results) the predicted orbit will rapidly depart from the true
orbit. For example, if the network has a fix-point dynamic
it might only need a few iterations to reach this point. This
effect can be seen in poorly trained networks for larger iter-
ation times. Secondly, due to the irregularity of the system,
the errors of the model in each time step will be amplified
even if it perfectly captures the dynamic of the original sys-
tem. Learning the underlying dynamics is difficult for purely
feed-forward neural networks [11]. The learning algorithm
usually has to be modified to include the iteration task in or-
der to achieve good results [12, 13]. Note that the first source
of error is the problem of modelling a system and cannot be
avoided, whereas the second problem can be circumvented, if
in addition to the standard error measure invariants of the dy-
namics are used to determine the performance of the network
in modelling the original system [13, 14]. However, due to
the additional time for the evaluation of the Liapunov expo-
nents this approach is not feasible for structure optimization.

In both experiments, the error measure was the standard
root mean squared (rms) error on the validation data set. The
training set was used for the network training (once after the
developmental process) and the test set as an early-stopping
criterion, which however was hardly used because of the rela-
tively few training cycles and the small sample size (all three
sets consist of 500 data). In the evolutionary algorithm the
operators, which were discussed in the last section, were ap-
plied together with deterministic selection, which turned out
to deliver empirically the best results. All parameters of the
evolutionary algorithm and of back-propagation learning are
summarized in Table 2. Each individual consists of four chro-
mosomes (SC , LC , C, input-weights); the larger time-scale
of C is realized by reducing the values of pm and pC .

The results are shown in Figure 5 and 7. In exp. B1 the
size of the small chromosome is consistently larger than the
number of permitted symbols Nsym which favours larger net-
work’s with higher connection probability. The variations of
the most influential structure parameter R is moderate even
in the average case (not shown). Thus, the interruptive na-
ture of this parameter is kept under control. In many in-
stances changes in the fitness values are connected to changes
of the structure parameters contained in C and/or the con-
nectivity and the networks dimension. The fitness values of



parameter value parameter value
learning rate 0.0175 (0.0009) momentum factor 0.75
max. dSC

50 max. Nsym 50
max. R 7 min. net size 6
weight interval [1.0,−1.0] max net size 256
max. training time 120 sec.
µ 20 λ 80
pm(SC) 2 · (dSC

)−1 pc(SC) 0.75
pm(LC) 2 · (dLC

)−1 pc(LC) 0.75
pm(C) 0.05 pc(C) 0.05
pm(input) 0.33 pc(input) 0.75

Table 2: Parameter values for the experiment (B1) for the
one step prediction and (B2) for the five step iteration (values
are given in brackets if different) of the Lorenz time series
with the recursive encoding method and back-propagation
learning. pm and pc denote the probabilities of mutation and
crossover for the different chromosomes, SC , LC , the encod-
ing C and the input weights input.

three different versions of the encoding are shown in Figure
5 (c) together with the average error values of various ran-
dom network structures in Figure 5 (d). The dashed/dotted
curve shows the prediction error for the basic recursive en-
coding, the dashed curve the encoding combined with a grad-
ual development of the network structure and the interlaced
curve the result of gradual development combined with neg-
ative integers in SC and LC to code for additional zero ele-
ments in the connection matrix. The introduction of the more
gradual growth process during ontogeny increases the perfor-
mance of the evolutionary algorithm; it seems that a more
gradual development also allows a more gradual search pro-
cess. Furthermore, allowing to encode for “no connection”
entries with more than one symbol, also seems to be bene-
ficial for the evolutionary algorithm, although the difference
is not as pronounced as for the more gradual development.
All different encoding methods compare favourably with the
random structures depicted in Figure 5 (d). Quantitatively,
compared to the best average performance of the random
network structures, the best evolved structure shows a fit-
ness (error) decrease by a factor of 0.18, Figure 5 (c) &
(d). This corresponds to a performance increase by a fac-
tor of 5.5 (best evolved network rms = 6.75 · 10−5, best
random network (av.) rms = 3.71 · 10−4). We observe
further that the best random structures are smaller than the
evolved structures, which is due to the random initialization
process of the weights, which seems to play a decisive role
in their performance (very large variance). In Figure 5 (b)
the connection matrix1 of the best network is shown. The
different initial values of the weights are represented by dif-
ferent colours, a medium dark blue corresponds to a zero en-

1Only the upper triangular part of the connection matrix is needed for a
feedforward network. However, the whole matrix at the various growth steps
during the ontogenetic phase is used. Therefore, it is sensible not to restrict
the analysis to the triangular matrix.
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Figure 5: Results from experiment B1. (a) Encoding and net-
work parameters (the connectivity values have been multi-
plied by ten). (b) Connection matrix, the framed parts are
the modules which appear most often. (c) Fitness values
(rms on the val. set) for three different encoding versions;
dashed/dotted curve – basic recursive encoding; the dashed
curve – encoding combined with gradual development; inter-
laced curve – gradual development combined with negative
integers in LC , SC . (d) Average error (50 trials) of random
networks with variances (dim∼ number of neurons).

try in the connection matrix2 In the matrix identical patterns,
which occur at different places, can be observed. In Figure
6 the sub-matrices, which appear with the highest frequency
and their number of occurrences are shown. These patterns
mark network structures and weight initializations, which are
used more often than others. Although this modularity is in-
herent in the recursive encoding method it is not necessarily
expressed. This is due to the adaptability of the encoding,
which is evolved on a larger time-scale (on average the prob-
abilities of changes is reduced by a factor of 5). It must there-
fore be beneficial for the optimization process to exploit this
tendency of the encoding towards modularity. The number
of experiments and the amount of data are not sufficient to
conclude that these re-occurring patterns are suitable micro-
structures for the chosen task. However, the conclusion that
it is easier for the search process to build the network out
of similar patterns can be reached. From Figure 7 for the
iteration task, we first note that the resulting encoding and,

2The connection matrices are shown in colour and 3d in more detail on
the web:
http://www.neuroinformatik.ruhr-uni-bochum.de/ini/PEOPLE/bs/matrix.html.



(a) (b)

Figure 6: Pattern of the modules which re-occur with the
highest frequency in the connection matrices for experiments
B1, Figure 5 (b) and B2, Figure 7 (b). The 2 × 2 matrix in
part (a) appears 53 times, the 4× 4 and the 8× 8 matrix, 12
and 3 times, respectively. In experiment B2 the 2× 2 and the
4× 4 matrix in part (b) occur 4 and 2 times.
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Figure 7: Results from experiment B2. (a) Encoding and net-
work parameters (the connectivity values have been multi-
plied by ten). (b) Connection matrix, the framed parts are the
modules which appear most often. (c) Fitness values (rms on
the val. set) of the best individual and the population mean.
(d) Average error (50 trials) of random networks with vari-
ances (dim ∼ number of neurons).

especially the network structure, differ significantly from the
one step prediction, although the parameters of the evolution-
ary algorithm have not been changed. The dimension of the
network is smaller both for the best individual and on aver-
age. This is mirrored by the encoding parameter R which
is decreased by one, corresponding to a decrease in neurons
by a factor 2. The encoding parameters determine the over-
all direction of search. Smaller networks are either specified
by small dSC

and large Nsym values (during the first gener-
ations, Fig. 7 (a)) or by smaller R values (during later gen-
erations, Fig. 7 (a)). The best network structure is reduced
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Figure 8: The z coordinate of the state vector (x, y, z) of the
Lorenz 84 time series (target) and the one step prediction (a)
and the five step iteration (b) of the best network (output)
together with the squared error for each step.

from 32 neurons down to 20 neurons after the developmental
procedure. At the same time, the modularity of the network
is decreased. This decrease is not only due to the smaller
network size, for experiment B1, 1636 out of 3136 matrix en-
tries belong to re-occurring pattern (52 %), whereas for B2

the ratio is 132 to 361 (37 %). The reason for consistently
choosing smaller networks lies in the difficulty of modelling
the dynamic of the Lorenz system for large networks with
limited number of data (training, test and validation sets con-
sist of 500 pattern each). One might suspect that the initial
weight setting for this process might be more important than
for the one step prediction problem. Again for comparison
the average error with variance of randomly chosen network
structures for 50 random weight initializations are shown in
Figure 7 (b). The variances of the network are further in-
creased compared to Figure 5 (d) for the one step prediction
problem, this is in accordance with the observations from the
evolutionary optimization that the weight initialization seems
to play a more important role for the five step iteration prob-
lem. The average error of the best network is larger than the
error of the best evolved network, although the difference is
not as pronounced as in the one step prediction problem. The
best networks are the ones with a dimension between 20 and
40 and low connection densities.

The target time series, the network output and the error for
each time step for one coordinate (z) are shown in Figure 8
for both the one step prediction (exp. B1) and the five step
iteration task (exp. B2).



5 Summary and Conclusion

We presented the recursive encoding method combined with
a gradual growth process of the network structure during on-
togeny. The encoding method favours modular network struc-
tures and combined with specific search operators, which
enhance the causality of the process, the optimized neural
structures clearly outperform random structures on two qual-
itatively different problems from the domain of time series
forecasting. Of course, the recursive encoding method can
demonstrate its ability to find good3 network structures best
if larger networks are likely to be searched for. However,
if we want to deal with larger networks efficiently, we need
more appropriate learning rules than the different versions of
gradient descent that is currently available. A local learning
rule, which could be constrained to larger modules might be
a possible direction to pursue. For such a rule the identifi-
cation of modules is important not just with respect to their
occurrence in the network structure but also to their role in
the information processing structure of the whole system.

The growth process which was introduced in this paper
also highlights the possibility of an ontogenetic stage in the
optimization of neural structures. The implications are mani-
fold. Firstly, it defines a system for the analysis of the dynam-
ics between learning and evolution. Secondly, it might be one
step towards the hierarchical solution of complex problems.
The main idea is to allow the network structure to grow with
the problem during ontogeny. Therefore, the problem would
be solved step-by-step by a system whose capabilities would
grow alongside. Of course, these questions are far from being
solved, however, preliminary results have been obtained [8].
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