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Fig. 1. Comparison of multiscale image motion representation: a) velocity vectors
v1,v2 as standard representation and b) velocity distributions ρ1, ρ2 as enhanced rep-
resentation. The single column with arrows in b) represents a velocity distribution at
one location; it is shown in c) as the corresponding 2-dimensional graph. In d) and
e) the velocity decomposition principle is shown schematically. In d), we assume that
the true velocity v is decomposed into velocity vectors (e.g. v1 and v2 in the figure)
at different scales. In e), we do the analog procedure for velocity distributions: We
combine ρ1(v1) and ρ2(v2) in such a way that we get a total ρ(v) with v = v1 + v2.

problems related to motion processing, like ambiguous motion, occlusion and
transparency, since some specific information about them can in principle be
extracted from the probability functions [3]. During the last ten years velocity
distributions have been motivated by several authors [3], [4], [5] mainly using
two approaches: the gradient based brightness change constraint equation and
the correlation-based patch matching technique.
A problem when dealing with velocity distributions is how to represent them in
a multiscale pyramid. Such a pyramid is desirable e.g. for being able to repre-
sent both high and low velocities at good resolutions with a reasonable effort.
This is usually done in such a way that the highest velocities (connected with
the coarsest spatial resolution) are calculated first, then a shifted [1] version of
the image is calculated using the velocities, and afterwards the velocities of the
next pyramid level are calculated. These then correspond to relative velocities
because they have been calculated in a frame that is moving along with the
velocities from the coarse resolution. But still, single velocities are used for the
shifted version of the image, so that the information available in the distribution

is neglected.
In this work, we first introduce a linear generative model of image patch for-
mation over time. Here, the changes in two consecutive images depend on the
displacements as well as brightness and contrast variations (see Eq.2) of localized
image patches. The result are contrast and brightness invariant velocity distri-
butions based on a correlation measure comparing windowed image patches of
consecutive images. Afterwards, we set up a hierarchical chain of velocity dis-
tributions from coarse to fine spatial scale and from large to smaller (relative)
velocities. At each stage of the pyramid, the distributions for the overall ve-
locities are improved using the distributions from the coarser spatial scale as
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a starting point and combining it with the local measurements for the relative
velocity at the given scale. This is done exclusively on the basis of velocity dis-
tributions, and is different from other frameworks that operate through several
hierarchies but rely on velocity fields when combining information from several
hierarchy levels [1], [2]. The idea on how to combine distributions among scales
is illustrated in Fig. 1. The presented architecture combines the advantages of
a hierarchical structure and the representation of velocities using distributions
and allows for a coarse-to-fine estimation of velocity distributions.

2 Velocity Probability Distributions

In an image sequence1, every image I
t at time t consists of pixels at locations

x. Each pixel is associated with properties like its gray value Gt
x (scalar) and its

velocity vector v
t
x, whereas G

t denotes the matrix of all gray values of image
I
t. The motion field is the set of all physical velocities at the corresponding

pixel locations at a time t. The optical flow is an estimate for the real image
motion field at a particular time t. It is usually gained by comparing localized
patches of two consecutive images I

t and I
t+∆t with each other. To do this, we

define W�G
t,x as the patch of gray values taken from an image I

t, whereas
G

t,x := T {x}
G

t are all gray values of image I
t shifted to x. The shift-operator

is defined as follows: T {∆x}Gt
x := Gt

x−∆x
. The W defines a window (e.g. a 2-

dimensional Gaussian window) that restricts the size of the patch. One possibility
to calculate an estimate for the image velocities is now to assume that all gray
values inside of a patch around x move with a certain common velocity vx for
some time ∆t, resulting in a displacement of the patch. This basically amounts
to a search for correspondences of weighted patches of gray values (displaced to
each other) W�G

t+∆t,x+∆x and W�G
t,x taken from the two images I

t+∆t and
I
t.

To formulate the calculation of the motion estimate more precisely, we recur
to a generative model. Our Ansatz is that an image I

t+∆t is causally linked
with its preceding image I

t in the following way: We assume that an image I
t

patch W�G
t,x with an associated velocity v

t
x = ∆x/∆t is displaced by ∆x

during time ∆t to reappear in image I
t+∆t at location x + ∆x, so that for this

particular patch it is

W�G
t+∆t,x+∆x = W�G

t,x . (1)

In addition, we assume that during this process the gray levels are jittered by
noise η, and that brightness and contrast variations may occur over time. The
brightness and contrast changes are accounted for by a scaling parameter λ and
a bias κ (both considered to be constant within a patch) so that we arrive at

[

W�G
t+∆t,x+∆x

]

= λ
[

W�G
t,x

]

+ κW + η 1 . (2)

1 Notation: We use simple font for scalars (a, A), bold for vectors and matrices (a,A),
and calligrafic font for functions and operators (A). 1,1 are vector of ones and matrix
of ones, A�B denotes a componentwise multiplication of two vectors or matrices and
Aα© a componentwise exponentiation by α of a vector or matrix.
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Assuming that the image noise is zero mean gaussian with variance ση , the
likelihood that G

t,x is a match for G
t+∆t,x+∆x, given a velocity v

t
x, the window

function W and the parameters λ, κ and ση , can be written down as2:

ρλ,κ,ση
(Gt+∆t,x+∆x|vt

x,W,Gt,x) ∼ e
− 1

2σ2
η
||W�(λG

t,x
+κ1−G

t+∆t,x+∆x)||
2

(3)

We now proceed to make it less influencial of λ and κ, that means a match of the
patches will be almost contrast and brightness invariant. For this purpose, we
maximize the likelihood Eq. 3 with respect to the scaling and shift parameters.
This amounts to minimizing the exponent, so that we want to find

{λ∗, κ∗} := argminλ,κ

∣

∣

∣

∣W�
(

λG
t,x + κ1−G

t+∆t,x+∆x
) ∣

∣

∣

∣

2
. (4)

The final result of this minimization process is formulated in Eq. 7. Consider

{λ∗, κ∗} := argminλ,κ

∣

∣

∣

∣W� (λA + κ1−B)
∣

∣

∣

∣

2
. (5)

This leads to λ∗ =
%A,B · σB

σA

and κ∗ = µB − λ∗ · µA .3 (6)

Inserting Eq. 6 into Eq. 3, so that λ → λ∗ and κ → κ∗, leads to the following
likelihood formulation

ρ
t(x|v) := ρλ∗,κ∗,ση (Gt+∆t,x+∆x|vt

x,W, G
t,x) ∼ e

− 1
2
·

�
σ
Gt,x

ση � 2
�
1−%2

Gt,x,Gt+∆t,x+∆x � .

(7)

The weighted empirical correlation coefficient %A,B is well known in statistics
as an effective template matching measurement. Eq. 7 shows some additional
properties according to comparable likelihood measures [4], [3], [5]. The mea-
sure %2

Gt,x,Gt+∆t,x+∆x ensures that the match is less affected by local changes in
contrast and brightness. Local changes in illumination due to movement of an
object when there is a fixed light-source or changes in illumination because of
movement of the light-source itself does less reduce the accuracy of the measure-
ment of the likelihood.
Another property of Eq. 7 is given by the ratio of variance of the patch at lo-
cation x to the variance of the gaussian distributed noise σGt,x/ση. The higher
this ratio the smaller the overall variance σ = ση/σGt,x . That means, if σGt,x is
high, then σ is low and mainly the good patch matches contribute to the distri-
bution and it will be clearly peaked. When there is a patch with low variance
the distribution will be broader. For higher/lower noise level ση , more/less high
contrast patches are needed to get a significantly peaked distribution, so that
for low ση the more also poorly matching results contribute to the likelihood
distribution. Therefore ση can act as a parameter to control the influence of the
variance σGt,x of the patch on the confidence of the distribution.

2 The symbol ∼ indicates that a proportional factor normalizing the sum over all
distribution elements to 1 has to be considered.

3 With µA = 〈A〉 := 1
T
A�W

2©
1

1T W2©1
and σ2

A = 〈A2©〉 − 〈A〉2©, analogous for µB and σ2
B,

and %A,B = 1

σA·σB � (A − µA1)�(B − µB1) � = 1

σA·σB

�
〈A�B〉 − µAµB � being the

correlation measure.
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3 Coarse-to-fine Strategy

Now we regard a coarse-to-fine hierarchy of velocity detectors. A single level of
the hierarchy is determined by (i) the resolution of the images that are compared
(ii) the range of velocities that are scanned and (iii) the window W of the patches
that are compared. Coarser spatial resolutions correlate with higher velocities
and larger patch windows. The strategy proceeds from coarse to fine; i.e., first
the larger velocities are calculated, then smaller relative velocities, then even
smaller ones, etc.
For a single level of resolution, we use the local velocity estimation

ρt(v|x) ∼ ρt(x|v)ρ(v) (8)

with a common prior velocity distribution ρ(v) for all positions x. The prior
ρ(v) may be used to indicate preference of velocities, e.g. peaked around zero.
In the resolution pyramid, at each level k we have a different velocity estimation
ρt

k(v|x) for the same physical velocity v at its corresponding physical location x.
Velocity estimations at higher levels of the pyramid (i.e., using lower spatial res-
olutions) are calculated using larger windows W, therefore showing a tendency
towards less aperture depending problems but more estimation errors. To the
contrary, velocity estimations at lower levels of the pyramid (higher resolutions)
tend to be more accurate but also more prone to aperture problems.
Nevertheless, the estimations at the different levels of the pyramid are not inde-
pendent of each other. The goal of the pyramid is therefore to couple the different
levels in order to (i) gain a coarse-to-fine description of velocity estimations (ii)
take advantage of more global estimations to reduce the aperture problem and
(iii) use the more local estimations to gain a highly resolved velocity signal. The
goal is to be able to simultaneously estimate high velocities yet retain fine ve-
locity discrimination abilities.
In order to achieve this, we do the following: The highest level of the pyramid
estimates global velocities of the image. These velocities are used to impose a
moving reference frame for the next lower pyramid level to estimate better re-
solved, more local velocities. That is, we decompose the velocity distributions in
a coarse-to-fine manner, estimating at each level the relative velocity distribu-
tions needed for an accurate total velocity distribution estimation.
The advantages of such a procedure are manifold. If we want to get good es-
timates for both large and highly resolved velocities/distributions without a
pyramidal structure, we would have to perform calculations for each possible
velocity, which is computationally prohibitive. In a pyramidal structure, we get
increasingly refined estimations for the velocities starting from inexpensive, but
coarse initial approximations and refining further at every level.
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At each level of the pyramid, we do the following steps:

1. Start with inputs
G

t+∆t
k , G̃

t
k . (9)

G̃
t
k is the level k prediction of all gray values of image I

t+∆t
k , using the

information available at t. E.g., for the highest level with k = 0, G̃t
0 = G

t+∆t
0 ,

since there are no further assumptions about velocities v (i.e. v = 0).
2. Calculate the local likelihood for the k-th level velocity

ρ̃t
k(x|vk) ∼ e

− 1
2
·
(

σ
G̃

t,x
k

ση

)2(

1−%2

G̃
t,x
k

,G
t+∆t,x+∆x

k

)

(10)

as formulated in Eq. 7. Note that at the highest level, v0 is equal to the
physical velocity v from ρt

k(x|v), whereas at lower levels, vk is a differential

velocity related with the likelihood estimation ρ̃t
k(x|vk). Note also that ρt

k

correlates G̃
t,x
k (and not G

t,x
k ) with G

t+∆t,x+∆x

k .
3. Calculate the local likelihood for the physical velocity v by combining the

estimation for the physical velocity from the higher stage k − 1 with the
likelihood estimations from stage k,

ρt
k(x|v = vk−1 + vk) :∼

∑

vk,vk−1

ρ̃t
k(x + vk−1∆t|vk) ρt

k−1(vk−1|x) . (11)

At the highest level there will be no combination because no velocity distri-
butions from a coarser level are available and therefore ρt

0(x|v) := ρ̃t
0(x|v).

4. Combine the likelihood with the prior ρk(vk) to get the local a-posteriory
probability for the physical velocity v according to

ρt
k(v|x) ∼ ρt

k(x|v) ρk(v) . (12)

5. Use the gained a-posteriory probability for the prediction of the image at
time t + ∆t at the next level k + 1 according to

G̃
t
k+1 :=

∑

v,x

ρt
k(v|x)Wx−v∆t�G

t
k+1 . (13)

This is the best estimate according to level k and the constraints given by
the generative model. W

x−v∆t is the window shifted by x− v∆t and takes
into account the correct window weightings.

6. Increase the pyramid level k and return to point 1.

4 Results

The results of the hierarchical procedure in Fig. 3 show that a combination of
velocity distributions is possible within a velocity resolution pyramid and that
the process combines advantages of the different levels of resolution. The coarser
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Fig. 2. The results of the hierarchical velocity distribution calculations using the reso-
lution pyramid. The right column shows flow fields (extracted for evaluation purposes).
The left three columns show the original images at time t (first column) and t + ∆t

(third column), as well as the reconstructed image G̃t
k (second column), which is the

prediction of image at time t +∆t (third column) using the available velocity distribu-
tions at time t.At each resolution level, a number of representative 2D velocity distri-
butions ρt

k(v|x) (absolute velocities v) and ρt
k(vk|x) (relative velocities vk) are shown,

with gray arrows indicating their positions in the image. For the distributions, white
lines indicate the velocity coordinate system, with black/white representing low/high
probabilities for the corresponding velocity. Black arrows indicate the order of the com-
putations within the pyramid. The coarse-to-fine calculation allows the system to use
the coarse velocity information for regions which at higher levels of resolution have flat
distributions or ambiguous motion signals, and to refine the coarse information with
additional information from the finer levels of velocity resolution. This can be seen at
the flow field at the highest level of resolution (“Flow field 2”). In “Flow field 2” only
the velocity vectors with high probabilities are shown.
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Local flow field
ρt

local(v|x)
Gt Gt+∆t

Fig. 3. For comparison, here we show the velocity distributions and the flow field calcu-
lated over the entire velocity range using fine velocity discretization and fine resolution
window. In the flow field we see that the velocity signals are only unambiguous at the
corners of the squares, whereas the central parts convey no motion information and
the edges suffer the classical aperture problem. Using the squared magnitude of the
difference between the correct and estimated flow the pyramidal approach produces
54,4% less error than this one.

levels of the pyramid analyze larger patches and provide estimations for larger
velocities. Nevertheless, the estimations are often inaccurate, dependent on the
shape of the velocity distributions. In contrast, the finer levels of the pyramid
operate more locally and analyze smaller velocities. This leads in some cases to
peaked velocity distributions, but in other cases (e.g., when there is not sufficient
structure) to broad distributions because of unavailable motion information. The
combination of coarse and fine levels using the velocity distribution representa-
tion allows to incorporate more global velocity estimations if local information is
missing, and to refine global velocity estimations if local information is present.
An advantage of a pyramidal structure for velocity computation is that we gain
the coarse estimations very fast, and can then refine the results step by step.
The strategy is comparable to detecting global motions first, and then to use this
information in a moving coordinate frame, in order to detect the finer relative
motions still available within this frame.
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