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Abstract

Fitness evaluation is a basic operation in
evolutionary computation. However, an ex-
plicit fitness function is not always available
in real-world applications. In many cases,
it is necessary to estimate the fitness func-
tion by constructing an approximate model.
In this paper, a short survey on fitness ap-
proximation in evolutionary computation is
given. Main issues like approximation mod-
els, model management schemes, learning
methods as well as data sampling techniques
are presented. Finally, interesting open prob-
lems are discussed.

1 Introduction

Evolutionary algorithms are receiving increasing inter-
est both in academy and industry. Among other ap-
plications, evolutionary algorithms have been widely
used as global optimizers. Generally, evolutionary
algorithms outperform conventional optimization al-
gorithms for problems which are discontinuous, non-
differential, multi-modal, noisy and not well-defined
problems, such as art design, music composition and
experimental designs [47]. Besides, evolutionary algo-
rithms are also well suitable for multi-criteria prob-
lems.

With all the great successes achieved in real-world ap-
plications, evolutionary algorithms have also encoun-
tered some challenging difficulties. For most evolution-
ary algorithms, a large number of fitness evaluations
(performance calculations) are needed before a well
acceptable solution can be found. In many real-world
applications, fitness evaluation is not trivial. There are
several situations in which fitness evaluation becomes
difficult and a computationally efficient approximate

model (also known as meta-model) will be very help-
ful.

If an approximate model is needed for fitness evalu-
ation, an important issue is then to select the most
important one for fitness approximation. So far, there
are several models that can be used for fitness ap-
proximation. The most popular ones are polynomi-
als (often known as Response Surface Methodology),
the kriging model, also known as design and analy-
sis of computer experiments (DACE) and feedforward
neural networks, including multi-layer perceptrons and
radial-basis-function networks. Due to the lack of data
and the high dimensionality of input space, it is very
difficult to obtain a perfect global approximation of the
original fitness function. To address this problem, two
main measures can be taken. Firstly, the approximate
model should be used together with the original fitness
function. In most cases, the original fitness function is
available, although it is computationally very expen-
sive. Therefore, it is very important to use the original
fitness function efficiently. This is called evolution con-
trol [24] or model management. Secondly, the quality
of the approximate model should be improved as much
as possible given a limited number of data. Several as-
pects are important to improve the model quality, such
as selection of the model, use of active data sampling
and weighting (both on-line and off-line), selection of
training method and selection of error measures.

The work on fitness approximation in evolutionary
computation has been distributed in several different
areas. Therefore, this survey aims at providing readers
a relatively comprehensive picture of fitness approx-
imation in evolutionary computation. In Section 2,
different motivations for using approximation in evolu-
tionary computation are presented. The issue of model
management is described in Section 3, where existing
methods are divided into three main schemes. The
main approximation models that have been used in fit-
ness approximation are introduced in Section 4. Data



sampling techniques, which are very important for the
quality of models, are given in Section 5. Finally, open
questions and promising research topics are discussed
in Section 6.

2 Motivations

The concept of approximation in optimization is not
new [1]. Generally, there are two basic approaches, i.e.,
functional approximation and problem approximation.
In functional approximation, an alternate and explicit
expression is constructed for the objective function (in
evolutionary computation, it is usually called fitness
function). In contrast, problem approximation tries
to replace the original statement of the problem by
one which is approximately the same to the original
problem but which is easier to solve. In this survey,
the main focus is function approximation, neverthe-
less, the issue of problem approximation will also be
discussed briefly in the last section.

So far, approximation of the fitness function in evolu-
tionary computation has been applied mainly in the
following cases.

• The computation of the fitness is extremely time-
consuming. One good example is structural de-
sign optimization [19, 30, 29, 21, 34, 48, 38, 25]. In
aerodynamic design optimization, it is often nec-
essary to carry out computational fluid dynamics
(CFD) simulations to evaluate the performance
of a given structure. A CFD simulation is usually
computationally expensive, especially if the simu-
lation is 3-dimensional, which takes over ten hours
on a high-performance computer for one calcula-
tion. Therefore, approximate models have widely
been used in structure optimization [1].

Fitness approximation has also been reported in
protein structure prediction using evolutionary al-
gorithms [35, 37]. A neural network has been used
for feature extraction from amino acid sequence in
evolutionary protein design [46].

• There is no explicit model for fitness computation.
In many situations, such as in art design and mu-
sic composition as well as in some areas of indus-
trial design, the evaluation of the fitness depends
on the human user. Generally, these problems can
be addressed using interactive evolutionary com-
putation [50]. However, a human user can easily
get tired and an approximate model that embod-
ies the opinions of the human evaluator is also
very helpful [2, 27].

• The environment of the evolutionary algorithm is

noisy. Usually, there are two methods to deal
with noisy fitness functions. The first one is to
sample the fitness several times and to average
[16]. However, this method requires a large num-
ber of additional fitness evaluations. The second
method is to calculate the fitness of an individual
by averaging the value of this individual as well
as that of other individuals in its neighborhood.
To avoid additional computational cost, the indi-
viduals that participate in the averaging can be
chosen from the current and previous generations
[5]. A more flexible alternative is to estimate the
fitness of the individuals in the neighborhood us-
ing a statistical model constructed with history
data [45, 6].

• The fitness landscape is multi-modal. The basic
assumption is that a global model can be con-
structed to approximate and smoothen out the
local optima of the original multi-modal fitness
function without changing the global optimum
and its location [31]. Similar ideas have also
been reported in conventional optimization meth-
ods [3, 4]. However, it is generally difficult to build
an approximate model that has the same global
optimum on the same location when the dimen-
sionality is high with limited number of samples.

3 Approximate Model Management

The application of approximation models to evolution-
ary computation is not as straightforward as one may
expect. There are two major concerns in using approx-
imate models for fitness evaluation. First, it should be
ensured that the evolutionary algorithm converges to
the global optimum or a near-optimum of the origi-
nal fitness function. Second, the computational cost
should be reduced as much as possible. One essential
point is that it is very difficult to construct an approx-
imate model that is globally correct due to the high
dimensionality, ill distribution and limited number of
training samples. It is found that if an approximate
model is used for fitness evaluation, it is very likely
that the evolutionary algorithm will converge to a false
optimum. A false optimum is an optimum of the ap-
proximate model, which is not one of the original fit-
ness function, refer to Fig.1 for an example. Therefore,
it is very essential in most cases that the approximate
model should be used together with the original fit-
ness function. This can be regarded as the issue of
model management or evolution control. By evolution
control, it is meant that in evolutionary computation
using approximate models, the original fitness function
is used to evaluate some of the individuals or all indi-



False minimum

Figure 1: An example of a false minimum in the ap-
proximate model. Solid line denotes the original fitness
function, dashes line the approximate model and the
dots the available samples.

viduals in some generations [24]. An individual that is
evaluated using the original fitness function is called a
controlled individual. Similarly, a generation in which
all its individual are evaluated using the original fitness
function is called a controlled generation.

Generally, existing work on approximation in evolu-
tionary computation can be divided into three main
approaches from the viewpoint of evolution control.

3.1 No Evolution Control

Very often, the approximate model is assumed to be of
high-fidelity and therefore, the original fitness function
is not at all used in evolutionary computation, such as
in [2, 43, 27].

3.2 Fixed Evolution Control

The importance to use both the approximate model
and the original function for fitness evaluation has
been recognized [41]. There are generally two ap-
proaches to evolution control, one is individual-based
[19, 10], and the other is generation-based [41, 42].
By individual-based control, it is meant that in each
generation, some of the individuals use the approxi-
mate model for fitness evaluation and others the origi-
nal function for fitness evaluation. In individual-based
evolution control, either a random strategy or a best
strategy can be used to select the individuals to be con-
trolled [24]. In the best strategy, the best individual
(based on the ranking evaluated by the approximate
model) in the current generation is reevaluated using
the original function [19], see Fig.2. To reduce the
computational cost further, individual-based evolution
control can be carried out only in a selected number
of generations [10]. In contrast, the random strat-
egy selects certain number of individuals randomly for
reevaluation using the original fitness function [24]. An
alternative to the best strategy and the random strat-
egy is to evaluate the mean of the individuals in the
current population [34].

Generation-based evolution control can also be imple-
mented [41, 42]. In [41], generation-based evolution
control is carried out when the evolutionary algorithm
converges on the approximate model. More heuristi-
cally, evolution control is carried out once in a fixed
number of generations, see Fig. 3.
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Figure 2: The best individual is controlled in each gen-
eration. AM: approximate model; OF: original func-
tion.
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Figure 3: Generation-based evolution control. AM:
approximate model; OF: original function.

One drawback in the aforementioned methods is that
the frequency of evolution control is fixed. This is
not very practical because the fidelity of the approx-
imate model may vary significantly during optimiza-
tion. In fact, a predefined evolution control frequency
may cause strong oscillation during optimization due
to large model errors, as observed in [41].

3.3 Adaptive Evolution Control

It is straightforward to imagine that the frequency
of evolution control should depend on the fidelity of
the approximate model. A method to adjust the fre-
quency of evolution control based on the trust region
framework [14] has been suggested in [34], in which
the generation-based approach is used. A framework
for approximate model management has also been sug-
gested in [25], which has successfully been applied to 2-
dimensional aerodynamic design optimization, see Fig.
4.
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Figure 4: Adaptive generation-based evolution con-
trol. In the evolution control cycle, there are λ gener-
ations, η (η ≤ λ) generations will be controlled. AM:
approximate model; OF: original function.

4 Approximation Models

4.1 Polynomial Models

The most widely used polynomial approximation
model is the second-order model which has the fol-
lowing form:

ŷ = β0 +
∑

1≤i≤n

βixi +
∑

1≤i≤j≤n

βn−1+i+jxixj , (1)

where β0 and βi are the coefficients to be estimated,
and the number of terms in the quadratic model is
nt = (n+ 1)(n+ 2)/2 in total, where n is the number
of input variables.

To estimate the unknown coefficients of the polynomial
model, both least square method (LSM) and gradient
method can be used:

• Least Square Method To get a unique estima-
tion of the coefficients using LSM, it is required
that the number of samples (N) drawn from the
original function should be equal to or larger than
the number of coefficients nt. Let

y = [y(1), y(2), · · · , y(N)]T , (2)

and
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, (3)

then the following equation holds:

y =XΘ, (4)

The LSM algorithm works as follows,

Θ̂ = (XTX)−1XTy, (5)

where Θ̂ denotes the estimate of Θ. One assump-
tion here is that the rows of X are linearly inde-
pendent.

• Gradient Method The main drawback of the
least square method is that the computational ex-
pense becomes unacceptable as the dimensionality
increases. To address this problem, the gradient
method can be used. Define the following square
error function for the k-th sample:

E(k) =
1

2
(y − y(k))2, (6)

where y is defined in equation (1), it is then
straightforward to get the update rule for the un-
known coefficients:

∆β0 = −ξ · (y − y(k)) (7)

∆βi = −ξ · (y − y(k))x
(k)
i (8)

∆βn−1+i+j = −ξ · (y − y(k))x
(k)
i x

(k)
j , (9)

1 ≤ i ≤ j ≤ n.

4.2 Kriging Models

The kriging model can be seen as a combination of a
global model plus a localized “deviation”:

y(x) = g(x) + Z(x), (10)

where g(x) is a known function of x as a global model
of the original function, and Z(x) is a Gaussian ran-
dom function with zero mean and non-zero covariance
that represents a localized deviation from the global
model. Usually, g(x) is a polynomial and in many
cases, it is reduced to a constant β.

The covariance of Z(x) is expressed as

Cov[Z(x(j)), Z(x(k))] = σ2R[R(x(j),x(k))],(11)

j, k = 1, · · · , N,

where R is the correlation function between any two
of the N samples, and R is the symmetric correlation
matrix of dimension N ×N with values of unity along
the diagonal. The form of the correlation matrix can
be selected by the user, and the following form has
often been used [9, 18, 49]:

R(x(j),x(k)) = exp[−
n

∑

i=1

θi|x(j)
i − x

(k)
i |2], (12)

where θi are the unknown correlation parameters, x
(j)
i

and x
(k)
i are the i-th component of sample points x(j)

and x(k). Thus, the prediction of y(x) is a function of
unknown parameters β and θi, i = 1, 2, · · · , n:

ŷ = β̂ + rT (x)R−1(y − βI), (13)



where, ŷ is the estimated value of y given the N sam-
ples and the current input x, β̂ is the estimated value
of β, y is a vector of length N as defined in Eqn. (2),
I is a unit vector of length N , and r is the correlation
vector of length N between the given input x and the
samples {x(1), · · · ,x(N)}:

rT (x) = [R(x,x(1)), R(x,x(2)), · · · , R(x,x(N))]T .
(14)

The estimation of the parameters can be carried out
using the maximum likelihood method. Note that it is
necessary to perform matrix inversions for estimating
the output in the kriging model, which increases the
computational expense significantly when the dimen-
sionality becomes high.

4.3 Neural Networks

Neural networks have shown to be effective tools for
function approximation. Both feedforward multilayer
perceptrons and radial-basis-function networks have
widely been used.

• Multilayer perceptrons An MLP with one in-
put layer, two hidden layers and one output neu-
ron can be described by the following equation:

y =

L
∑

l=1

vlf(

K
∑

k=1

w
(2)
kl f(

n
∑

i=1

w
(1)
ik xi)), (15)

where, n is the input number, K and L are the
number of hidden nodes, and f(·) is called activa-
tion function, which usually is the logistic function

f(z) =
1

1 + e−az
, (16)

where a is a constant.

• Radial-Basis-Function Networks The theory
of radial-basis-function (RBF) networks can also
be tracked back to interpolation problems [40].
An RBF network with one single output can be
expressed as follows:

y(x) =

N
∑

j=1

wjφ(‖ x− x(j) ‖), (17)

where φ(·) is a set of radial-basis functions, ‖ · ‖
is usually a Euclidean norm, the given samples
x(j), j = 1, · · · , N are the centers of the radial-
basis function, and wj are unknown coefficients.
However, this model is expensive to implement
if the number of samples is large. Therefore, a

generalized RBF network is more practical

y(x) =

L
∑

j=1

wjφ(‖ x− µ(j) ‖). (18)

The main difference is that the number of hid-
den nodes (L) is ordinarily smaller than the num-
ber of samples (N), and the centers of the ba-
sis functions (µ(j)) are also unknown parameters
that have to be learned. Usually, the output of a
generalized RBF network can also be normalized:

y(x) =

∑L
j=1 wjφ(‖ x− µ(j) ‖)

∑L
j=1 φ(‖ x− µ(j) ‖)

. (19)

4.4 Comparative Remarks

There are several papers that compare the perfor-
mance of different approximation models [11, 12, 18,
49, 48, 23]. However, no clear conclusions on the ad-
vantages and disadvantages of the different approxi-
mation models have been drawn. This is reasonable
not only because the performance may depend on the
problem to be addressed, but also because more than
one criterion needs to be considered. The most impor-
tant factors are accuracy, both on training data and
test data, computational complexity and transparency.
It has been found in [24] that an approximate model
may introduce false optima, although it has very good
performance on the training data, refer to Fig. 1. This
is more harmful than a lower approximation accuracy
if the model is used in global optimization such as evo-
lutionary optimization. Methods to prevent a neural
network model from generating false minima have been
suggested in [24], which are very effective for lower di-
mensional problems.

Although it is difficult to provide explicit rules on
model selection, some general remarks can still be
made on different approximation models. Firstly, it
is recommended to implement first a simple approxi-
mate model for a given problem, for example, a lower
order polynomial model to see if the given samples
can be fit reasonably. If a simple model is found to
underfit the samples, a model with higher complexity
should be considered, such as higher order polynomi-
als or neural network models. However, if the input
space (design space) is high-dimensional and the num-
ber of samples is limited, a neural network model is
preferred. It is recalled that to estimate the unknown
parameters of a second-order polynomial model, at
least (n + 1) × (n + 2)/2 data samples are required.
Otherwise, the model will be undetermined.

Secondly, if a neural network model, in particular a
multilayer perceptrons network is used, it is necessary



to consider regulating the model complexity to avoid
overfitting. It may also be necessary to try other more
efficient training methods [44] if the gradient descent
based method is found to be of slow convergence. Be-
sides, RBF networks have found to be of good accuracy
as well as of fast training in some studies [48, 23].

5 Data Sampling Techniques

If an approximate model is used for evolutionary com-
putation, both off-line and on-line training will be in-
volved if the evolution is controlled. Off-line learning
denotes the training process before the model is used in
evolutionary computation. In contract, on-line learn-
ing denotes the update of the model during optimiza-
tion. Usually, the samples for off-line learning can be
generated using Monte-Carlo method, however, it has
been shown in different research areas that active se-
lection of the samples will improve the model quality
significantly. During on-line learning, data selection is
strongly related to the search process.

5.1 Off-line Data Sampling

Several data sampling methods have been suggested in
the fields of design of experiments [33, 20], statistics
and machine learning. Some popular methods are:

• Design of experiments (DOE) Orthogonal ar-
rays (OA), central composite designs (CCD), and
D-optimality are most widely used in design of ex-
periments. A first-order orthogonal design is one
for which XTX is a diagonal matrix, where X is
the extended sample array as defined in Eqn. (3).
In other words, the columns of X are mutually
orthogonal.

Central composite design enables the efficient
construction of second-order polynomial models.
CCDs are basically first-order (2n) designs aug-
mented by 2n additional center and “star” points
to allow estimation of the coefficients of a second-
order model. An example of CCD designs is given
in Fig. 5 for a two-dimensional problem.

D-optimality takes advantage of the properties of
polynomial models in data sampling. The accu-
racy of the least square estimate in Eqn. (5) is
defined as:

Var(Θ̂) = (XTX)−1σ2, (20)

where σ2 is the variance of the estimate error.
From Eqn. (20), it can be seen that to improve the
quality of fit, one should maximize the determi-
nant of XTX. Therefore, the D-optimality is to
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 ( 0, -     2  )
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Figure 5: Central composite designs for n = 2. The
dots represent the sample points. The samples on the
solid lines are the first-order design and those on the
dashed lines are central and star points (

√
n).

select the samples in such a way that the determi-
nant of XTX is maximized. Although developed
from the polynomial models, the D-optimality has
also shown to be beneficial in data selection for
constructing neural networks [13].

• Active Learning Active learning has widely
been studied in the field of neural network learn-
ing [32, 51, 28]. The basic idea is to select the
location of the next sampling data in such a way
that an objective function is optimized. The ob-
jective function can be information gain, entropy
reduction, or generalization error. It has been
shown that active data selection can improve the
generalization ability of neural networks without
increasing the number of training samples.

5.2 On-line Data Sampling

Active data selection is also important in the case that
the training data has been collected and therefore, the
target is how to select a subset of the data for efficient
training.

• Bagging and boosting Bagging [7] and boost-
ing [17] are two statistical learning methods that
have been developed to improve the quality of ap-
proximate model using bootstrap techniques [15].
In bagging (bootstrap aggregating), a number of
bootstrap models are constructed using different
bootstrap samples and the final output is the av-
erage of the models. It is shown that bagging
is able to reduce the variance of estimate error
efficiently. An adaptive bagging technique can re-
duce both variance and bias [8].

Boosting algorithms are able to boost a weak
learning algorithm into a strong one. A weak algo-
rithm can be inaccurate rules of thumb that are
slightly better than a random guess. The main



difference between boosting and bagging is that
in boosting, the bootstrap samples are affected
by the performance of the current model. In ad-
dition, the final output is a weighted average of
the different models.

• Active data selection Some of the statistical
active learning methods can also be applied to
this type of data selection [39]. A special case
of integrated mean square error, called integrated
squared bias is used as the criterion to select a
subset from available data to improve learning
performance. However, it is assumed that the
data is noiseless.

• Data weighting guided by evolution In [25],
a method to weight the available data using the
information from the evolutionary algorithm has
been suggested. The basic idea is that if infor-
mation on search direction of the evolutionary al-
gorithm is available, then a larger weight should
be given to the data samples located in the re-
gion where the evolutionary algorithm will most
probably visit in the next generation.

In [42], several strategies for data sampling have
been studied. For example, some strategies use
the best individuals to replace the worse ones in
the training samples, or the ones that are ran-
domly selected. Some strategies create new points
randomly and replace the worst ones in the train-
ing samples. It has been found that the strat-
egy that simply re-evaluates the best individuals
(best in the sense of the approximate model) with
the original fitness function exhibits the best per-
formance. This is actually the best strategy in
individual-based evolution control.

6 Discussions

Fitness approximation in evolutionary computation is
a research area that has not yet attracted sufficient
attention in the evolutionary computation community.
In fact, the following points still need to be clarified:

• Although several studies have shown very promis-
ing results using approximate models in evolution-
ary computation, it is theoretically still unclear in
which way the evolutionary algorithm can benefit
from the approximate model. In the least sense,
as pointed out in [42], the approximate model can
prevent the information in the history of optimiza-
tion from being lost, although approximate mod-
els themselves do not create new information.

• Which type of models helps most, a local one or a
global one? It is straightforward to imagine that
a global model is able to simplify the search pro-
cess if the approximate model does not change the
properties of the original fitness function. How-
ever, from the viewpoint of model construction,
to build a local model is much more feasible than
to build a global model.

In addition, there are also several topics that deserve
further research. Some of them are:

• Development of learning algorithms that are effi-
cient and less sensitive to the number of training
data. Learning of problem class [22] and incorpo-
ration of a priori knowledge [26] are two possible
approaches.

• Approximate model with a variable input dimen-
sion. During optimization, the input dimension
may change in many cases. For example, if an
adaptive representation is used in design opti-
mization, the number of parameters increases or
decreases during optimization [36].

• Management of different levels of approximation.
So far, only functional approximation has been
discussed. However, there are different levels of
problem approximation in many applications. For
example, in computational fluid dynamics simula-
tion, 2D Euler-Lagrange equations, Navier-Stokes
equations, quasi 3D simulations and 3D simula-
tions are different approximations of the original
problem. Thus, combining different levels of ap-
proximation with the approximate model is very
interesting.
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nauer, and H.-P. Schwefel, editors, Parallel Problem Solving from Na-
ture, volume V, pages 87–96, 1998.

[42] A. Ratle. Optimal sampling strategies for learning a fitness model. In
Proceedings of 1999 Congress on Evolutionary Computation, volume 3,
pages 2078–2085, Washington D.C., July 1999.

[43] J. Redmond and G. Parker. Actuator placement based on reachable
set optimization for expected disturbance. Journal Optimization The-
ory and Applications, 90(2):279–300, August 1996.

[44] R.D. Reed and R.J. Marks II. Neural Smithing. MIT, Cambridge,
MA, 1999.

[45] Y. Sano and H. Kita. Optimization of noisy fitness functions by
means of genetic algorithms using history. In M. Schoenauer et al,
editor, Parallel Problem Solving from Nature, volume 1917 of Lecture
Notes in Computer Science. Springer, 2000.

[46] G. Schneider, J. Schuchhardt, and P. Wrede. Artificial neural net-
works and simulated molecular evolution are potential tools for
sequence-oriented protein design. CABIOS, 10(6):635–645, 1994.

[47] H.-P. Schwefel. Evolution and Optimum Seeking. Wiley, 1995.

[48] W. Shyy, P. K. Tucker, and R. Vaidyanathan. Response surface and
neural network techniques for rocket engine injector optimization.
Technical Report 99-2455, AIAA, 1999.

[49] T. Simpson, T. Mauery, J. Korte, and F. Mistree. Comparison of
response surface and Kriging models for multidiscilinary design op-
timization. Technical Report 98-4755, AIAA, 1998.

[50] H. Takagi. Interactive evolutionary computation. In Proceedings of
the 5th International Conference on Soft Computing and Information /
Intelligent Systems, pages 41–50, Iizuka, Japan, October 1998. World
Scientific.

[51] S. Vijayakumar and H. Ogawa. Improving generalization ability
through active learning. Neural Computing, 1998.


